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e HA*f Mt.Maclaurin had, many 
years ago , intended to publijh a Trea- 
tife on this fubjeSl, appears from a 
letter , dated April 19, 1729, to bis honoured 
friend Martin Folkes, Efqi now Prefi- 
dent of the Royal Society *, And we find, in 
one of bis Manufcripts, the Plan of fucb a 
Work , agreeing, altnojl in every article, with 
the contents of this Volume. 

- Had the celebrated Autb 6 r lived to publijh 
bis own Work , bis name would, alone, have . 
been fufficient to recommend it to the notice of 
the Publick : but that c tajk having, by bis 
lamented premature death , devolved to the gen- 
tlemen wbom be left entrufied with his Papers, 
the Reader may reafonably expeSl fome account 
of the materials of which it con/ifis, and of 
the care that has been taken in collecting and 
difpq/ing them, Jo as bejl to anjwer the Au- 
thor's intention, and fill up the Plan he had 
defigned. 

* Phil. Tranf. N° 408. 

A 3 tie 
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To the Reader. 

I 

He feems , in comfofing this freatife, to have 
bad tbefe three Objefls in view. 

% 

i. T o give the general Principles and Rules 
of the Science, in the JhorteJl , and, at the fame 
time , the mofi clear and comprebenfive manner 
that was pofible. Agreeable to this, though 
f very Rule is properly exemplified , yet he does 
not launch out into what we may call » a Tauto- 
logy of examples. . He rejedls Jome applica* 
tions of Algebra, that are commonly to be met 
with in other writers becauje the number of 
fucb applications is endlefs : and , however ufe* 
fid they may be in Practice, they cannot , by 
the rules of good method, have place in an . 
elementary T’reatife. He has likewife omitted 
the Algebraical folution of particular Geo- 
metrical problems , as requiring the knowledge 
of the Elements of Geometry ; from which 
tbofe of Algebra ought to be kept, as they 
really are , entirely dijlindl ; referring to him - 
(elf to treat of the mutual relation of the two 
Sciences in his Third Part, and, more gene- 
rally Jlill, in the Appendix. He might think 
too, that fucb an application was the left ne- 
cejjary , that Sir Isaac Newton’j excellent 
ColleBion of Examples is in every body's bands , 
and that there are few Mathematical writers , 

who 


To the Reader* 

•who do not furnijh numbers of the fame 
kind. 

2. Sir Isaac Newton’* Rules, in bis 
Arithmetica Univerfalis, concerning the Re- 
folution of the higher equations , and the Affec- 
tions of their roots , being , for the mofi f>art t 
delivered without any demonftration , Mr. 
Ma'claurin bad defigned , that bis frea- 
tife Jhould ferve as a Commentary on that 
Work. For we here find all tbofe difficult . 
faffager in Sir Isaac’* Book , which have fo 
long perplexed the Students of Algebra , clearly 
explained and demonflrated. How much fucb 
a Commentary was wanted , we may learn 
from the words of a late eminent Author •. 
** The ableft Mathematicians of the lait age 
“ (f a P be) did not difdain to write Notes on 
“ the Geometry of Des Cartes ; and fure- 
** ly Sir Isaac Newton's Arithmetick no 
“ lefs deferves that honour. To excite fome 
** one of the many fkitful Hands that our 
** times afford to undertake this Work, and 
“ to fhew the Neceflity of it, I give this. 
Specimen , in an explication of two paf- 


* %'Grwoefande in Praefat. ad Specimen Comment, in 
Arith, Univerf. 
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To the Readeki 

“ fages * of the Arithmetica Univerfalis ; 
“ which, however, are not the mod diffi- 

cult in that Book.” 

♦ ♦ 

What this learned Profejfor fo earrtejlly 
wijhed for , we at laft fee executed j not fepa - 
rately , nor in the loofe difagreeable form which 
' fucb Commentaries generally take , but in a 
manner equally natural and .convenient 5 every 
DemonJlraiion being aptly inferted into the 
Body of the Work , as a necejfary and infepa- 
rable Member ; an Advantage which, with 
fome others , obvious endugb to an attentive 
Reader , will, it is hoped, diftinguijh this Per - 
fortnance from every other , of the kind, that 
has hitherto appeared. 

3 . After having fully explained the Nature 
of Equations, and the Met foods of finding their 
Roots, either in finite exprejjions, when it can 
be done, or in infinite converging feries ; it 
remained only to confider the Relation of Equa- 
tions involving two variable quantities, and 
of Geometrical Lines to each other ; the Doc- 
trine of the Loci ; and the Conftruition of 
Equations , fhefe make the Subjebl of the 

Third Part. 

* A 7 *. The finding of Dlvifirs , and the evolution of 
Binomial Surds . See § 59 — 72. Part II. 5 1 27. Parti. 

Upon 
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To the Reader. 

i 

Upon this Plan Mr. Maclaurjn com- 
pofed a Syjlem of Algebra, foon after bis being 
chofen Profejfor of Matbematicks in the Uni - 
verfty of Edinburgh j which be, thenceforth 
made ufe of in bis ordinary Courfe of LeShtres , 
and was occajionally improving to the Perfec- 
tion be intended it Jhould have, before be com- 
mitted it to the Prefs. And the bejl Copies of 
his Manufcript having been tranfmitted to tlx 
PubUJher , it was eafy , by comparing them, to 
eftablifh a correSl and genuine Text. There 
were, b fides , feveral detached Papers , fame of 
which were quite finifhed, and wanted only to 
be infert ed in their proper places. In a few 
others, the Demonftrations were fo concifely ex- 
' preffed, and couched in Algebraical charac- 
ters, that it was neceffary to write them out at 
more length, to make them of a piece with the 
ref. And this is the only liberty the Publifher 
has allowed bimfelf to take ; excepting a few 
inconfderable additions, that feemed neceffary to 
render the Book more compleat within itfelf, 
and to fave the trouble of confuking others 
who have written on the fame SubjeSl. 

The Rules concerning the Impoffible roots 
of Equations , our Author had very fully confi - 
dered, as appears from bis Manufcript papers : 
but as be bad no where reduced any thing on 

that 
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To the Readbx, 

that SubjeSi to a better form , than wbat was 
long ago pubtijbed in the Philofophical Trans- 
actions, N° 394, and 408, we thought it befi 
to take the fubftance of Chap. 1 1. Part Yl.from 
thence ; efyecially as the latter of tbefe Papers 
fumifhes a demonfration of the original rule, 
which pre-fuppofes only wbat the Reader has 
been taught in a preceding Chapter. 

fhe Paper that is Jubjoined , on the Sums of 
the Powers of the Roots of an Equation, is 
taken from a Letter of the Author (8 Jul. 
1743) to the Right Honourable the Earl 
Stanhope ; communicated to tlx Publijher , 
with fome things added by bis Lordjbip, which 
were wanting to finijh the Demonflration. 

Cf tbefe Materials , carefully collected and 
put in order , the following Elementary Trea- 
tife is compofed ; which we have cbofen rather 
to give in a Volume that is within the reach 
of every Student , than in one more pompous, 
which might be lefs generally ufeful. And we 
hope, from the pains it has coft us, its blemijhes 
are Hot many, nor fucb as a candid intelligent 
Reader may not forgive. 

* The Latin Appendix is a proper Sequel, and 
a high Improvement, cf what bad been demon - 
f rated in Part III. concerning the Relation of 
Curve lines and Equations j a Subject which 

our 


To the Reader. 

our Author had been early and intimately ac- 
quainted with } witnefs bis Geometria Orga- 
nica) printed in 171 9, when be was not full 
twenty-erne years of age , and which , though Jo 
juvenile a work , gained him, at once, that 
dijlihguijhed Rank among Mathematicians, 
which be thenceforth held with great lujlre. 
Yet he frankly owns , be was led to many of the 
Proportions in this Appendix, from a theorem 
of Mr: Cot.es, communicated to him, with- 
out any demonflration, by the Reverend and 
Learned Dr. Smith, Majler of Trinity- 
College, Cambridge. How be bos profited 
of that Hint, the Learned will judge .* 
Ybus much we can venture to fay , that be 
bimfelf Jet fome value upon this Performance ; 
having, we are told , employed feme of the latefi 
hours be could give to fucb Studies , in revijmg 
it for the Prefs j to bequeath it as bis lafi Le- 
gacy to the Sciences and to the Publick. 

The gentlemen to whom Mr. Maclaurin 
left the care of bis Papers, are Martin 
Folkes, Efq-, Prefdent of the Royal Soci- 
ety i Andrew Mitchel, Efq\ and the 
Reverend Mr. Hill, Chaplain to his Grace the 
Archbifop of Canterbury 5 with whom be 
bad lived in a moft intimate friendjhip. And 
by their direction this Treatife is publijhed. 

CON- 
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CHAP. I. 

Definitions and alterations. 

LGEBRA is a general method 
of computation by certain figns 
and fymbols which have been 
contrived for this purpofc, and 
found convenient. It is called an Univbrsal 
Arithmetic^ and proceeds by operations and 
rules fimilar to thole in common arithinetick, 
founded upon the lame principles. This» how- 
ever, is, no argument agsunfl its ufefulnefs or 
i fince arithmetick is not to be the left 

valued 
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A Treatise of Parti. 

valued that it is common, and is allowed to be 
one of the moft clear and evident of the fci- 
ences. But as a number of fymbols are admit- 
ed into this fcience, being neceffary for giving it 
that extent and- generality which is its greateft 
excellence ; the import of thofe fymbols is to be 
clearly dated, that no obfcurity or error may 
arife from the frequent ufe and complication of 
them. 

§ 2 . In Geometry, lines are reprefented 
by a line, triangles by a triangle, 'and other 
figures by a figure of the fame kind ; but, in 
Algebra^ quantities are reprefented by the fame 
letters of rhe alphabet ; and various figns have 
been imagined for reprefenting their affections, 
relations, and dependencies. In Geometry the 
reprefentations are more natural, in Algebra 
more arbitrary :• the former are like the firft 
attempts towards the expreflion of objects, 
which was by drawing their refemblances \ the 
latter correfpond more to the prefent ufe of 
languages and writing. Thus the evidence of 
Geometry, is fometimes more fimpie and ob- 
vious i but the ufe of Algebra more extenfive, 
and often more ready : efpecially fince the ma- 
thematical feientes have acquired fo vaft an 
^extent, and have been applied to fo many en- 
.quiries. , , 

' $3* In thofe fciences, it is not barely magni- 
itude.that is the object of contemplation ; but 
; there 
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Chap: i . ALGE BRAi g * 

there are many affections and properties of 
quantities, and operations to be performed upbn 
them, that are necefiarily to be coniidered. In 
eftimating the ratio or proportion of quanti- 
ties, magnitude only -is coniidered (Elm. 5. 
De/. 3.) But the nature and properties of fi- 
gures depend on the polition of the lines that 
bound them, as well as on their magnitude, in 
treating of motion, the direction of motion as 
well as its velocity ; and the direction of powers 
that generate or deftroy motion, as- well as 
their forces, mull: be regarded. In Optics, 
the polition, brightnefs* and diftinCtnels of ima- 
ges, are of no lels importance than their big* 
nefs; and the like is to be faid of other lei- 
ences. It is neceflary therefore that other fym- 
bols be admitted into Algebra belide the letters 
and numbers which reprefent the magnitude of 
quantities. 

$ 4. The relation of equality is exprelTed by 
the fign = ; thus to exprels that the quantity 
teprefented by a is equal to that which is repre- 
lented by b, we write a — b. But if .we would 
exprefs that a is greater than b, we write axr~b ;• 
and if we would exprefs algebraically that « is 
lels than b, we write a ~nb. 

% 5. Quantity is what is made up of parts, 
or is capable of being greater or lels. it is in- 
creafed by Addition , and diminilhed by Subtract 
tion which are therefore the two primary ope- 

B rations 
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. \ 
rations that relate to quantity. Hence it is, that 

any quantity may be fuppofed to enter into al- 
gebraic computations two different ways which 
have contrary effefts either as an increment or as 
a decrement ; that is, as a quantity to be added, 
or as a quantity to be fubt rafted. The fign -f- 
(jdus) is the mark of Addition, and the fign — 
(Minus) of Subtraction. Thus the quantity be- 
ing repreiented by <r, -|- a imports that a is to be 
added, . or reprefents an increment *, but — a 
imports that a is to be fubtrafted, and reprefents 
a decrement-. When feveral fuch quantities are 
joined, the figns ferve to fhew which are to be 
added, and which are to be fubtrafted. Thus 
Jp.a -\-b denotes the quantity that arifes when a 
and b are both confidered as increments, and 
therefore exprefies the fum of a and b. But 
-f- a — • b denotes the quantity that arifes when 
from the quantity a the quantity b is fubtrafted \ 
sind exprefib the excefs of a above b. When 
a is greater than b, then a — b is itfelf an in- 
crement j when a — b, then a ■*— b = o ; and 
When a is lefs than b, then a — £ is itfelf a dc- . 
drement. 

§ 6. As addition and fubtraftion are oppo- 
fite, or an increment is oppofite to a decre- 
ment, there is an analogous oppofition between 
the affeftions of quantities that are confidered 
in the mathematical fciences. As between ex- 
Ccfi and defeft •, between the value of effefta 
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or money due to a man, and money due by 
him i a line drawn towards the right; and a line 
drawn to the left; gravity and levity; eleva- 
tion above the horizon; and depreffion below 
it. When two quantities equal in refpedt of 
magnitude, but of thofe oppofite kinds, are 
joined together, and conceived to take place ini 
the fame fubjedt, they deftroy each other's ef- 
fect, and their amount is nothing. Thus ioo/; 
due .to a man and 100/. due by him balance 
each other, and in eftimating his ftock may be 
both negledted. Power is fuftained by an equal 
power adting on the fame body with a con-, 
trary diredtion; and neither have eftedt. When 
two unequal quantities of thofe oppofite quali- 
ties are joined, in the fame fubjedt, the greater 
prevails by their difference. And when a great- 
er quantity is .taken from a Idler of the fame 
kind, the remainder becomes of the oppofite 
kind; Thus if we add the lines AB and BD to- 
gether, their 

I 1 * —I 


A 


C 

+ 


A 


B 

4 - 


D 


B 


i 


futn is AD ; 
but if we are 
to fubtradt B 
D from AB, 

then BC = BD is to be taken the contrary way 
towards Ay and the remainder is AC ; which, 
when BD, or BC exceeds AB, becomes- a line 
pn the ocher fide of A. When two powers or 
fprces are to be added together; their fum adts 

B 2 upon 
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• 

upon the body : but when we are to fubtraft 
one of them from the other, we conceive that 
which is to be fubtrafted to be a power with an 
Oppofite direction ; and if it be greater than the 
other, it will prevail by the difference. This 
change of quality however only takes place 
where, the quantity is of fetch a nature as to ad- 
mit of fuch a contrariety or oppofition. We 
know nothing analogous to it in quantity ab- 
ft raftly confidered j and cannot fubtraft a greater 
quantity of matter from a lefler, or a greater 
quantity of light from a lefler. And the appli- 
cation of this doftrine to any art or fcience is to 
be derived from the known principles of the 
fcience. 

• § 7. A quantity that is to be added is like- 
wife called a pojttive quantity *, and a quantity 
to be fubtrafted is find to be negative : they are 
equally real, but oppofite to each other, fo as 
to take away each other’s effeft, in any opera- 
tion, when they are equal as to quantity. Thus 
3 — 3 = o y and a — a — o. But though + a 
and — a are equal as to quantity, we do not 
fuppofe in Algebra that -| - a— — a\ becaufe 
to infer equality in this fcience, they muft not 
only be equal as to quantityj^but of the fame 
quality, that in every operation the one may 
have the fame effeft as the other. A decrement 
may be equal to an increment, but it has in all 
operations a contrary effeft} a motion down- 
wards 
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wards may be equal to a motion upwards, and 
the depreflion of a ftar below the horizon may 
be equal to the elevatioR of a ftar above it : ■ 
but thole pofitions are oppofite, and the diftance 
of the liars is greater than if one of them was 
at the horizon lb as to have no elevation above 
it, or depreflion below it. It is on account of 
this contrariety that a negative quantity is faid to 
be lefs than nothing, becaufe it is oppofite to 
the pofitive, and diminilhes it when joined to it, 
whereas the addition of o has no effect. But 
a negative is to be confidered no lefs as a real 
quantity than the pofitive. Quantities that have 
no fign prefixed to them are underftood to be 
pofitive. 

$ 8. The number prefixed to a letter is call- 
ed the numeral coefficient , and Ihews how often 
the quantity represented by the letter is to be 
taken. Thus 2 a imports that, the quantity re- 
prefented by £ is to be taken twice ; 3 a that it 
is to be taken thrice} and fo on. When no 
number is prefixed, unit is underftood to be the 
coefficient. Thus 1 is the coefficient of a or 
of b. 

Quantities are faid to be like or Jtmilar t that 
are reprefentbd by the lame letter or letters e- 
) qually repeated. Thus + 3a and — 5a are like j 
but a and b, or a and aa are unlike. 

- A quantity is faid to confifl; of as many 
term as there are parts joined by the figns + 

B 3 or 
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pr — *, thus a + b confifts of twp terms* and 

called a binomial ; a-\-b -y c confifts of three 

-terms, and is called a trinomial. Thefe are 

* 

palled compound quantities : a Jimple quantity 
Confifts of one term only* as -{- <*, or «4, or 
abc. ' 

The other fymbols and definitions neCefiary 
in A'gebrn {hall be explained in their proper 
places. 




CHAP. II. 

%■ 

Of Addition. 


/’“'SASE I. To add quantities that are 
like and have like figns. 


|lule. Add together the coefficients , to their fum 
prefix the common fign t and fabjotu the common 
letter or Utters. 

, - l » : f , , , 

EXAMPLES. 

* * * V / 


Add -(-40 
Sum -f-94 


tq —6b to 4-f* 4 

add —ib add 34 4-54 

»* ** <M> ■ I 

Sum — 84 Sum^+fifi 
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To $a — 4* 

Add 5a — 8* 

-Sum 8 a — I2x 

Cafe II. To add quantities that are like but 

have unlike figns. 

Rule. Subtract the lejfer coefficient from the 
greater , prefix the fign of the greater to the 
remainder , and fubjoin the common letter or let - 
ters. 


EXAMPLES. 


t 


To —4« 

4 - 5 * — & 

Add 

— 

■ 3 b -\-Sc 

Sum + 3 a 


zb ZC 

To a + 6 x — + 8 

% 

2 a — zb 

Add — 50 — 4x + 4y — 3 

— za + zb 

Sum — 4« -f- 2x — y + 5 ' 

O . . O 


This rule is eafily deduced from the nature 
of pofitive and negative quantities. 

If there are more than two quantities to be 
added together, firft add the pofitive together 
into one fum, and then the negative (by Cafe I.) 
Then add thefe two fums together (by Cafe II.) 


JO . ^ Tr E AT 1 8 e of Part I. 

pXAMPJ^E. 

84 

— ja 

+ * oa 

— »2 a 

5pm of the pofitive *8* 

• Sum of the negative . . . -r- 19« 

Sum of all — 4 

Cafe III. To add quantities that are unlike. 

\ 

Pule. Set them, all down one after another^ with 
their Jigns and coefficients prefixed. 


' EXAMPLES. 


To 

» 

+ 2 a 

+ 3* 

Add 

+ 3* 

— 4* 

Sum 

. 

24+3^ 

34 — 4* 

To 

/ 

4* “f* 4^ + 3f 

Add 

— 4* — 47+3* 


Sum 44 -f 4* 4. y — • 4* — 47 + yt 


e^AR 


Chap. 3. ALGEBRA. 11 

* » 

.CHAP, III. 

. I 

Of Subtraction, 


§ 10. ^’""'1 Eneral rule. Change the Jigns of the 
\jr quantity to be fubtratted into their 
eontrary Jigns, . and then add it fo changed to the 
quantity from which it was to be fubtratted ( by 
the rides of the loft chapter :) the fum ariftng by 
this addition is the reniainder. For, to fubtraft 
any quantity, either poiitive or negative,' is the 
fanje as to add the oppolite kind. 


EXAMPLES. 


From + 50 

Subtract + 30 

Remaind. 50 — 30, or 20 


80 — 7 b 
3<*+4* 

50 — 11b 


prom 20 — 3* + 57 — - 6 

Subtract 60 +- 4* + 57 + 4 

Remaind. — 40 — yx o — ; 10 

It is evident, that to fubtraft or take away a 
decrement is the lame as adding an equal in- 
crement. If we take away. — b from 0 — £, 
there remains 0 ; and if we add + b to 0 •— b t 
the fum is likewife 0. In general^ the fubtrac- 
tion of a negative quantity is. equivalent to add- 
•ing its.pofitivc value. f 

C H]A P, 



1* A Treatise of Parti. 

CHAP. IV. 

Of Multiplication. 

<u. TN Multiplication the General rule for 
JL the figns is. That when ibe figns of 
the faB’ors are like (i. e. both +, or both — ,) 
the Jign of the fraduB is -f- ; but when the figns 
if the faBers are unlike , the Jign of the froduB 

Cafe 1. When any pofitive quantity, + a, is 
multiplied by any pofitive number, 
-j- », the meaning is. That + a is to 
be taken as many times as them are 
units in n -, and the produft is evi- 
dently mo. 

Cafe IS. When — a is multiplied by #, then 

a is to be taken as often as there are 
units in *, and the produft muft be 
— m. 

•Cufelil. Multiplication by a pofitive number im- 
1 piies a repeated addition r tart muki- 

plieatioir by a negative implies a re- 
peated fubtra&ion. And when -f. a is 
to be tnnhiphed by she mean- 
ing is, That + a Is to he fabtrafted as 
often as there are units in n ; there- 
j fore 
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fore the produd is negative, being 

*— «a. 

\ 

£afe IV. When •— <* is to be multipled by 

then — <2 is to be fubtraded as often as 
there are units in n but (by § tow) to 
fubtrad — a is equivalent to adding 
•f #, confequently the produd is -f- »<*. 

• The lid and IVth cafes may be illuftrated in 
jtbe following manner. 

By the definitions, + «-4sOi therefore, 

|f we multiply -f- a — <*hy », the produd mud 
yanim or be o, becaufe die fadof a — a is o. 
The firft’ term of thfe produd is + m (by 
Cafe I.) Therefore the fecond tern) of die pro- 
dud mull be — na , which deftroys + na % fo 
that the whole produd mull- he 4* *4 na 
o. Therefore — a multiplied by 4* & gives 

rr- na. 

In like manner, if we multiply 4- a — a by 
■— », the firft term of the prpdud being — na, 
the latter term of the produd muft be -}* na, - 
becaufe the two together muft deftroy each other, 
or their amount be o, fince one of the fadots 
(viz. a — a) is o. Therefore multiplied by 

— » muft give 4- >w. 

In this general dodrine the multiplicator is 
always confidered as a number. A quantity of 
gay kind may be multiplied by a number : but 

a pound 


I 


A 


4 
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a. pound is not to be multiplied by a pound, 
or a debt by a debt, or a line by a line. We 
Jhall afterwards coniider the analogy there is 
betwixt rectangles in Geometry and a produd 
pf two factors. 

§ 12. If the quantities to be multiplied are 
ftmplc quantities, find tbe fign of tbe produft by 
the left rule ; after it place tbe prodtt8 of tbe co~ 
efficients, and then Jet down all tbe letters after 
$ne another as in one word . 


EXAMPLES. 


Mult. 4- a 
By +b 


— 2 a 

+ 4 * 


Prod.. + ab j 

- Mult. «— 8# 
By 4a 



6x 
5 * 

— gc«f 

e 

«-{- gab 
— 5 ac 


Prod, -f* 3 2ax 


— i$aobc 


r 

I 


§ 13. To muldply compound quantities, you 
mult multiply every part of tbe multiplicand by 
all tbe parts of tbe multiplier taken one after an * 
other , and then collet? all tbe produHs into one 
fvm : that fum Jhall be tbe. produSl required. 


«« a 



t 


I 
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EXAMPLES. 


Mult. 

< 1 + b 

1 

2a— ^b 

By 

a+ b 


4*+ 5 b 

Prod. • 

C aa-\- ab 


c 8 aa — slab 

i + ab+bb 

i 

£ -j-ioaJ— 15 W 

Sum 

aa+2ab+bb 


8 aa — zab—isbb 

Mult. 

ta— 4b 


xx— ax 

By 

2<*4-4^ 


x +a 

Prod. 

c ^aa — %ab 
£ 4. Sab — 1 6bb 

Cxxx—axx 
2 -\-axx— aax 

Sum 

4 aa . . 0 —i6bb 

xxx . . 0 — aax 


Mult. aa-\- db -f* bb 
By o — b 


Prod, j 
Sum 


aaa -J~ aab -f oibb 

— aab — abb — bbb 

aaa . . o • . • o —-bbb 




§ 14. Produ&s that arife from the multipli- 
c a t io n of two, three, or more quantities, as 
abc, are faid to be of two, three, or more di- 
mnfms \ and thofe quantities are called faSlors 

k roots. 


If 
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If all the factors are equal, then thele pro* 
dufts are called pauiars * as ea or aaa are pow- 
ers of a. Powers are exprefied fometimes byt 
placing above the root to the right-hand a figure 
expreifiog the number of faftors that produce 
them. Thus, 



jg f tft 1 Power of the 
Mad root a, and 
< 3d V is fhortly^ 
€ 4th exprefied 
' a 1 5th J thus. 


a 
a • 

a* 

a* 

la* 


5 15. Thele figures which exprefs the nutu-» 
her of factors that produce p o wer s -are called 
their indues or exponents j thus 2- is -the index of 
4*. And powers of the fame root are multiplied 
by adding their exponents. Thus a 1 X o> 2= a* y 
X 4* = 4 5 * 7 , <t'x« = »V 
§ 16. Sometimes it is ufe ftt l not a&ually to 
multiply compound quantities, but to let them 
down with the fign of multiplication (x) be- 
tween them» drawing a line oipr each of the 

compound factors. Thus 4+ b x a — b ex- 
press the pcoduft of multiplied by 

4 • . 

t * • > ♦ * 


*7 
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CHAP. V. 

Of Division. 

§ 17. rp HE fame rule for the figns Is to 
X be obfetved in Divifion as in Muki- 
plication ; that is, If the figns of the dividend 
and divifor are like , the Jign of the quotient muft 
be-\- i if they are unlike , the fign of the quo- 
tient muft be — . This will be eafily deduced 
from the rule in Multiplication, if you confider 
that the quotient mult be fuch a quantity as 
multiplied by the divifor (hall give the divi- 
dend. . 

§ 1 8. The General rule in Divifion is, to place 
the dividend above a fmall line , and the divifor 
under it> expunging any letters that may be found 
in all the quantities of the dividend and divifor , 
and dividing the coefficients of aU the terms by 
ary common meafure. Thus when you divide 
10 ab + 1 54c by 20 ad\ expunging a out of aH 
the terms, and dividing all the coefficients by 5, 

*te quotient » --—f ’ -- •> and 

ib)ab + bb(t±t. 

tzab) 30 an — 54^ 

4*0 


% 


1 


Pifti/ 
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1 

4 aa) %ab -f- Sac 
And[ 2 if) 5«ie 

. 4 Pvwtrs of the fame root are divided by. 
fubtralting their exponents as they are multiplied 
by adding them. Thus if you divide a s by a\ 
the quotient is a'~ l or a 1 . And b b divided by 
b* gjves i 6-4 or b x and a 7 i* divided by a x b l 
gives a i b t for the quotient. 

§ ,20. If the quantity to be divided is com-' 
pound, then you muft range its parts according to 
the dimenfions of fome one of its letters , as in the 
following example. In the dividend a*+ tab + b\ 
they are ranged- according to the dimenfions of 
Op the quantity a 1 where a is of two dimen- 
fions being placed firft, zab where it is of one 
dimenfion next, and b l , where a is not at all, 

1 * * 

being placed laft. The divifor muft be ranged ac- 
cording to the dimenfions of the fame letters ; then 
you are to divide the ftrft term of the dividend by 
the .ftrft term of the divifor, and to fet down the 
quotient, which, in this example , is a i then mul- 
tiply tins quotient by the whole divifor, and fub- 
trail the produSt from the dividend, and the re*, 
mainder Jhall give a new dividend, which in this 
example is abfr-b*. 


a+k) 
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19 


a + b) a* + *<*$'+ i* (0 + £ 

«* + «£ • 

• t 

ab + b % 
ab-\-b % 

o o 

/ / 

* 

Divide the firft term of this new dividend by the 
firjl term of the divtfor and fet down the quotient, 
( which in this example is b) with its proper Jign, 
fbe» multiply the whole divtfor by this part of the 
quotient , and fubtraB the produft from the new 
dividend ; and if there is no remainder, the divijion 
■ is fimfhed : If there is a remainder, you are to 
proceed after the fame manner till no remainder 
is left ; or till it appear that there will be always 
fotne remainder. 

Some Examples will illuftrate this operation* 

r 

EXAMPLE I. 

a-\-b)a l — b* (a — b 
a xj fab 

— ab — b* 

— ab — b* 

o o 


t 


C 


EX- 



\ 


* 
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EXAMPLE II. 

a— b) am —$aab+$abb — bbb (aa — 2 ab -f bb 
am — aab 

w— — —— — ■ ■ ■■■— — . 

✓ 

— 2 az£ + 3<iii — ^ 

— zaab+iabb 

abb — 

I 

abb— bbb 

* «»1 . ^ 

* • « * 

90 

#* 

* 

EXAMPLE III. 

a 

a — $5 am — £££ (a* + «£ + W 

, AM— Al£ 

A3$ — £££ 

aab — abb 

abb— -bbb 
abb— bbb 

. o o 


EX- 


# 
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EXAMPLE IV. ' 


g d — 6) 6 aaaa — 96 {fidad\'qaa + 8 a + »0 
* 6 aaaa — 1 2 aaa 

12 aaa — $6 
i2aaa—2^aa 

2444 — 96 
24 aa — 484 

48a — 9 a 
480 — 96’ 

o - o 


$21. If often happens that the operation! 
ebay be continued without end, and then you 
have an infinite Series for the quotient ; and by 
comparing the firfi three or four terms you may! 
find what law the terms ob ferve i by which manse 
without any more divifion , you may continue the 
quotient as far as you pledfe .• Thus, in dividing 
1 by 1 — 4, you find the quotient to be 1 + d 
+ aa + daa + aaaa + &c. which Series can be - 
Continued as far as you pleafe by adding the' 
powers of a. 


€ a Thtf 


t 
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The Operation is thus : 

t — a) i (1 + a + <**'+ aaa % 
i —a 

~\-a 

.rj- AS 

-4-az — aaa 
•{•aaa 

■{■aaa — aaaa 

+ <raa<*» 6?r. 


Another Example. 


„ , » . r . a** a** i a* 1 * 

*+*)*»+** 0»—*+- ^r + -^r 

. aa+ax 


ax-\-xx 
'ax— xx 


-\-2XX 
— J- 2XX' 


2 X 3 


2x s 

a 

2x * 
0 


2X 4 


4 - 


2** 


1 a' 

6fr. 


fcfr. 


In 
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In this laft example the figns are alternately 
-f- and — , the coefficient is conftantly 2, after 
the firft two terms, and the letters, are the pow- 
ers of x and a -, fo that the quotient may be 
continued as far as you pleafe without any more, 
divilion. 


But in Divilion, after you come to a remain- 
der of one term, as 2xx in the laft example, 
it is commonly let down with the divilbr under 
it, after the other terms, and thefe together 
give the quotient. Thus, the quotient in the 

2x % 

laft example is found to be a — x + — r“* And 
bb + ab divided by b — a gives for the quotient 



Tab 

b—a 




/ 


Note, The lign •— placed between any two 
quantities, exprefies the quotient of the former 

divided by the latter. Thus a+b -j- — x is 
the quotient of a + b divided by a — x. 


I 
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CHAP. VI. 

i » 

Of Fji apti aws, 


$. %%. T N ahe' laft Chapter jt< was faict that? tho 
X quotient of any quantity a divided by 
b is exprefied by placing a above a fmall line and 

b under’ it, .thus, Thele quotients are allQ 

apd\ thflt- dividend. or quantity 
flipped, ^bqyq- thp. line ifr galled the ¥mtr*tox r 
of tlys £»3*©% and. thp ; divifpjt or- quantity- 
placed under, the line i$ cal}ed the Denominator. 

Thys — exprefles the quotient of % divided by, 3 •* 

. 3 : . - - 

and a is the numerator and 3 the denominator of 
the fraction. 

§ 23. If the numerator of a fr allion is equal 
to the denominator , then the fraction is equal to 

0 b ' 

unity. Thus — and -j art equal to unit. If the 

numerator, is. greater than the. denominator x then. • 
the fraHion. is greattr than, unit, In hod», thefe; 
pales, the fraction is called improper. But if 
the numerator is lefs than the denominator , then 
the fr allion is lefs than unst t and is called proper. 

Thus X is an improper fra&ion v byt — and 

3 4 

■* 

r- are proper fra&iqns. & mixt quantity is that 

3 vhsretf: 


1 
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whereof one. part is an integet and the other 
a fraction. As 34 and 54, and <* + "r* 

PROBLEM I. 

’ § 24. To a mixt quantity to an impro- 
per Fraction. 

Rule. Multiply the part that is ak integer by the 
denominator of the fractional part i and to the 
product add the numeratori under their fum 
' place the former denominator. 

Thus 24 reduced to an improper fra&ion, 
gives ^ i a 4- - j = fiif. . and a — x 


PROBLEM II. 

§25. ’To reduce an improper fraction to 0 
mixt Quantify. ‘ 

Rule. Divide the' mimefator of the fraction by 
'the denominator , and the quotient Jhall give the 
integral part ; the remainder Jet over the deno- 
minator Jhall be the fractional part. 

12 t tff+ a* * .. «V ax^lxx 

Thus y =r 24 i = *-+T ’ ThF 


r* + 


* 


. - * + *‘+ — . 
* a — x 1 1 W—X 


C4 


PRO- 


I 


# 
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PROBLEM III. 

§ 2 6. 7* 9 reduce fractions of different denomina- 
tions to fractions of equal value that Jball have 
the fame denominator. 

Rule. Multiply each numerator , feparately taken * 
into all the denominators but its own t and the 
products Jhall give the new numerators. Then 
multiply all the denominators into one another , 
and the produft Jball give the common denomina- 
tor. 

a h c 

Thus the fractions are refpe&ively 

equal to thefe fra&ions which 

have the fame denominator bed. And the fra&ipns , 
- 2 , y, are refpe&ively equal to thefe 
45 48 . 

Jo’ 63' 


PROBLEM IV. 

$ 27 . To add and subtract Fractions. 

Rule. Reduce them to , a common denominator • 
and add or. fubtrdSi the numerators , the fum 
or difference fet over the common denominat or t 
is the fum or remainder required . • , 


t 

Thus 

% 


9 



1 * 
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— • a , e i aJt + btt 4 - d*b 

Thus T + 7 + 7 = > 


«r * 

*7 


4 ( ai—bt 2,3 84*0 17 

7~7 = -B- ! T + 7 = ~ = if 

_ . s . 1 _ 9^ - JL . 

TT * 4 3 « ia * 

1 — 1 = iiziii — _L. 


x ’ ■ * 3* a* * 

T 3 ”” 6 ” 6* 

1 

PROBLEM V. 

§ 28. To multiply Fractions. 


Rule. Multiply their numerators one into another 
to obtain the, numerator of the product ; and 
their denominators multiplied into one another 
Jhall give the denominator of the produff. 


Thus 





If a mixt quantity is to be multiplied, firft 
reduce it to the form of a fraction (by Prob. i.) 
And if an integer is to be multiplied by a frac- 
tion, you may reduce it to the form of a frac* 
tion by placing unit under it. 


EXAMPLES. 
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4- afor _ *3 4- far 




JT 


*£±& x *_ 
* AT 


PROFLEM VI. 

£ 2 $> 2 ^ DivlD#- FraBiom. 


Rule. Multiply the numerator 1 of the' dividend by 
the denominator of the divifor , their produB 
Jhall give the numerator of the quotient. Then 
multiply the denominator of the dividend by the 
numerator of the divifor , and their.prcduB Jhall 
give the denominator. . . 



' $. 30. Thefe laft four Rules-are eafily demon- 
ftrated from the definition of a fradion. 


1. It is obvious that the ' fradions 4> 4* 

b d f 

«eireljjedtively equhl to4r£»> 4r^, linceif 


W >1 dbf* fbd * 


you divide 1 by b'df the quotient will be the' 
fame' as 'of «divided b'y b j and divided by 
' dbf gives the' feme ' quotient as c divided by d ; 
and ebd divided by fbd'xhit lame quotient as e di- 
vided by /. 

- 2. Eradions "reduced to 'the fame denomina- 
tor are added 'by adding their numerators' and 

fub- 



Q iq&/> 


»gr 


fcbfcribing die common denominator. I lay 

i + £ = Mr- For cal1 i = *> and 

4- == 0> and it will be a = mb, c — nb, and 
* 

mb -fc nk — u + r, and »» + 0 = that 

js, -j + 4 - =? After the fame manner. 


* t _ _ 

7“ 7 


»- 


3. l&yjXj (=»X»j=^i for bm=.a. 


AC 

in — c\. and M»» = <w. and mnz r •7-5 j that 
. <r r « 

,s »7*v/ “ id* 


I f* ^ 1* •11« C 1ft m * Adi 

fey j divided by j r or — , give? — j 
for mb — a, and »*M = ai} nd — c, and 
*W = $ ? therefore ~ = that is* 

» «4? 

n~(b 


PROBLEM VII. 

5 Ji* To find the greatefi common Meafure of 
two numbers ', that is, the greateft- number that 
can divide them both without a remainder. 

Rule. Firfi divide the greater number by the 
lejfer, and if there is. no. remainder the lejfer 
mmbtr fctbegrceetijl common divifor required, 

V 
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If there is a remainder , divide your loft divifor 
. ty it-, and thus proceed continually dividing the 
loft divifor by its remainder ^ till there is no re - 
. mainder left , and then the laft divifor is the 
greateft common Meafure required. 

Thus the greateft common meafure of 45 and 
63.1s 9 v and 1 the greateft common meafure of 
256 and 48 is i$. 

45 ) 6 3 (« 

45 

* 8 ) 45 (* 

if 

a) 18(2 
18 

o 

$ 3*. Much after the fame manner the greateft 
Common meafure of algebraic quantities is dis- 
covered ; only the remainders that arife in the 
operation are to be divided by their ftmple divifors, 
and the quantities are always to be ranged accord- 
ing to the dimenftons of the fame letter. 

Thus to find the greateft common meafure 
of a x — b x and a 1 — 2 ab + b l j 
a x — b x )a x — 2 ab •+■ b x (1 
a' — b x 

— 2 ab + 2 b l Remainder, 

which 


*8) ,56 (5 
240 

16) 48 (3 
■ 48 

o 




x\ / 



1 

t 

t 
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which divided by — ib is reduced to ' 

a — b) a* — b % (a + b 
a % — b * 

* t % 

o o 

Therefore < — b is the greateft common men* 
fore required. 

♦ 

t 

The ground of this operation is, That any' 
quantity that meafures the divifor and the re- 
mainder (if there is any) mud alfo- meafure the 
dividend ; bccaufe the dividend is equal to the 
fum of the divifor multiplied into the quotient^ 
and of the remainder added together *. Thus 
in the laft example, a — b meafures the divifor 
a x — b x , and the remainder — 2 ab + 2b ; it 
mud therefore likewife meafure their fum a*— 
tab + b x . You mud obferve in this operation 
to make that the dividend which has the higheft 
powers of the letter, according to which the 
quantities are ranged. 


PROBLEM VIII. 

§ 33. To reduce any Fraction to . its loweft' 
terms . ' 


Rule. Find the greateft common meafure of the 
numerator and denominator ; divide them by that 
common meafure and place the quotients in their 
room, and you Jhall have a fraction equivalent 


* See Chap. XIV. 


to 


! 


/ 


32 A Treatise of Part J, 

/0 given fnaSion txprefled in the kqft 
term. 

Thus Z&L) W ie — Jf . , 5&” + *5&* 

03 253«/ 1 25 A# 5* * sj 2 aa — 572*3 

3*+ 3* . «*—** __ a 4- * . 

11«—- ni* «*— « — 3* 

u> — 3*« «*—3« a*— 3* 3* 

2«3 + 3* “* « + 3 * «*— «’3* « J 


"When unit is die greateft common uieafurfe 
of the n u mbers and quantities, then the fraftiof» 

t«3 

is already in its loweft terms. Thus —• can- 
Hot be reduced lower. 

And numbers whole greateft common mea- 
lure is unit» are laid to be prime to one another. 


5 34. If it is required to reduce a given frac- 
tion to a fraction equal to it that fhali have a 
, given denominator, you muft multiply the nu- 
merator by the given denominator , and divide the 
produSt by the former denominator , the quotient 
fet over the given denominator is the fraction re - 

it 

quired. Thus -? being given, and k being re- 
quired to reduce it to an equal fra&ion whole de- 
nominator fhall be c ; find the quotient of ac 
divided by b, and it fhall be the numerator of 
the fraction required. 



1 


9 


I 


0 
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If a Vulgar fraction is to be reduced to a 
decimal (that is, a fta&ign} wbo(fe denominator 
is 10, or any of its powers) annex as many 
cyphers as you pieafe to tbs numerator, and then 
divide it by the denominator, the quotient Jhall 
gins a decimal equal to tie Vulgar fra&ion pri* 
pofsd. 

Thus — = . 66666 , &c . ; ^ = ,6j 
3 '5 

* 

— '1= .2S57142, f£c. 

0 

% 1$. Thefe fractions arc added and fub* 
tra&ed like whole number? ; only care mu& 
be taken to fetftmilar f laces above one another y 
fa units above units, and tenths above tenths* 
i 5?r. They are multiplied and divided as. inte- 
ger numbers ; only there mtjfi be as many decimal 
places in the produSt as in both the multiplicand 
and multiplier •, and in the quotient as many as 
there are in the dividend more than in the divifor. 
And in divifion the quotient may be continued 
to any degree of exadtnefs you pieafe, by add- 
ing cyphers to 'the dividend. The ground of 
thefe operations is eafily underftood from the ge- 
neral rules for adding, multiplying, and -divid- 
ing fra&ions. 


CHAP. 


34 
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CHAP. VII. 

Of the Involution of Quantities. 

\ 

4 3*>.ri^HE produ&s arifing from the con- 
J. tinual multiplication of the fame 
quantity were called (in Chap. 4.) the powers 
of that quantity. Thus 0, 0*, 0% a*, fire, are 
the power» of 01 and 0?3‘, 0*3’, 0*3 4 , & c> 
are the powers of" ah. la. the fame Chapter,, 
the rule for the multiplication of powers of .the 
fame quantity is to “ Add the exponents and 
make their fum the exponent of the product** 
Thus a* X 0* = & i and a % t % x 0 6 3 * = a 9 b*. 

, In Chap. 5. you have the rule for dividing 
powers of the lame quantity, which is, “ To 
fubtraft the exponents and make the difference 
the exponent of the quotient.” 

-Thus ~ = a 6- " 4 = 0* \ and ~ = 

(r <rb 

« 

a s ~*b 1 -' — 03 *. 

• § 37- df you divide a kjfer power by a greater, 
the exponent of the quotient tmtjl, by this Rule, 

he negative. Thus = a*~ 6 =2 a~ x . But 

a 

1 I 

= -1 i and hence — is exprefied alfo by a % 
with a negative exponent. 

It 


I 





1 


I 


I 

I 


1 : 
I 


i 




» 


% 



• \ 



i 

i 
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It is alfo obvious that — = a '."- 1 =: a*i 

a 

.but — = 1, and therefore a° = 1. After 

' a 

the fame manner — = — = a®” 1 = a - ' i 

a a 


JL = f! — a o_. __ 


* aaa * ““ 


a— 3 i fo that the quantities a , 1, i. 


J 

— , &c. may be exprefied thus, a 1 , a 0 , a* -1 , 

a— % a— J , a - * 4 , &c. Thofe are called the 
negative powers of a which have negative ex- 
ponents i but they are at the fame time pofitive 

powers of — or a—*. 


§ 38. Negative powers (as well as pofitive ) ate 
multiplied by adding , and divided by fubtrafting 
their exponents. Thus the produft of a—* (or 

multiplied by a ~ 3 (or is a ~*~- 3 = a ~ 3 

(or i alfo a - * 6 x a 4 = a - 6 + 4 = 4 “* (or 

p) i and a— 3 x«' = a' = i. And, in gene- 
ral, any pofitive power of a multiplied by a negative 
power of a of an equal exponent gives unit for 
the produft ; for the pofitive and negative deftroy 
each other, and the product gives a°, which is 
equal to unit. • 

D Like- 


d 
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Likewife — a~~ l + 1 = a ~ 3 
/ a 

= a 5 = a K But alfo, - 
a 5 <r~ s 


1 



and 


* 


—a 


a—*xa 


— 3 


X I 

t= — ; therefore —5 = a 1 : And, in general, 

« 

“ any quantity placed in the denominator of a 
fraction may be tranfpofed to the numerator, 
if the fign of its exponent be changed.*’ Thus 

*-*- = a 3 , and — — ; = a 1 . 

* 3 * a —* 


§ 39. The quantity a" exprefies any power 
©f a in general ; the exponent («) being unde- 

termined; and a~ m exprefies — , or a negative 

a m 

power of a of an equal exponent : and a m x a~ m 
— * = a° s= 1 is their product. a* exprefies 

any other power of a; a" x a" = a m + * is the 
product of the powers a m and a", and a m ~~* is 
their quotient. 


§ 40. To raile any fimple quantity to its fe- 
cond, third, or fourth- power, is to add its ex- 
ponent twice, thrice, or four times to itfelf j 
therefore the fecond power of any quantity is 
had by doubling its exponent, and the third by 
trebling its exponent ; and, in general, the 
power exprejfed by m of any quantity is bad by 
multiplying the exponent by m, as is obviotis from 
the multiplication of powers. Thus the fecond 

power or fquare of a is a 1Xl = a 1 •, its third 

power 


/ 
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power or cube is ai xt — a*s and the with power 
of a is d ** 1 = a*. Alfo, the fquare of a* is 
fl*x 4 r - a* i the cube of a * is «3*4 = a 11 ; arid 
the a»th power of a* is a**”. 'The fquare of 
abc is a 1 b\c t t the cube is a'bh'', the *»th power* 

§41. The railing of quantities to any power* 
is called Involutions and any Jiniple quantity is 
involved by multiplying the exponent by that of the 
power required , as in the preceding Examples. 

'The coefficient muft alfo be raifed to the fame 
.power by a continual multiplication of itfelf by 
itfelf, as often as unit is contained in the expo- 
nent of the power required. Thus the cube of 
3 ab is 3 x 3 X 3 X a*b* = 2 jaW. 

As to the Signs, Whin the quantity to be in- 
volved is pojitive, it is obvious that all its powers 
muft be pojitive. And when the quantity to be 
involved is negative , yet all its powers whofe ex- 
ponents are even numbers muft be pojitive , for any 
number of multiplications of a negative, if the 
number is even, gives a pofitive ; fince — x — 1 
== -f , therefore — X — X — X — = + X + 
= + ; and — X — X — X — X — X — = 

+ X + X + = +• 

* 

The power then Only can be negative whoa 

its exponent is an odd number, though the 
quantity to be involved be negative. The pow- 
ers of — a are ■ — a, + a *, — -j- a*, — 0 s , 

D 3 fcfo 
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&c. Thofe whofe exponents are 2, 4, 6, &c. 
are politive j but thofe whofe exponents are 
1, 3, 5, t£c. are negative. 

§ 42. The involution of compound quantities 
is a more difficult operation. The powers of 
any binomial a + b are found by a continual mul- 
tiplication of it by itfelf as follows. 



++ 


X 

a « 

H — I - 
II 

t 
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§ 43. If the powers of a — b are required, 
they will be found the fame as the preceding, 
only the terms in which the exponent of £ is 
an odd number will be found negative ; “ be* 
caufe an odd number of multiplications of a 
negative produces a negative.” Thus the cube 
of a — b will be found to be a’ — $a'b -f. 
%ab l — b l : where the 2d and 4th terms are ne- 
gative, the exponent of b being an odd number 
in tbefe terms. In general, “ The terms of 
any power of a — b are politive and negative 
by turns.” ' 

§ 44. It is to be obferved. That “ in the firft 
term of any power of a + b, the quantity a 
has the exponent of the power required, that 
in the following terms, the exponents of a de- 
creafe gradually by the fame difference (viz. 
unit) and that in the laft terms it is never 
found. The powers of b are in the contrary 
order ; it is not found in the firft term, but its 
exponent in the fecond term is unit, in the 
third term its exponent is 2 •, and thus its ex- 
ponent increafes, till in the laft term it becomes 
equal to the exponent of the power required.” 

As the exponents of a thus decreafe, and at 
the fame time thofe of b increafe, “ the fum 
of their exponents is always the fame, and is 
equal to the exponent of the power required.” 
Thus in the 6th power of a + b, viz a 6 + 
6 a*b -J- 1 ^a*b l -f- 20 a % b % -j- 1 $a z b* + 6 ab s -j- b\ 

D 3 the 
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the exponents of a decreafe in this order, 
6 , 5, 4, 3, 2, 1, o 1 and thole of b increaie 
in the contrary order, o, 1, 2, 3, 4, 5, 6,- 
And the futn of their exponents in any term is 
always 6. 

§ 45. To find the coefficient of any term, 
the' coefficient of the preceding term being 
known ; you are to “ divide the coefficient of 
the preceding term by {he exponent of b in the 
given term, and to multiply the quotient by the 
exponent of a in the fame term, increafed by 
unit.” Thus to find the coefficients of the 
terms of the 6th power of a -{- b t you find the 
terms are 

a 6 , a*b, a*b* t a'b*, ab\ b 6 j 

and you know the coefficient of the firft term is 
unit •, therefore, according to the rule, the coeffi- 


cient of the 2d term will be yX 5 + 1 



that of the 3d term will be— X4+1 = 3x5=151 

that of the 4th term Wi 11 be— x 3 + 1 =5 x ‘4= 20 i 

3 ' 


and thole of the following will be 15, 6, r, 
agreeable to the preceding Table. 

§ 46. In general, if a -f- b is to be railed to 
any power tn, the terms, without .their coeffi- 
cients, will be, a m , a"~ I b, a*~*b*, a"~-ib } , 


(t m —'b s , &c. continued fill the exponent of b 
fieepmes equal to m. 

The 





Chap. 7. ALGEBRA. 4; 


The coefficients of the refpe&ive terms, ac- 
cording to the laft rule, will be 

m — — I m — 1 m — 2 m — I 

i ,m,mx — — , m X — X — — , »» X -j- 

m—2 m — 7 m — i m—2 m — 7 m—± 

X T X 4 ,WX ~ X T X 4 x J’ 
&c. continued until you have one coefficient 

more than there are units in m. 

It follows therefore by thefe laft rules, that 

a-\-b = a m 4 ma m ~ l b m x X a^~ r b x 


■ m — 1 > m — 2 * , tn — i 

4 m x — X — — X a*-*b l + m x 

23 2 

X — — - X — — - X +, &c. which is the 

3 4 

general Theorem for railing a quantity confiding 
of two terms to any power m. 

§ 47. If a quantity confifting of three, or 
more terms is . to be involved, “ you may di- 
ftinguifh it into two parts, confidering it as a 
binomial, and raife it to any power by the pre- 
ceding rules •, and then by the fame rules you 
may fubftitute inftead of the powers of thefe 
compound parts their values.” 

, .——2 —m — ■— 1 ' '* * — ■ >2 

Thus a b + c — a-\-b c = a+ b 4 
2f X a 4 b 4 c* = a* + 2 ab 4 b x 4 2 dc 4 

2 be c x . 

■ ■ 3 3 -4 

And a + b + c = 0 + £ + 3 ^X *+* 
4- 3 fl X a + b 4 . c % = o' -J- 3 a'b 4 3 ^* -b' 

-f 3 a*c 4 6<*bc 4 $ %c 4 %ac x 4 3 be* 4 £l - 

D 4 In 
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In thefe Examples, a b+ c is confidered 
as compofed of the compound part a + b and 
the Ample part c ; and then the powers of 
a + b are formed by the preceding rules, and 

fubftituted for a+b and a-\- b 

CHAP. VIII. 

Of Evolution. 

§ 48. fTMIE reverfe of Involution, or the 
X refolving of powers into their roots, 
is called Evolution . The roots of Angle quan- 
tities are eaAly extracted by dividing their expo- 
nents by the number that denominates the root re- 

t 

quired. Thus the fquare root of a* is a T = a* ; 
and the fquare root of a*b*c* is a l b*c. The 

« 3 

cube root of a^b 1 is a T b T = a l b ; and the cube 
root of x^y b z 11 is a ; , j 1 z + . The ground of this 
rule is obvious from the rule for Involution. 
The powers of any root are found by multi- 
plying its exponent by the index that denomi- 
nates the power ; and therefore, when any power 
is given, the . root muft be found by dividing 
the exponent of the given power by the number 
that denominates the kind of root that is re- 
quired . 

§49- 


V 
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§ 49. It' appears from what was faid of Invo- 
lution, that “ any power that has a pojitvve ftgn 
may have either a poji'tive or negative rooty if the 
root is denominated by any even number** Thus 
the fquare root of + a 1 may be + a or a t 
becaufe a X -j- a or — a X — a gives + a* 
for the product. 

But if a power have a negative (ign, no 
root of it denominated by an even number can be 
afftgnedy* fince there is no quantity that multi- 
plied into itfelf an even number of times can 
give a negative product. Thus the fquare root 
of — a * cannot be alligned, and is what we call 
an “ impofjible or imaginary quantity.” 

But if the root to be extracted is denomi- 

f 

nated by an odd number, then Jhall the Jign of 
the root be the fame as the Jign of the given num- 
ber whofe root is required. Thus the cube root 
of — a 1 is — a, and the cube root of a 6 b* is * 
— a'b. * 

§ 50. If the number that denominates the 
root required is a divifor of the exponent of 
the given power, then fhall the root be only a 
“ lower power of the fame quantity** As the 
cube root of a 11 is a*, the number 3 that de- 
nominates the cube root being a divifor of 1 2. 

But if the number that denominates what 
fort of root is required is not a divifor of the 
exponent of the given power, “ then the root ■ 
required Jhall have a fraction for its exponent.** 

Thus 


\ 


i 
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3 

Thus the (quare root of a 1 is a*- t the cube root 

5 r 1 

of a* is <* T > and the fquare of a itfelf is d*. 

Thefc powers that have fractional exponents 
are called “ ImperfeEl powers or furds and are 
otherwife expreffed by placing the given power 
within the radical fign V , and placing above 
the; radical fign the number that denominates 

3 * 

what kind of root is required. Thus d* — V a 1 * 

, S HL n 

= and a” = In numbers the 


fquare root of 2 is expreficd by V 2, and the 

3 

cufye root of 4 by V 4. 

§ 51. Thefe imperfeCt powers or furds are 
“ multiplied and divided , as other powers, by 
adding and fubtraEling their exponents Thus 


= a 1 — a ' ; a* 

"r— J 2=1 

v a 17 i and — = a 1 = 



a 


» 7 

■ % — 




They are involved likewife and evolved after 
the fame manner as perfeft powers. Thus the 

fquare of a* is a'*^ = <* 3 ; the cube of a r is 

6 * 2 
,Xt = a T . The (quare root of a* is a^ % ‘ = dF, 

3 JL - 

the cube root of a* is a*. But we (hall have 

' \ 

oecafion to treat more fully of Surds hereafter. 

$ 52. The fquare root of any compound 
«IVaotity, as a x -\- 2 ab + b l is difcovered after 

this 


I 


I 
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» , 

fhis manner. “ Firft, take care to difpofe the 
terms according to the dimenjions of the alphabet , 
as in divifion j then find the fquare root of the firft 
term aa, which gives a for the firft member of the 
root. Then fubtraft its fquare from the prop fed- 
quantity, and divide the firft term of the remainder 
(zab 4- b*) by the double of that member, viz. 2 a, 
and the quotient b is the fecond member of the 
root. Add this fecond member to the double of 
the firft , and multiply their fum (za -{- b) by the 
fecond member b, and fubtraSl the produft (zab 
+ b l ) from the forefaid remainder ( 2 ab 4* b*) 
and if nothing remains , then the fquare root is 
' obtained j and in this example it is Found to be 
a -\-b. 

The manner of the operation is thus, 

a*-^ * 4 * 0* -j - b 

a % 

2 <?-f b \2ab 4“ b* 

X h> zab 4 - b x 

0 

r f ' 

o a 

But if there had been a remainder, you muft 
have divided it by . the double of the fum of the 
two parts already found, arid the quotient would 
have given the third member of the root. ■ 

Thus if the quantity propefed had • been 
a l + zab + -}-£*+ %bc 4* c 1 , after proceeding 

' SS above you would have found the remainder 

zac 
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zac + zbc + e\ which divided by 2<*.+ zb gives 
r to be annexed to a-f-b as the 3d member of the 
root. Then adding c to 2 a-\-zb and multiply- 
ing their fum za-\-ib-\-c by c, fubtraft the pro- 
duct zac-\- 2 bc\c % from the forefaid remainder 
and fince nothing now remains, you conclude 
that a+b+c is the fquare root required. 

The operation is thus; 

a* + 2«£+2<w+£ l + ibc-\?c l (o-\-b-\-c 
a * 

za+bxzab+zac+b' + zbc+c* 

Xb'zab +£* 

2 «+ zb +* \zac+ zbc+t? 

Xf/2<ir+ zbc+c % 

000 

Another Example. 

— ■ ax 4 - iaa (x—\a 
xx 

2 x~ria \ — ax 4* i aa 

'X-— t 4 ' — ax-j-?a* • 

o o 

The fquare root of any number is found out 
after the fame manner. If it is a number under 
100, its neareft fquare root is found by the fol- 
lowing Table; by which alio its cube root is 
' found 


w* 
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found if it be under 1000, and its biquadrate if 
it be under 10000. 


But if it is a number above 100, then its 
(quare root will confift of two or more figures, 
which muft be found by different operations by 
the following 

RULE. 

§ 53. Place a point above the number that is 
in the place of units , pafs the place of tens, and 
place again a point over that of hundreds , and go 
on towards the left band , placing a point over every 
2 d figure ; and by thefe points the number will be 
difiinguijhed into as many parts as there are figures 
in the root. ‘Then find the fquare root of the firfi 
part , and it will give the firfi figure of the root ; 
fubtradl its fquare from that party and annex the 
fecond part of the given number to the remainder. 
c Iben divide this new number ( neglecting its laft fi- 
gure) by the double of the firfi figure of the rooty 
annex the quotient to that double , and multiply the 
number thence arifing by the faid quotient, and if 
the produEl is lefs than your dividend or equal to 
it, that quotient Jhall be the fecond figure of the 
root. But if the product is greater than the di- 
vidend, you mull take a lefs number for the fecond 




4# -A Treatise tf Part L 

figure of the root tban that quotient. Much after 
the fame manner may the other figures of the 
quotient be found, if there are' more points than 
two placed over the given number. 

.To find the fquare root of 998 56, I firft 

• • • 

point it thus, 998 56, then I find the fquare 
root of 9 to be 3, which therefore is the firft 
figure of the root j I fubtraCt 9, the fquare of 3, 
from 9, and to the remainder I annex the iecond 
part 98, and I divide (neglecting the laft figure 
8) by the double of 3, or 6, and I place the 
quotient after 6, and then multiply 61 by 1, 
and fubtraCt the produCt 61 from 98. Then to 
the remainder (37) I annex the laft part of the 
propofed number (56) and dividing 3756 (ne- 
glecting the laft figure 6) by the double of 3 1 , 
that is by 6 2, I place the quotient after, and 
multiplying 626 by the quotient 6, I find the 
produCt to be 3756, which fubtraCted from the 
dividend and leaving no remainder, the exa& 

root muft be 316. 

• » 

EXAMPLES. 

99856(316 

9 _ 

61x98 

xi ’61 

626.3756 

X 6/ 3756 


1 
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2 739475^(5234 

25 

*02\2 39 * 

K 2' 204 

I0 43\3547 

X3'3'*9 


*• • • 



43^*29 

x^/rap 

■o 

1 4 


10464x41856 
*4 41856 


o I 

* 

§ 54 In general, to extraA any root out of 
any given quantity, “ firft range that quantity 
according to the dimenfions -of its letters, and ex - 
trail the /aid root out of the firft term, and that 
Jball be the firft member of the root required. 
Then raife this root to a dimenfion lower by unit 
than the number that denominates the .root re- 

I 

quired , and multiply the power that arifes by that 
number it f elf ; divide the fecend.term of the given 
quantity by the produil, and the quotient Jball give ' 
the fecond member of the rmfreqaired 

Thus to extradt the root of the 5th power out 
of a*- 4 - 5^b -}- 10 a } b* + 1 oa 1 ^ + gab* -j- b % , I 
find that the- root of the 5th power out of a s 
gives a, which I raife to -the 4th power, and 
multiplying by 5, the produdt is 5a 4 j then di- 
viding the fecond term of the given quantity ga*b 
by 5a 4 , I find b to be the fecond member ; 

x and 



1 


1 


» 
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and railing a + b to the 5th power and fubtraft- 
ing it, there being no remainder, I conclude that 
a + b is the root required. If the root has three 
members, the third is found after the fame 
manner from the firft two confidered as one 
member, as the fecond member was found from 
the firft i which may be eafily underftood from 
what was (aid of extrading the fquare root. 

$ 55. In extrading roots it will often happen 
that the exaft root cannot be found in finite 
terms ; thus the fquare root of a' 4* x 1 is found 
tobe 



The operation is thus ; 
s* 


— ,&? c. 



After 


I 


Chap. 8. A L G E B R A. 

After the fame manner, the cube root of 
a 1 -J- x l will be found to be 

- . * 3 * 6 . S* 9 10*" r e 


i * 

a 4 1 » 

3“ 


X 6 5X9 tox 1 * . e - 

— ■ - -f- « — i -J-, CS? ^ 

9« s 8ltf® 243« , 


§ 56. “ The general Theorem which we gave 
for the Involution of binomials will ferve alio 
for their Evolution ;” becaufe to extract any 
root of a given quantity is the. fame thing as 
tp raife that quantity tp a power whole expo- 
nent is a fraction that has its denominator, equal 
to the number that exprefles what kind of root 
is to be extracted. Thus, to extract the Iquare 
root of a + b, is to raife a -j- b to a power 

whofe exponent is 4 - • Now fince a + ^ = a m + 

7 . m — 1 „ 7 „ , m—i m — 2 

m X a m ~~ l b + w X aP—^b 1 +^x X 

2 ,2 -3 

&C. 

. Suppofing »» = 4 -> you will ;fit\d. 


T A + ^X-tX« t A‘+ 4 - 

—JL JL b b % 

X— tX— ia *b'y &c. = «*+—£ J + 

' ia * , 8 «* 

b* 

— — — , t£c. . And after this manner you will 
16 a* 

find that 
fore. 

§ 57. The roots of numbers are to be ex- 
tracted as thofe of algebraic quantities. “ Place 
a • faint over the units, and then place points over 
. E every 


/ 
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every third, fourth or fifth figure towards the 
left hand, according as it is the root of the cube, ■ 
of the 4 th or $tb power that is required ; and if 
there be arty decimals annexed to the number 9 
point them after the fame manner, proceeding from 
the place of units towards the right band. By this 
means the number will be divided into fo many pe- 
riods as there are figures in the root required. 
Then enquire which is the greatefi cube, biqua- 
drate, or efh power in the firfi period, and the root 
of that power will give the firfi figure of the root 
required. SubtraSl the greatefi cube, biquadrate,, 
or qtb power from the firfi period, and to the re- 
mainder annex the firfi figure of your, fecond period, 
which Jhall give your dividendi 

Raife the firfi figure already found to a power 
left by unit than the power wbofe root is fought , 
thaf is, to the a d, qd, or 4th power , according 
as it is the. cube root, the. root of the 4th, or. the . 

. root of the $tb power that is required, and mul- 
tiply that power by the index of the cube , 4th or 
gtb power, and divide the dividend by this produSt, 
fo Jhall the quotient be the fecond figure of the 
root required. 

Raife the part already found of the root, to . 
the power wbofe root is , required , and if that 
power be found lefs than the two firfi periods of 
the given number, the fecond figure of the root is 
right. But if it .be found greater, you mufi di- • 
minijh the fecond figure of the root till that power 

be 


1 
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be found equal to or lefs than tbofe periods of the 
given number . Subtract it, and to the remainder 
annex the" next period ; and proceed till you have 
gone through the whole given number , finding the 
3 d figure by means of the two firft, as you found 
' the fecond by the firft j and afterwards finding the 
4 tb figure (if there be a 4th period) after the 
fame manner from the three firft.” 

Thus to find the cube root of 13824 ; point 

it 13824» find the greateft cube in 13, 1 viz . 8, 
whole cube root 2 is the firft figure of the root 
required. Subtract 8 from 13» and to the re*, 
mainder 5 annex 8 the firft figure of the! fecond 
period j divide 58 by triple the Iquare of 2» 

viz. 12. and the quotient is 4» which is the le- 
cond figure of the root required, fince the cube 

of 24 gives 13824, the number propofed. After 
the fame manner the cube root of 13312053 
is found to be 237. 

OPERATION. 

13824 (24 

Subtr. 8 = 2 x 2 X a 

3*4 = 12)58(4 

Subtr-aft 24x24x24= 13824 ' 

m.at 

Rem. o 

• \ 

E 2 13 


/ 
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i 33 I2 °53 ( 2 37 

8 = 2X2X2 

12) 53 (4 or) 3 
Subtrad 12167 = 23 x 23x23 

3x23x23=1587) 1 1450 (7 

Subtrad 133 12053 = 2 37 X 237 x 237 

Remain. o 

I 

. In extrading of roots, after ■ you have gone 
through the number propofed, if there is a 
remainder, you may continue the operation by 
adding periods of cyphers to that remainder, 
and find the true root in decimals to any degree 

of exadnefs. 

* 




CHAP. IX. 

. Of Proportion. 

§'58. TT 7 HEN quantities of the fame kind 
VV are compared, it may be confi- 
dered either how much the one is greater than 
the -other, and what is their difference *, or, it 
may be confidcred how many times the one is 
contained in the other ; or, more generally, 

what 
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•what is their quotient. The firft relation of 
quantities is exprefled by their Arithmetical rd- 
. tio i the fecond by their Geometrical ratio. That 
term whofe ratio is enquired into is called the 
antecedent , and that with which it is compared is 
called the confequent. 

, § 59. When of four quantities the difference 
betwixt the firft and fecond is equal to the dif- 
ference betwixt the third and fourth, thofe quan- 
tities are called Arithmetical proportitmah j as the 
numbers 3, 7, 12,1 6. And the quantities, 
a, a - f e, e-\-b. But quantities form a Jerks 

in arithmetical proportion, when they “ increafe 
or decreaje by the fame conjlant difference As 
thefe, «, a -|- b, a + 2b, a -j- 3^, a + 4^, &c. 
x, x — by x — 2 b, &c. or the numbers, 1, 2, 3, 
4, 5, fcfr. and 10, ,7, 4, i, —2, — 5, — 8, 

§ 60. In four quantities arithmetically, propor- 
tional , “ the fum of the extremes is equal to the 
fum of the mean terms' * Thus a, a-\-by e y e.-f- by 
are arithmetical proportionals, and the fum of 
the extremes (a -|- e -f- b) is equal to the fum of 
the mean terms {a + b -j- e). Hence, to find the 
fourth quantity arithmetically proportional to 
any three given quantities •, “ Add the fecond 
and third, and from their fum fubtraft the firft’ 
term, the remainder fhall give the fourth arith- 
metical proportional required.” 

f * * ' 

E 3 §61. 


f 
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% 6t. In a fries of arithmetical proportional* 
** the fum of the firft and lajt terms is equal to 
the fum of any two tersus equally diftant from the 
extremes ." If the firft terms are a, a + b, 
a + 2 b, See. and the laft term x, the laft term 

but one will be x — b y the laft but two x — z b t 

\ 

the laft but three x — 3b, &c. §0 that the firft 
half of the terms, having thole that are equally 
diftant from the laft tern) let under them, will 
ftand thus 1 

a t a- j-£, a-\-tb y a-j- 3^, «4-4^, 

*, x-f-by x — zb, x — 3b, x — 

c+x, a-i-x, <14* x, a- f- x , a 4- x, Sec. 

And it is plain that if each term be added to 
the term above it, the fum will be a + x equal 
to the fum of the firft term a and the laft term 
x. From which it is plain, that “ the fum of 
all the terms of an arithmetical progreffton is equal 
to the fum of the firft and laft taken half as often 
as there are terms" that is, the fum of an atith- 
metical progreffion is equal to the fum of the 
firft and laft terms multiplied by half the num- 
ber of terms. Thus in the preceding feries, if 

n be the number of terms, the fum of all the 
* • 

terms will be <*+* x — • 

% 

§ 62. The common difference of the terms 
being b, and b not being found in the firft; 
term, it is plain that “ its coefficient in any 

term 


1 
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term will be equal to the number of terms that 
-precede that term.” Therefore in the laft term 

x you muft have n— 1 x b, lo that x mult be 

equal to a + * — 1 X b. And the lum of all 1 

the terms being a + x X — > it will *lfi> be equal 

, 2an~\-n % b—nb , nb — b - 

to : , or to a A X »• Thus For 

2 2 

example, the feries i + 2 + 3 + 4 + 5> 

continued to a hundred, muft be equal to 

2 x 100 4- 10000 — 100 

= 5°5°* 

§63. If a feries have (o) nothing for its firft 
term, then “ its fum Jhall be equal to half the 
product of the laft term multiplied by the number 
of terms” For then, a being = o, the fum 

of the terms, which is in general a-\-x x — » 

% 

will in this cafe be — . From which it is evi- 

2 

dent, that " the fum of any number of arith- 
metical proportionals beginning from nothing, 
is equal to half the fum of as many terms equal 
to the greateft term. 

Thus o4-i+2+3+4+5 + f>+7+^+9 — 

9+9+9+9+9+94-9+9+9+9 _ 10 *-9 __ 

2 2 

§ 64. “ If of four quantities the quotient of 
the firft and fecond be equal to the quotient of 
the third and fourth , then thofe quantities are 
faid to be in Geometrical proportion .** Such are 

E 4 the 
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the numbers 2, 6 , 4, 12} and the quantities 
a y ar y b y br\ which are exprefied after this 
manner ; 

,2 : 6 : : 4 : 12. 1 
a : ar : : b : hr. 

And you read them by faying. As 2 is to 6 , fo 
is 4 to 12 ; or as a is to ar y fo is b to br. 

In four quantities geometrically proportional, 
“ the produS of the extremes is equal to the product 
of the middle terms'* Thus a x br — arx b. 
And, if it is required to find a fourth proportio- 
nal to any three given quantities, “ multiply the 
fecond by the third , and divide their produSl by the 
firft y the quotient Jhall give the fourth propor- 
tional required. Thus, to find a fourth pro- 
portional to <7, ar y and b, I multiply or by b y 
and divide the produft arb by the firft term 
a y the quotient br is the fourth proportional re- 
quired. 

§ 65. In calculations it fometimes requires a 
little care to place the terms in due order j for 
which you may obferve the following Rule. 

“ Firft fet down the quantity that is of the 
fame kind with the quantity fought y then con- 
Jider y from the nature of the queftion, whether 
that which is given is greater or le/s than that 
which As fought •, if it is greater , then place the 
greateft of the other two quantities on the left 
band ; but if it is lefs y place the leaft of the other 
two quantities on the left band y and the other on 

the 



I 
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the right** Then fliall the terms be in due or- 
der; and you are to proceed according to the 
rule, multiplying the fecond by the third, and 
dividing their product by the firft. 


EXAMPLE. 

If 30 men do any piece of work in 1 2 days * 
bow marry men Jhall do it in 18 days ? 


Becaufe it is a number of men that is fought, 
I firft fet down 30, the number of men that is 
given : I eafily fee that the number that is given 
is greater than the number that is fought, 
therefore I place 18 on the left hand, and 12 
on the right ; and find a fourth proportional to 

o 30x12 

l8, 3O, 12; viz. = 20. 

§ 66 . When a feries of quantities increafe by 
one common multiplicator, or decreafe by one 
common divifor, they are faid to be in <c Geo- 
metrical proportion continued.** 

As a, ar y ar*, ar 1 , ar + , ar s , &c. or. 


a a a a a a 

a > 7T» ■pr> •pj» •pr> 

The common multiplier or divifor is called 
their “ common ratio.** 

In fuch a feries, “ the produft of the firft and 
left is always equal to the product of the fecond 
and laft but one , or to the product of ary two 
terms equally remote from the -extremes. In the 
feries a % ar, ar *, ar % , &c. if y be the laft term, 

, then 


/ 
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t hen (hall the four lad terms ' of the feries be 


y t JL t 2 . . now it is plain that nx.7 = 

ary ^ = ar* y £ = *r } y Sec. 

§ 67. “ fum of a feries of geometrical pro- 
portionals wanting the firft term , is equal to the 
fum of all but the laft term multiplied by the com- 
mon ratio'* 

For ar-\-ar x +ar\ See. -f 2. 4. 1. 4. 2. y 

s=rX«+«’ + *r\ + 7? + jz + -• 

Therefore if j be the fum of the {cries, s — a 
will be equal to s — y yr\ that is, s — a == 


and s = — — - *. 
r—i 


sr—yr, or sr—s —yr — c 

§ 68. Since the exponent of r is always in~ 
creafing from the fecond term, if the number 
of terms be », in the lad term its exponent will 
be * — 1. Therefore y = ar *~' ; and yr =s 


ar"— *+* = as ” ; and s — (— — -) = — ~ a .. So 

that having the firft term of the feries, the num- 
ber of the terms, and the common ratio, you 
may eafily find the fum of all the terms. 

If it is a decreafing feries whole fum is to be 


found, as of y + — + -4 + "4» &c. -4- or 1 
•* f f r 

Ar*'+ ar + a, and the number of the terms 


* See the Rnlet in the following Chapter. 

fup- 


5T + 






/ 
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* > 
luppofpd infinite, then (hall a, the laft term, bp 

equal to nothing. For, becaufe n, and confer 
quently r* — 1 is infinite, a = = o. The fum 

of fuch a feries s = i which is a finite fum, 
though the number of terms be infinite. 

0 

Thus i +i+T 44+-^+, &c. = 2 . 

and i +4-+^+^+ A+> &c. =~i a b 

CHAP., X. 

» 

Of E Q.u a t i o n s that involve only 
one unknown Quantity. 

$ ^9 • A N equation is “a propofition ajferting 
i \ //>£ tepidity of two quantities .** It 
is expreiied mod commonly by letting down the . 
quantities, and placing the fign (=) between 
them. 

An equation gives the value of a quantity, 
when that quantity is alone on one fide of the 
equation : and that value is known, if all thole 
that are on the other fide are known. Thus if 

x 6 

I find that x — = 8, I have a known va- 

3 . 

lue- of x. Thefe are the laft conclufioos we are 

to 
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to feck in queftions to be refolved ; and if there 
be only one unknown quantity in a given equa- 
tion, and only one dimenfion of it, fuch a value 
may always be found by the following Rules. 

RULE I. 

§ 70. ** Any quantity may be tranfpofed from one 
fide of fbe equation to the other* if you change 
its jign 

For to take away a quantity from one fide, 
and to place it with a contrary fign on the other 
fide, is to fubtraft it from both fides ; and it 
is certain, that “ when from equal quantities you 
fubtratt the fame quantity, the remainders mull 
be equal.” 

By this Rule* when the known and unknown 
quantities are mixed in an equation, you may 
ieparate them by bringing all the unknown to 
one fide, and the known to the other fide of the 
equation *, as in the following Examples. 

Suppofe 5* +50 = 4*+ 56, 

By tranfpofit. 5# — 4* = 56 — 50, or, x — 6: 

And if ix -J- a = x b, 

2x — x — b — a , or, xzzb — a. 

RULE II. 

571. “ Any quantity by which the unknown quan- 
tity is multiplied may be taken away , if you 
divide all the other quantities on both fides of 
the equation by it.” 


For 


/ 
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For that is to divide both fides of the equa- 
tion by the fame quantity j and when you divide 
equal quantities by the fame quantity, the quo- 
tients muft be equal. Thus, 

If ax = b, 

, b ■ 

then # =.— • 
a 

i 

And if 3#-{- 12 = 27, 
by Rule 1. 3* = 27 — 12=15, 

i e 

and by Rule 2. # = —=5. 

• r ' 

Alfo if ax 4 * *ba a ace, 
by Rule i .ax — 3 cc — iba 3 

*7CC 

' and by Rule 2. x = — ■ — 2b. 

RULE III. 

$ 72. If the unknown quantity is divided by any 
quantity , that quantity may be taken away if 
you multiply all the other members of the equa- 
tion by it." Thus, 

0 

If £=*+ 5 , 
then fhali x = bb + 5^- 

If — 4 = 10, 
x + 20 = 50, 

and by Rule 1. x = 50—20 = 30. 

If 

* 


‘ \ 

A* 


♦ 


k 
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If ^ + 24=2*+ 6, 

4# -j- 72 = 6 x +■ 1 8, 

by Rule 1. 7* — 18 =r 6 x — 4*, of 54 s 2*. 
and by Rule 2. x = — = 27. 


By this Rule an equation» whereof any part is 
a fraction» may be reduced to an equation that 
fhall be exprefled by integers. If there are 
more fraffions than one in the given equation, 
you may, by reducing them to a common 'de- 
nominator, and then multiplying all the other 
terms by that- deneatinaeor, abridge the calcula- 
tion thus> 


3 *+ 5 * 


then ~ = x — 7 t 

and by thisRule 3*4- 5*= 15#— -105, 


arid by Rtife f and 2. jr= si2l=r5. 

7 


RULE I v: 


^ 73. “ If that member of the' equation that in- 
volves the unknown quantify be a furd root , 
then the equation- is to' be reduced to' another 
that Jball be free from any furd, by bringing 
that member fitfi to ft and alone upon one fide 
of the equation and then taking away the 
radical figp from it , and- raiftng the other 
fide of the equation to the power denominated 
by the furd.'\ * Thus 






» 


/ 


diap. io. A L G E 8 R' A. 6 ^ 


Thus if */4* 4- -165= 12, 

4 x + 16 == 1444 

and 4*= 144— 163: ia8, 

. 1*8 

and x = — — = 32. 

4 


If -J- b x — C — dy 

then y/ ax -J- b' = d + c, 

ax -j- b x =*# + 2(2r + 1 

rf 2, -J- 2*£c -4- 

ana x = ! •. 

a 


3 • 

If \fa % x — b x x~,a % 
then cfix^-b+x^ iPy 



RULE V. 

✓ 

$ 74. “ If that fide of the eolation that con- 
tains the unknown quantity, he a compleat 
fquare, cube, or other power v them extras 
the fquare. root , cube root , or the root of 
that power , from both' fides of the equation, 
and thus the equation Jhall be reduced to one cf 
a lower degree 

„ 1 

If x* + 6x -f *9 — 20 * 
then * + 3 =? it 4/ 20, 
and x s:-+ \/'iQ ■— 3« 

* 1 

IF 


i 
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If x* + ax + = b* y 

then x + — = + by 

and x = + b — — . 

— 2 

If **-[- i4*-J-49= ia i, 

then x -f- 7 = i ii, 
and # = + 1 1 — 7 = 4, or— 18. 

RULE VI. 

§ 75. “ /f proportion may be converted into an 
equatiot/y ajferting the product of the extreme 
terms equal to the prodicti of the mean terms 
cr any one of the extremes equal to the pro- 
dull of the means divided by the other ex - 


treme 





If 12 — 

1 

x : 

► 

X 

• • 

• • 

2 

4 : 

1» 

then 12 — 

x = 2#.. 

> • JX 

= 12. ...and #=4. 

Or if 20 — 

x : 

x :: 

7 : 

3» 

then 60 — 

3^ — 7# •« 

i ox =60.. ..and* ~ 6. 


1 

RULE VII. 

§ 76. “ If any quantity be found on both Jides of 
the equation with the fame ftgn prefixty it may 
be taken away from both “ Alfoy if all the 
quantities in the equation are multiplied or 

divided 




Chip, io, alo* a:* Ai tf, 

divided by the fame quantity * it may be Jlruck 
out of them all .* 9 . Thus, 


If gx + b = a + i.. and x ss — ; 

v Sc 

If 3*x+ 5^ = Sac . . 3#+ sb= 8 c . • and* = 


IfH + I ...2^4-8 = 16... <andx=4i 

3 3 3 


RULE VIII. 

I 77. “ Injiead of any quantity in an eqUatioH 
you may fubjlitute another equal to itJ\ 

Thus, if 3*. +> = 24, 

And 7 = 9; 

then 3# 9 = 24 . .. * * = - — ^2 = ^ 


If 3 7+5*= 

and y-±z$x% 

then 15# -{- 5# (= 20x) = ilo, 

120 £ 

Oi 


and x = — = 


20 


The further improvements of this Rule (ball 
fee taught in the following chapter» 


' f 
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CHAP. XI. 

Of the Solution of queftions that, 
produce limple equations. 

S IMPLE equations are thofe “ wherein the un- 
known quantity is only of one dimenfion 
In the folution of which we are to obferve the 
following directions. 


DIRECTION I. 

§ ^8. After forming a diftinbl idea of the que - 
Jtion propofed , the unknown quantities are to be 
exprejfed by letters , and the particulars to be 
tranjlated from the common language into the 
algebraic manner of exprejfing them, that is, 
into fucb equations as fhall exprefs the rela- 
tions or properties that are given of fucb quan- 
tities, ” 

% 

/ 

Thus, if the fum of two quantities muft be 6o, 
that condition is exprefled thus, ,v-f-jy = 6o. 

If their difference muft be 24, that condition 

x—y= 24. 

If their produCt muft be 1 640, then xy = 1 640. 

If their quotient muft be 6 , then . . . — — 6 . 

y 

If their proportion is as 3 to 2, then x \ y :: 3 : 2, 
or ix j becaufe the prod u ft of the ex- 
tremes 
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tremes is equal to the product of the mean 
terms. 


DIRECTION II. 

§ 79. After an equation is formed., if you 
have one unknown quantity only , then, by the 
Rifles of the preceding Chapter, bring it to ft and 
alone on one fide , fo as to have only known 
quantities on the other fide thus you Jhall 
difeover its value. 

EXAMPLE. 

A perfon being ajked what was bis age, an- 
fwered that \ of bis age multiplied by -A- of his 
age gives a product equal to bis age. Qu. What 
was his age? 


It appears from the queftion, that if you call 


his age x, then (hall . . . 

that is . . . 

and. by Rule 3. . . . 
and by Rule 7. . . . 
whence by Rule 2. . . . 



DIRECTION III. 

§ 80. “ If there are two unknown quantities, then 
ihete mufl be two equations arifing from the 
conditions of the queftion : Suppofe the quan- 
tities x and y ; , find a value of x or y, from 

F 2 each 
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each of the equations , and then by putting 
tbefe two values equal to each other , there 
will arife a new equation involving one un- 
known quantity ; which mujl be reduced by the 
Rules of the former Chapter'* 


EXAMPLE I. 


Let the fum of two quantities be s, and their 
difference d. Let s and d be given , and let it be 
required to find the quantities t bemf elves. Sup- 
pofe them to be x and y t then, by the fup- 
pofition, • 

*4 -y — * 

x — y — d 


whence < * 


i;: 


and d+y 
%y 

y 

and x 


s—y 
d-\-y 
s—y 
s — d 
s — d 
2 

s + d 


I 

EXAMPLE II. 


Let it be required to find two numbers whofe 
fum is s, and their proportion as a to b. Let ' 
the numbers be x and y, then Jhall 


Suppof. 





EXAMPLE III. 

A privateer running at the rate of io miles 
an hour , difcoverr a Jhip 18 miles off making 
•way at the rate of 8 miles an hour : It is de- . 
manded how many miles the Jhip can run before 
Jhe be overtaken ? 

Let the number of miles the fhip can run 
before (he be overtaken be called x-, and the 
number of mijes the privateer rauft run before 
(he come up with the (hip, be jy; then (hall 
(by Supp.) ....y—x + iS.... arid#' :y : : 8 : io>. 

whence to#== iy .... x = — . . .. and x —y — 1 8. 

F 2 Whence 
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Whence _y — i8=-y 


and .7=90 ... x=y — 18 


= 72 . 

To find the time, fay, if 8 miles give 1 hour ; 
72 miles will give 9 hours. — Thus, 8 : 1 : : 72 : 9. 


EXAMPLE IV. 

Suppofe the difiance between London and Edin- 
burgh to be 3 60 miles , and that a courier fets out 
from Edinburgh running at the rate of 10 miles s 

an hour ; another fets out at the fame time from 
London, and runs 8 miles an hour. It is re- 
quired to know where they will meet ? Suppole the 
courier that fets out from Edinburgh runs x miles, 
and the other y miles before they meet *, then lhall 

by fuppoC j — 

Cx : y :: 5 : 4 



x = 360 — y 
57 
4 
5 1 

4 

$y = 1440 

y — 2412 r= 160 

9 

x = 360 — y = 200. 



EXAMPLE V. 

Two perfons difcourjing of their revenues t fays 
A, if B would yield him a pofi he has of 25 1. a 

year , 


/ 


\ 
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year., their revenues would be equal : Says B, if 
A would give him a place he holds of 22 1 . per 
annum, the revenue of B would be double that of 
A. Qu. their revenues ? 

Let the revenue of A be called x\ that of B t 
y ; then, 

by fupp. ^ * i" ~ ^ 

3 \y + 22 = 2^—44 

y = x -f 25 + 25 = x 4- 50 

y — 2X — 44 — 22 ~ 2X — 66 

2x — 66 = x + 50 
# r= 66 4* 50 —116 
y = a - {-50 = 166 . 


EXAMPLE VI. 

A gentleman diftributing money among fome poor 
people , found he wanted 10 s. to be able to give 3 s. 
to each ; therefore be gives each 4 s. only, and fiiids 
that he has 5 s. left. Qu. the number of fhilltngs 

and poor people ? 

> 1 

Call the number of the poor x, and the num- , 
ber of (hillings y *, then, 

by fu pp- j-'l 

y = $x — 10 

y = 4* + 5 

5* — 10 = 4* + 5 

5* — 4*= 15 
x = 15 

y = 4X + 5 = 65. 

f 4 


E X- 
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EXAMPLE VII. 

9 'wo mtr chants were copartners 5 the pan of their 
ftcck was 300 1. One of their flocks continued in com- 
pany 1 x months , hut the other drew out bis flock in 
9 months •, when they made up their accounts they 
divided the gain equally. Qu. What was each man's 
flock ?■ Suppofe the flock of the full to be 
&nd the flock of the other to be y j then, , 

t>y %>• ^ = If 


X 


_ 9 ? _ 


11 


300— y 


ny + 9y— 3300 
20 y. — 3300 


20 


=300— jy=i 35. 


EXAMPLE VIII. 

There are two numbers whofe fum is the 6tb part 
of their product* and the greater is to th( leffer as 
3 to 2. Qu. What art tbtft numbers ? Call then - » 
X and y •, then, 

« 6 y _ M 

y — 6 2 

I 2 y = ^yy-rr- i8y 



yx=6x-{- 6y 
yx — 6x= 6y 

y — 6Xx ~6y 

x = Jl. 


3 °y = 3yy 
30 ==-a y 
_ 30 

y ~l 


IQ 




— , whence *■ 
2 


2X10 

x = l——=i5, 

2 


PI- 


r 


i 
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DIRECTION IV. 

& 81. When in one of the given equations , the 
unknown quantity is of one dimenfion, and in 
the other of a higher iimenfion ; you mifi find 
a value of the unknown quantity from that 
equation where it is of one dimenfion * andthen 
raife that value to the power of the unknown 
quantity in the other equation and by com- 
paring it, fo involved, with the value you de- 
. duce from that other equation , you Jhall obtain 
an equation that will have only one unknown 
quantity , and its powers 

That is, when you have two equations of dif- 
ferent dimenfions, if you cannot reduce the higher 
to the fame dimenfion with the lower, you muft 
raife the lower to the fame dimenfion with the 

• 1 

. higher. 



EXAMPLE IX. 


- The fum of two quantities , end thi difference of 
fbeir fquares, being given , to find the quantities. 
Suppoie them t6 be x and their -fum s, and 
difference of their fquares d. Then, 


x -j-_y = s 
x 1 — y' — d 


• x — s — - y 

x* — s\ — zsy+y % 
x x — d -\-y x 
d -\-y x =zs t — 2 sy-\^y* 
d = s 1 — 2sy, whence * 


* 2ty = s % - — d 




d 



4 * d 


is 


EXAMPLE 


% 


1 
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EXAMPLE X. 

Let the proportion of two numbers and the fum 
of their fquares be given , and let it be required to 
find the numbers themfelves. Suppofe their pro- 
portion to be the fame as that of a to b, and 
let the , fum of their fquares be a that is, let 

{ x :y : : a : b 


then * = y, 

and**= 
but x*= c — y* t 
whence c — —• 

cb % 

a* + b* x y 1 = tb x 

* <** 

- y ~d r +7' 

y — a' + b* and * = n / -i + 

EXAMPLE XL 

Let the proportion of two numbers be that of 
a to b, and the difference of their cubes be d. 
Qu. What are the numbers? Then» 
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i 


x :y :: a : b 

x* — yi — d 


*=?> 


but x % = d -f- y ' 1 
whence d + y 


i _ “Y 


and d t y % —-b*y’ i = 

— a' — b* 

y -JZEl 

y V a' — b* 

3 

and x = / 

V ^TTp 


DIRECTION V. 

§82. “ If there are three unknown quantities* 
there muft be three equations in order to deter- 
mine them, by comparing which you may , in 
all cafes , find two equations involving only 
two unknown quantities ; and then , by Direc- 
tion 3, from thefe two you may deduce an 
equation involving only one unknown quantity ; 
which may be refolved by the Rules of the lajl 
Chapter .” 

* * 

From three equations involving any three 
unknown quantities, #, y, and z, to deduce two 

equa- 


t*>|ir V 
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equations involving only two unknown quan- 
tities, the following Rule will always ferve. 


RULE. 

** Find three values of x from the three given equa- 
tions ; then, by comparing the firfh and fecond 
value , you will find an equation involving only 
y and z again, by comparing the firfi and 
third , you will find another equation involving 
only y and z and laftly , tbofe equations are 
to be refolved by Direction 3. 


EXAMPLE XII. 


Suppofe 

x + y+ 2=12 
+ 2 y+ 32 =ao 

4- " 4“ 22 6 
* 2 ' 




12 — y — 2=20 — 2y— 3z 
is — y — z= 18 — ^ — 32 

Thefe two laft equations involve only y and 
z, and are to be refolved, by Diretlion 3, as 
follows. 


\ 
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5 2 y~ y+3 z — 2=20 — 12=8 

L j >+ 22=8 

36 — %y — 62=24—27 — 22 
12= y- f43 

whence y=$ 8-22 .. ift value. 

t 12 — 4» . . 2d value. 


8 —22=12—42 
22= 12— 8=4 
and 2= 2 

y(— 8— 22) =4 

*(=I2 — 2) = 6. 


§ 83. This method is general, and will ex- 
tend to all equations that involve three unknown 
quantities : but there are often eafier and fhorter 
methods to deduce an equation involving one 
unknown quantity only ; which will be beft 
learned by practice. 


EXAMPLE 

f *-)ry + 2 = 
x — y = 4 
x — 2 = 6 

by addition 32,= 36 

3_6 

3 
x 


XIII. 

26 


— = 12 


= x — 6 = 6. 


4 

6 


= 8 


EX- 


So 
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EXAMPLE XIV. 


Suppofing 


x + jr = a 
x + zzzb 
y + z = c 


x = a — • y 
a — y + z = b 
y + z=c 


a- j-O +22: 
22 


2 = 


b + c 

b+c — a 

£ + *•—« 


t \ f+ ft — b 

y(=c—z)=z-Z- 

*(=«— j)-— ^ — . 


$ 84. It is obvious from the 3d and 5th Di- 
rections, in what manner you are to work if 
there are four, or more, unknown quantities, 
and four, or more, equations given. By com- 
paring the given equations, you may always at 
length difcover an equation involving only one 
unknown quantity ; which, if it is a fimple 
equation, may always be refolved by the Rules 
of the laft Chapter. We may conclude then, 
that “ When there are as many fimple equations 
given as quantities required, thefe quantities 
may be difcovered by the application of the pre- 
ceding Rules.’* 

/ 


$ 8 * 


/ 
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§ 85. “ If indeed there are more quantities 

required than equations given, then the que- 

ftion is not limited to determinate quantities ; 

but is capable of an infinite number of folu- 

tions.” And, “ If there are more equations 

given than there are quantities required, it may 

be impoflible to find the quantities that will 

anfwer the conditions of the queftion be* 

caufe fome of thefe conditions may be incori- 

fiftent with others. 

* 

CHAP. XII. ^ 

Containing fome General Theorems 
for the exterminating unknown 

Quantities in given Equations. 

» 

I N the following ’Theorems, we call thole co- 
efficients of the “ fame order ” that are pre- 
fixt to the fame unknown quantities in the dif- 
ferent equations. Thus, in Tbeor. 2. a, d, g, 
are of the fame order, being the coefficients of 
x : alfo b, e, b, are of the fame order, being 
the coefficients of y : and thofe are of the fame 
order that affett no unknown quantity. 

But thofe are called “ oppojite ” coefficients 
that are taken each from a different equation, 

and 
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and from a different order of coefficients : As, 
«, ty and d, by in the firft Theorem ; and 
' #, ty k, in the fecond ) alio, a, b* f j and 

dy by ky SCC • 


THEOREM I. 


§ 86. Suppofe that two equations are given# 
involving two unknown quantities# as 

{ ax + by zb. c 
dx -f- ey = / 


t 


thenfhall y — 


af—dc 

ae—+db* 


Where the numerator is the difference of thtf 
products of the oppofite coefficients in the or- 
ders in which y is not found, and the deno- 
minator is the difference of the products of the' 
oppofite coefficients taken from the orders that 
involve the two unknown quantities* 

For, from the firft equation, it is plain that 

ax 3 s c— by . * and x = — ■ , 


from the 2 d, dx = /— ey * * and x 

/ 

therefore ~~~ and cd — dby—af—*aey% 

whence aey — dby=.af—cd % 

j af-~*cd 

and y = *■ 

* n* — 


after the fame manner, x = - — %=. 

ae^db 


ae—db 


EX- 
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EXAMPLE I. 



5 X -f jy = i od 
3 #-f*8^= 8d 


then j= 
and x— 


5x80—3x100 160 

5x8 — 3x7 “"‘19' 
240 

~*9 


= 12 


X 2 
T5> 



« 


EXAMPLE IL 

£4*4-87=!= 90 
£3* — 27 = 1 60 

4x160-3x90 _ 640-^70 370 

4X— 2— 3x8 —8—24 -32 ■*■*■*- 


fHEOREM IL 

§8?. Suppoie now that there are three uiv 
known quantities and three equations, then call 
the unknown quantities x , y, and z. 
cax+by + cz—m 
Thus < dx-\- ey-\-fz — n 
i gic -h ky + te —p 


Then fliall 


z=s 


aep—ah n -f- dhm-g-dbp -{-gbn — gem 
aek — abf -J- dhc — dbk -\-gbf — gee ’ 


Wher? the numerator confifts of all the dif* 
ferent produ&s that can be made of three oppo- 
fite cbefficients taken from the orders in which 2 
is not found ; and the denominator confifts of 
all the products that can be made of the three 

G * oppofite 
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oppofite coefficients taken from the orders that 
involve the three unknown quantities. For, 
from the laft it appears, that 


y = 


y = 


■, and that 


an 


— «/* — 


at 


an — a/z—dm-\-dcz 

ae—db 

at — akz—im-\-gcz , r 

— c « - X* .. ; therefore 

ab—gb 

dm-\-dcz ap—aiz — gm-\-gcz _ A 

7b “ ab—gb * 


an — afz • — dm + dcz x ah — gb x an — afz + 

gbdm — gbdcz — ap — gm — akz 4 -gcz X at — - 

dbx ap— akz + gbdm — gbdcz. 

Take gbdm — gbdcz from both (ides, and di- 
vide by «, fo fhall 

an — dm— afz + dcz X b — gbn+gbfz — 

ap — gm — akz gcz x t — dbp+dbkz. 
Tranfpofe and divide, fo fhall you find 

aep—abn-^dhm—dbp-^- gen — gem 

^ aek—abf -f- dbc — dbk gbf — gee * e va 

lues of x and y are found after the fame manner, 
and have the fame denominator. Ex gr , 

• afp — a in -\-dkm — dep gen — g fm 
y aei — ahf -f- dht — dbk -\-gbf — gee ‘ 


If any term is wanting in any of the three 
given equations, the values of z and y will be 
found more fimple. Suppofe, for example, that 
/ and k are equal to nothing, then the term fz 
will vanifh in the fecond equation, and kz in the 

third» and z — } 

dbc— gee 

gen— dep 

* dbc— get If 


< 
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v 

If four equations are given» involving four 
unknown quantities» their values may be found 
much after the fame manner» by taking all the 
produ&s that can be made of four oppofite 
coefficients» and always prefixing' contrary figns 
to thole that involve the products of two oppo* 
fite coefficients. 



CHAP. XIII. 

Of Quadratic Equations. 

§ 88. TN the folution of any quellion where 
X you have got an equation that involves 
one unknown quantity» but involves at the fame 
time the Iquare of that quantity, and the pro-* 
du£t of it multiplied by lome known quantity, 
then you have what is called a Quadratic equa- 
tion j which may be refolved by the following 

RULE 

1 . '* T ranfport all the terms that Involve the un* 
known quantity to one fide, and the known 
terms to the other fide of the equation. 

2 . If the fquare of the unknown quantity ismiU 
tiplied by any coefficient, you are to divide all 
the terms by that coefficient , that the coefficient 

G a of 
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of .the /quare' of the unknown quantity may be 
unit . 


3. Add to both fidti the fquate of half the coef- 
ficient prefixed to the unknown quantity it f elf 
and the fide of the equation that involves the 
unknown quantity will then be a compleat 
fquare. 

4. Extract the fquare root from both fides of the 
equation % which you will find , on one fide , al- 
ways to be the unknown quantity with half 
the forefaid coefficient fubjoined to it •, fo that 
by tranfpofing this half you may obtain the va- 
lue of the unknown quantity expreffed in known 
terms” Thus, 


+ + — — b + — , 

4 4 


Suppofe y x + ay — b. 

Add the fquare of — 
to both tides 

Extra* the root, y + - = + J b + -* 

2 4 

Tranfpofe y = ± J b + 



§ 89. The fquare root of any quantity, as 
■ 4 " aa i may be -j- <7, or — a ; and hence, “ All 
quadratic equations admit of two fblutions.” 
In the laft example, after finding that y* + 

• a 1 ’ a ' . 

°y *+■ ~r — h -f- — , it may be inferred that 

.7 + 7 = + V £ + y, orto — J b -f — ; fince 

4 ^ 4 


gives b + — , as 
4 
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— >A + 7* — Jb + ^& 

well as + •J b + 7 X + J b + — . There 

T t 

are therefore two values of y ; the one gives 

y 


— + J b. + \ — -J, the other 

ip AP 


= -,/>+:£- 1 

v 1 4 2 


§ 90. Since the fquares of all quantities are 
poiitive, it is plain that “ The lquare root Of M 
negative quantity is imaginary, and cannot be 
afiigned.” Therefore there are fotne quadratic 
equations that cannot have any folution. For 
example, 


Suppofe y l — ay + 3«* = 0, . 
thenj*— ay ~ — 3 a l \ 

j, a* , , , a* . , a* Ha* 

add— to both,^ z — ay-\ — ~z=.-^a x -\ — = ~ ., 

4 4 4 '4 

extract the root, y — — = + Jf — 

2 4 



whence the two values of y mull be imaginary or 

I ^ 

impoflible, becaufe the root of — - cannot 

poffibly be adigned. 

But of .this we lhall treat more fully in the 
Second Part. 

G 3 Suppofe 


$8 
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Suppofe that the quadratic equation propofed 
to be refolvcd is f — ay -=.b \ 

then / — - ay + -L = b + 

and y = . 

If the fquare root of £ -| — cannot be extracted 

CXadUy, you mufti, in order to determine the 
value of y, nearly approximate to the value of 

,VV + — , by the Rules in Chop. 8. The fol- 
4 I 

lowing examples will illuftrate the Rule for 

quadratic equations. 


EXAMPLE I. 

- 2*<? find that number , which if you multiply by 
8, the produft JhaU be equal to the fquare of the 
fame number, having 1 2 added to it. 

Call the number y » then 

/+12 = 8 ?, 

tranfp. y * — Zy = — 12, 

( Addthelq. of4,/— 8y+i6=— 12 + 16=4, 
t*tra& the root y — 4 = + 2, 

tranfp. y — 4 ± 2 = <>, or 2. 


EXAMPLE 


I 


I 
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EXAMPLE II.. 

¥ 9 find a number fucb that if you fubtraR it 
from 1 o, and multiply the remainder by tbe num- 
ber itfelfi tbe product' Jhall give 2 1 . 

Call it y * then 

10 — yxy==ii, 

that is, loy — yy = 2 1 j 
tranlp. y % — loy = — 21, 
add the fq. of 5, y * — xqy+25=— 21 + 25=4, 

ext raft y — 5 = + y/ 4 = + 2, 
and y = 5 + 2 = 7, or 3. 


EXAMPLE III. 

i 

Tbe fum of two quantities is a , their produfit 
b. Qu. What are tbe quantities? 

Cx y a ... and x — a — y t 

Su PP ° fe ^=K and x = 

therefore a — y = — , 

y 

and ay — y'zzb % 

tranfp. y x —ay=. — b t 

, , a* • 1 a* , , a* 

add — . . .y* — ay -f- — = — l + — , 

,4 4 4 

extraft v', ^ “ = ± J — 

and ^ = - + y ^ 4 " T’ 

•#(=* — J’) 


$ +-» 

n 4 


=i+^-*+T 
g 4 


EX- 



r 
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EXAMPLE IV. 

The fum of two quantities is #, and the Jitm 
of tbeir fquares b. Qy. the quantities ? 


Suppofe 5* + y = * ••• and * = «-*• 

^ Lx*+f = b X'z=.b—y\ 

invol. **==:<»* — 2ay-\-y'-, 

whence a * — 2 ay = b — y* •, 

tranfp. C 2 y % - — zayz=.b - — a*, 

«nd-df- < % b — d 1 

vac, l r-‘ , y=-i— 

jj« l , ^ * a ' b—a 1 , a* zb — a* 

add y'— ay+ - = — + - = — — 


. . • «, , /a \b—ra % , a 

extr. v, y — --XJ —7—’* 5= t 


+ s/ 


4 

2b— a* * v a _ 

-_i *(=a- o 0 = T + 


y 




— , <J + V 2 ^ — a* , tf+V 24 — 

Or thus, y=^=r— , andx= ~ - 


EXAMPLE V. 

^ company dining together in an inn, find tbeir 
bill amounts to 1 75 jhillings\ two of them, were 
not allowed to pay, and the rejl found that tbeir 
Jhares amounted to ios.- a man more than if all 

bad paid, Qu. How mam were ih company f . 

\ \ 

■» • « 

Suppofe their number x j {hen if all had paid, 

each man’s fbare would have been feeing 

tc — 2 is the number of thole that pay. I? is 
therefore, by the queftion, 

* 75 . 


I 
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9 » 



and 175# — 175*+35° = io#* — 2oxj 
that is, 1 ox* — 20x1=350, 
and x* — 2x= 35 } 
add 1 . . x — 2x+ 1 =354* i =36, 
extr. t /* - » . x i = + 6, 

x = i + 6 = 7, or — 5. 

1 It is obvious that the pofitive value 7 gives 
the folution of the queftion ; the negative va- 
lue — 5 being, in the prefect cafe, ufelefs. 


EXAMPLE VI. 

There are three numbers in continual geometrical 
proportion% the fum of the firfi and feeond is 10, 
and the difference of the feeond and 3d is 24. 
Qu. the numbers ? 

Let the firft be x, and thelecond will be 10— x, 
and the third, 34 — x ; therefore, 

» x : 10 — x J: 10 — x : 34— x, 

% 

and 34X — x* = 100 — 2 ox + x‘j 
tranfp. ? 54X =100+ 2x*, 
anddivid.c x*— 27X= — 50, 

add H x H...,._ a7 , + Z2 = ZH_ 5 o=a, 

extra — 2Z = ±y^ 2 =±— . ' 

2 ip 2 




*7+?3 27-23 


23, or 2. 


So 


2 


2 
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So the three continued proportionals are 

a : 8 : 32, or 
25 • — 15 • 5« 


§ 91. Any equation of this form^-f = b y 
where the greateft index of the unknown quan- 
tity y is double to the index of y in the other 
term, may be reduced to a quadratic z'+az—b, 
by putting y" — z, and conlequently y 1 * = 2*. 
And this quadratic refolved as above, gives 



And feeing y m = 





EXAMPLE. I. 

tte product of two quantifies is a, and tie 
fum of their fquares b. Qu. the quantities ? 


Supp. { W — a 1 * * • or > x — “» *' ~ 
1 x* -f-y* = b . . . **= b — /*, 

Phenee b — y* =3 ~ ^ 

mult, by y * . . by* — y* = a 
tranfp. y * — by x — — 

Put now y* ~ 2 . . , and consequently y* 
and it is 
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2* — hz = — e*i 

add— ,2* — bz + — =s= — — a', 

4 4 4 

ext v r ", z — 

and z = ~ — fl*j and, fceing^=V2, 

y-±J^±J b -—a'- 

EXAMPLE II. 

To find a number from the cube of 'which if 
you fubtrall 19, and multiply the remainder by 
that cttbe 3 the product Jhall be 216. 

Call the number required x ; and then, by 
the queftion, 

x’- 1 - igxx i z=2i6 t 
x* — 192’ = 216. 

Put x* —z . . . . x 6 = 2 1 , and it will be 

,._ l9 * + a‘l = , 1 « + gl ss '2* 

4 4 4 

and z — — = + 21 j 

2 — a * 

whence 2 = — - = 27, or =s — 8 . 

2 ' 

3 — 

. But x rs V 2 ; wherefore *= *f 3, or— a. 

r 
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EXAMPLE III. 

T i find the value of x, fnppoftng that x* 

jx* = 8 . 

3 

Put x l = z, and x % — z* ; 
then 2* — 72 = 8, . 

2*- 


+ T = 


2 _ 1 - 4 - 1 
2 a ~ - 2’ 

2=8. 

3 3 

But # J = 2*, and x = y'z* = ^*>4 = 4. 




C H A P. XIV. 

m 

Of S U R D S. 

» 

• « 

§92. TF a lefler quantity meafures a greater 
! X fo as to leave no- remainder, as 2 a 

♦- - 

jneafures 10^ being found in it five times, it is 
laid to be' an aliquot part of it, and the greater 
is faid to be a multiple of the lefler. The. lefler 
quantity in this cafe is the greateft common mea- 
fure of the two quantities •, for as it meafures the 
greater, fo it alio meafures itlelf, and no quan- 
tity cafhr meafure it that is greater than itfelf. 

When a third quantity meafures any two pro- 
pofed quantities, as za meafures 6 a and to a, it 
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0 

is faid to be a comitum meajjxre of thefc quanti- 
ties ; and if no greater quantity meafure then} 
both, it is called their greatefi common meafure. 

Thofe quantities are faid to be commenfurable 
which have any common meafure ; but if there 
can be no quantity found that meafures them 
both, they are faid to be incommenfitrablt ; and if 
any one quantity be called rational , all others 
that have any common meafure with' it, are alio 
called rational : But thole that have no common 
meafure with it, are called irrational quanti- 
ties. 

m 

§ 93. If any two quantities a and b have any 
common meafure x , this quantity x fhall alio 
meafure their fum or difference a~+b. Let x 
be found in a as many times as unit is found in 
m, fo that a = mx j and in b, as many times as 
unit is found in n, fo that b = nx ; then fhall 

a+b ■= mx+nx = m+nx x i fo that x fhall be 
found in a+b, as often as unit is found in m+n: 
Now fince m and n are integer numbers, m + n 
muft be an integer number or unit, and there- 
fore x muft meafure a + b. 

§ 94. It is alfo evident, that if x meafure any 
number as a, it muft meafure any multiple of 
that number. If it be found in a as many 
times as unit is found in m, fo that a — mx, 
then it will be found in any multiple of a, as 
m, as many times as unit is found in for 
na = mnx* ■ ■ 

$ 95 * 
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5 95. If two quantities a and b are propofcd, 
and b meafure « by the units that are in m (that 
is, be found in a as many times as unit is found 
in m) and there be a remainder a and if x be 
fuppofed to be a common meafure of a and 
by it JhaU be alfo a meafure of c. For by the 
fuppoiition »■=. mb Cy fince it contains b as 
many times as there are units in m, and there 
is x befides of remainder; therefore a — mb 
es c. Now x is fuppofed to meafure a and by 
and therefore it meafures mb ( Art. 94J and 
coniequently a — mb (Art. 93.) which is equal 
to c. 

If c meafures b by the units in a, and there be a 
remainder <4 fo that b — nc-\-d, and b — ne^sd, 
then (ball x alfo meafure d ; becaufe it is fup- 
pofed to meafure by and it has been proved that 
it meafures c, and coniequently tie. and b—nc 
(by Art. 94.} which is equal to d. Whence, as 
after fubtradfcing b as often as poifible from a, 
the remainder c is meafured by x •, and after 
fubtradting c as often as poffible from b f the re- 
mainder d is alfo meafured by x-, fo, for the lame 
reafon, if you fubtradt d as often as poflible 
from Cy the remainder (if there be any) muft 
ftill be meafured by x : and if you proceed, 
ftill fubtradking every remainder from the pre- 
ceding remainder, till you find fome remainder 
which fubtradted from the preceding leaves no 
further remainder, but exadtly meafures it, this 

laft 
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laft remainder will ftill be meafured by x, any 
common meafure of a and b* 

$ 96. The laft of thefe remainders, t«z. due 
which exa&ly meafures the preceding remain* 
der, muft be a common meafure of a and b s 
fuppofe that d was this laft remainder, and chat 
it meafured c by the units in r, then (hall c = rd t 
and we (hall have thefe equations, 

a = mb c, 
b = nc -f* d, 
c = rd. 

Now it is plain that fince d meafures c, it 
muft alfo meafure nc, and. therefore muft mea- 
fure nc-\-d, or b. And fince it meafures b and r, 
it muft meafure mb-\- c, or a j (b that it muft be 
a common meafure of a and b. But further, it 
muft be their greateft common meafure; for 
every common meafure of a and b muft meafure 
d, by the laft article ; and the greateft number 
that meafures d, is itfelf, which therefore is the 
greateft common meafure of a and b. 

$ 97. But if, by continually fubtra&ing every 
remainder from the preceding remainder, you 
can never find one that meafures that which pre- 
cedes it, ezadlly, no quantity can be found that 
.will meafure both a and b ; and therefore they 
will be incommenfttrable to. each other. 

For if there was any common meafure of thefe 
quantities, as #, it would necefistrily meafure 

all 


/ 
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all the remainders c, d, Sec. For it would 
meafure a — mb, or e, and confequently b — nc* 
or d\ and fo on. Now thefe remainders de- 
creafc in fuch a manner, that they will necefla-' 
rily become at length lefs than x, or any aftign- 
able quantity : for c muft be leis than 4* ; be-' 
caufe c is leis than b, and therefore leis than mb, 
and confequently lefs than 4 * + \mb, or I» 
like manner d muft be lefs than ib j for d is leis 
than c, and confequently lefs than 4 d + 4 # f * or 
4 b. The third remainder, in the fame manner, 
muft be leis than 4 r, which is itfelf leis than 4 4 •* 
thus thefe remainders decreafe lb, that every 
one is leis than the half of that which preceded 
it next but one. Now if from any quantity you 
take away more than its half, and from the 
remainder more than its half, and proceed in 
this manner, you will come at a remainder lefs 
than any aflignable quantity. It appears there- 
fore that if the remainders c, d. See. never end, 
they will become leis than any aflignable quan- 
tity, as x, which therefore cannot poilibly mea- 
fure them, and therefore cannot be a common 
meafure of a and b. 

% 98. In the fame way, the greateft common 
meafure of two numbers is difeovered. Unit 
is a common meafure of all integer numbers, 
and two numbers are faid to be prime to each 
other, when they have no greater common mea- 
fure than unit •, fuch as 9 and 25. Such always 

are 
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are the leaft numbers that can be afiumed in 
any given proportion ; for if thefe had ■ any 
common, meafure, then the quotients that would 
arife by dividing them by that common mea- 
fure would be in the fame proportion, and being 
lefs than the numbers themfelves, thefe nun> 
bers would not be the leaft in the fame pror 
portion *, againft the fuppofition. 

§ 99. The leaft numbers in any proportion 
always meafure any other numbers that are in 
the fame proportion. Suppofe a and b to be 
the leaft of all integer numbers in the fame 
proportion, and that c and d are other numbers 
in that proportion, then will a meafure c, and 
^meafure d. 

For if 4 and b are not aliquot parts of c and 
d, then they mult contain the fame number of 
the fame kind of parts of c and d, and therefore 
dividing a into parts of r* and b into an equal 
number of like puts of d t and calling one of 
the fir ft w, and one of the latter n j then as m 
is to », fo will the fum of all the *»’s be to the 
fum ..of all the #’s ; that is, m ; n : : a 1 b *, 
therefore a and b will not be the leaft in the fame 
proportion j againft the fuppofition. There lore 
a and b mull be aliquot parts of c and d. Hence 
we fee that numbers which are prime to each 
other are the leaft in the fame proportion ; for 
if there were others in the fame proportion left 
than them, thefe would meafure them by the 

H fume 
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fame number* which therefore would be their 
common tneafure again (l the fuppofidon, for 
we fuppofed them to be prime to each other. 

$ loo* If two numbers a and b are prime to 
one another* and a third number e meafures one 
of them a, it will be prime to the other b. For 
if c and b were not prime to each other, they 
would have a common meafure,, which becaulfc 
it would meafure c, would alfo meafure a, which 
is meafiired by c y therefore a and b would have 
a common meafure, againft the fuppofition. 

$ ior. If two numbers a and b are prime to 
t, then (hall their product ab be alio prime to c : 
For if you fuppole them to have any common 
meafure as d y and fuppole that d meafures ab 
by the units in e, fo that dt = ab y then (hall 
d: a : : bit. But fmce d meafures c, and c is 
fuppofed to be>prime to «, it follows (by Art. ioo.) 
that d and a are prime to each other ; and there* 
fore (by Art. 99.) d mult meafure b * and yet 
linee d is fuppofed to meafure r, which is prime 
to b y it follows that d is alfo prime to b : that is, 
d is prime to a number which it meafures, which 
is abfurd. 

§ 102. It follows from, the laft article, that 
if a and c are prime to each other, then a 1 will 
be prime to e : For by fuppofing that a is equal 
to by then ab will be equal to a x ; and confe- 
quently a % will be prime to c. In the fame 
manner c* will be prime to a. 


$ 10J. 
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$ 103. If two numbers a and b, are both 
prime to other two c, d, then (hall the product 
ab be prime to the product cd i for (by Art. 101.) 
ab will be prime to t and alio to d, and there» 
fore» by the fame article, cd will be prime 
to ab. 

§ 104. From this h follows, that if a and c 

o 

are prime to each other, then ihall a* be prime 
to c*, by fuppohng, in the laft, that aztb, and 
c a> d. It is alio evident that a % will be prime 
to c } , and in general any power of a to any 
power of c whatfoever. 

% 105, Any two numbers, & and £, being 
given, to find the lead numbers that are in the 
lame proportion with them, divide them by their 
greateft cowmen meafure x, and the quotients c and 
d Jhall be the leaf numbers in the fame proper* 
tion with a- and b. 

For if there could be any other numbers in 
that proportion lefs than c and d, fuppofe them 
to be e and /, and thefe being in the fame pro* 
portion as a and b would meafure them : And 
the number by which they would meafure them, 
Would be greater than x, becauie e and / are 
fuppofed lefs than c and d, io that x would not 
be the greateft common meafure of « and b$ 
againft the fuppofitioft. 

. 4 106. Let it be required to find the lead 
number that any two given numbers as a and b 
can meafure. Firft, if thy are prime to each 

H % other , 



€«2 A Treatise'^ Parti. 

other, tbert their produbl ah is the leaft number 
which they can both tneajure. 

For if they could meafure a lefs number chan 
ab as c, fuppofe that c is equal to ma, and to nb ; 
and fince c is lets than ab, therefore ma will be 
lefs than ab, and m lefs than b ; and nb being 
lels than ab, it follows that n mull be Ids than a ; 
but fince ma = nb, and confequently a : b : : n : m, 
and a and b are prime to each other, it would 
follow that a would meafure n, and b mealure 
m\ that is, a greater number would meafure a 
lefs, which is abfurd. 

But if the numbers a and b are not prime to 
each other, and their greatell common meafure 
is x, which meafures a by the units in m, and 
meafures b by the units in n, fo that a—mx, and 
b-=.nx % , then ihall an (which is equal to bm, be- 
‘ caule a : b : : mx : nx : m : n, and therefore an 
c= bm) be the leafl number that a and b‘ can 
both meafure. For if they could meafure any * 
number c lefs than na, fo that c = la =. kb, then 
a : b :: m : n :: k : /; and becaule x is fuppofed 
to be the greatell common meafure of « and b, it 
follows that m and n are the leall of all numbers 
in the fame proportion, and therefore m mea- 
fures k, and n meafures l. But as c is fuppoled 
to be lefs than na, that is, la lefs than na, 
therefore l is lefs than n, fo that a greater would 
meafure a lefier, which is abfurd. Therefore 

a and b cannot meafure any number lefs than 

«* 

na ; 
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na i which they both meafure, becaufe na — 
mb. 

It follows from this reafoning, that if a and 
b meafure any quantity c, the leaf!; quantity na, 
which is meafured by a and b, will alio mea- 
fure c. For if you fuppofe as before that c = la, 
you will find that » muft meafure l, and na 
muff meafure la or c. 

§ 107'. Let a exprefs any integer number» and 

— any fraction reduced to its loweft terms, fo 
n * 


that m and n may be prime to each other, and 
confequently an-\-m alfo prime to », it will fol- 


low that an + m will be prime to n 1 , and 

i 

confequently an + m will be a fra&ion in its Ieaft 


terms, and can never be equal to an integer 
number. Therefore the fquare of the mixt num- 
ber a 4 - — is ftill a mixt number, and never 

n • 

an integer. In the fame manner the cube, bi- 
quadrate, or any power of a mixt number, is 
ftill a mixt number, and never an integer. It 
follows from this, that the fquare root of an in- 
teger muft be an integer or an incommenfurable . 
Suppofe that the integer propofed is B, and 
that the fquare root of it is lefs than a + 1, but 
greater than a, then it muft be an incommen- 
furable ; for if it is a commenfurable, let it be- 

* 

where — reprefents any fraction reduced 

H 3 to 
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to its lead; terms ; it would follow that « + — 

n 

fquared would give an integer number 8, th® 
contrary of which we have demonftrated. 

$ 108. It follows from the laft article, that 
the J quart roots of oil numbers but of i, 4, 9, 
*6, 25, 36, 49, 64, 81, 100, 121, 144, &c, 
(which are the fquares of the integer numbers 
I» a. 3» 4* £• 6, 7, 8, 9, 10, 11, 12, fc?r.) are 
incommenfur obits \ after the fame manner, the 
cube roots of «II numbers but of tie cubes of 
1, 2, 3, 4, 5, 6, 7, 8, 9, (sV, are incommenfu- 
robles : and quantities that are to one another 
in the proportion 0 f fuch numbers muft alfo 
Ijiavc (heir fquare roots or cube roots income 
menfurable. 

4 109, The roots of fuch numbers bang in- 
eommenfurahle are exprefied therefore by plat- 
ting the proper radical fign over them i thus, 

* * a * 

V 2 * Vj* Vf* V& V7> V8, Vto* fck. excels 
pumhers incommenfurablc with unit. Thcfe 
numbers, though they are incommenfurable 
themielves with unit, ate iommtnftrrokU in power 
with it, hecaufe their powers are integers, that 
is, multiples of unit. They may alfo be com- 
mea Curable fametimes with one another, as the 
% % 

V8> and the V 2 » becaqfe they are to one an? 
Other as 2 tQ i ’ And when they have a com- 
mon meafure, as is the common meafure 

Of 


i 


# 
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of both, then their ratio is reduced to an ex* 
prefflon in the leal): terms, as that of comnien- 
forable quantities, by dividing them by their 
greateft common meafore. This common mea- 
ford is found as in comttterifurable quantities,' 
oniy the root of the common meafore is to 

be made their common drvifor. Thus ra 

Vi 

= 2 . and = 3^*. 

V 2 

* 

$ ho. A rational quantity may be reduced 
to the form of any given ford, by railing the 
quantity to the power that is denominated by 

die name of the ford, and then letting tins ra- 

» * . ♦ 

dicat fign ovdr it thus, a — V«* = V#* = V a * — 
s'» 3 4 

V'a 5 — V«*t and* 4 = 1/16 = V ®4 = V 2 5° =s 
s . * 

Vi O24 = V 4 "» 

§ 1 1 1 . As fords may be confidered as powers 
with fractional exponents^ they are reduced to. 
others of the fame value that JhaH have the fame 
radical fign , by reducing thefe fractional expo - 

nents to fractions booing the fame value and * 

n .JL 

common denominator . Thus V<* = a * , and 
Ja — a”, and — = — , — = — , and there- 

' ft tun m nm 

nm 

fore J<t and y*) t6d\xced to the fame radical 

H 4 fign, 


l 


jo6 


A Treatise of ' Part!.' 


fign, become V a m and V a”. If you are to re- 

* 3 

duce v'j and \/z to the fame denominator, con- 

JL • 3 

fider y"3 as equal to 3*, the >J% as equal ta 

1 

a T , whofe indices reduced to a common deno» 

x 3 1 % 

minator, you have 3 T = 3 T and a T = a T , and 

' % 6 6 3 6 

confequently V3 = \/ 3 ? = ^27. and */2 = /2* 

6 ,.43* 

= ^4 > fo that the propofed furds */3 and ^2 

« < 

are reduced to other equal furds V27 and ^4, 
having a common radical fign. ' 

1 

. $ 1.1.2. Surds of the fame rational quantity are 
multiplied by 1 adding their exfonent$ % and divided \ 
by fubtrpfting them. 

’ ' ..*• *< i - 'i t 

Thus <J& X v^*=<* T X «*=<* 6 =<* T = y'aV 


tja 


1 5 


i 5 3 * 

T = 4 *s = 4^ = i 


* a »+» 

V* X ss tf *» i 


X 

i/2 


!*. f.— 

v£f _ 

» 

*/ a 
. « 


a m * j V* X Va 


ya ,= ^32; -77 = ^2. 

I.» * * 1/ 2 - 

i 4 « I f < » 

§ 1 13. If the furds are of different rational 

* • i. » 


-w 


quantities, as va* and d b\ and have the. fame 
fign, mdtipdy theft, rationbbqu&ntittes • into. one. 

i ’ .. (inother^ 


t m 
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Mother a or divide them by one ^another, and 

’ r 9 ’ j 

jet the common radical ftgn over their pro- 

n n n 

dull or quotient. Thus Va* x ^ a l b v ; 


m 


m 


m 


i % % */ at / ^ ! a * 

v/2 X V5 == — =? V /PJ = v 1? * 


m 

vT 


^9 _ /1 _ /j/_ .J a 

nn — : V ZZ — v g — yv3; 

V24 

- IF the furds have not the fame radical fign, 
reduce them by the 1 1 1 tb Art. to fucb as jhall have 
tpe fame radical Jign, and proceed as before. Thus 


vm 


m 


*7 Ja j a * * 3 

fa X V* — fa n b«\ f 2 Xv^4 = 

* ■ V # ’ ' *■ 

x 3 a 6 . 6 

lT x = V* X 4 t = y/2} x 4* = v^8 x 16 

3 I " ® ® ® 

V-* ^4 /£ _ /16 

5 = V *28 i — 1 — V 2 * =* V g 

2 


yl'T 2* 2 


V 

— y/ 2. If the furds have any rational coeffici- 
ents, their produft or quotient mud be prefixed. 

» 4 * , 

Thus 2^3 X 5V^ = 10^18. 


§ 1 14. The powers of liirds are found as the- 
powers of .other quantities, by multiplying their 
exponents by the index of the power required. Thus 

the fquare of f% is 2 tXZ 22 2 T := V 4 » the 

cube 
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cube of */5 = $*** — 5 ^ — Vt*$' Or you 
need only, in involving furds, raife the quan- 
tity under the radiccl Jtgn to the power required, 
continuing the fame radical Jign ; unleft the index 
of that power is- equal to the nante of the furd, 
&r a 'multiple of it , and in that cafe the power of 
the furd becomes rational. Evolution is per- 
formed by dividing the fraSion which is the ex», 
ponent of the furd by the name of the root jre • 
qtured. 

i . i t . 

Thus the iquare root of >>/ at is %/**» or 

m m 

f 1 1 5. The furd a*x a*S x-, and in like 

manner, if a power of any quantity of the lame 
name with the furd divides the quantity under' 
the radical fign without a remainder, as here 

et" divides a*# - , and 25 the fquare of ^divides 

* 

X 

75, the quantity under the iign in */75» with- 
out » remainder, then place the root of that 
power rationally before the fign?. and the quo- 
tient under the fign, and thus the- furd will 

• * 

be reduced to a more fimple exprefiion. Thus 

a a a _ . _ r _ % 

V75 — 5^3 ’> V48 = x 16 = 4V3 i 

3 * 3 

V81 SS =S 3 V> 

% 1 r6. When furds by the lafi article are re- 
duced to their lead exprefiions, if they have 
the. fame . irrational part, they are added or fub- 
- j trailed, 
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trafted, by adding or fubtr ailing their rational 
coefficients , and prefixing the fum or difference to 
the common irrational part . 

ft ft 

Thus V75 + ^48 = 5^3 + 4V3 = 9 *^ 3 ; 

3 3 3 3 3ft 

*/8 1 + V '24 = 3v^3 + 2 ^3 = 5^3 i ^150 — 

ft n — — * 

V54 = 5^6 — 3*16 = 2 ^ 6 } */« x * + */b % x 

= <**/* + = fl+^x/jr. 

§ 1 17 . Compound fiords are fuch as corififl of 
two or more joined together. The fimple finds 
are commenfurable in power» and by being mul- 
tiplied into themfelves give at length rational 
quantities; yet compound furds multiplied into 
themfelves commonly give ft ill irrational pro- 
ducts. But when any compound furd is pro- 
pofed, there is another compound furd which, mul- 
tiplied into it gives a rational prodttH. Thus 
-f* */b multiplied by ^ a — </b gives a — b t 
and the inveftigation of that furd which multiplied 
into the propofed furd will give a rational produ£l t 
is made eafy by the following Theorems. 

THEOREM I. 

§ ij 8. Generally» if you multiply c m •— b* 
by or-" 4- a—**b* + 4- «»— 4*£j*, &c. 

continued till the terms be in number equal to 

* 

, the product (hall be a” — b” : for 
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4*—» 4. a n —' lM b m + a*-i m b im + 4*-4*tf3*, &c. . . Jr— 
X a m — b* 

, — - - * - - _ . - - -- - , 

aiA-a"—b" 4* a 9 — m b tm 4- a"— Sec. 

. — a—b* — a n -‘* m b m — 4”— 3*^3*’, &c . — Jr 

a- * * • 

« 

« * • 

THEOREM II. 

« 

* 4*—* — 4»— *»£* J- a*~"i m b M — 4«— 4*^3", &C. 

multiplied by «* -{- £*, gives <»* + £*> which 
is demonftrated as the other. Here the fign 

of £* is pofitive, when — is an odd number. 

1 tn 

$ up. When any Binomial furd is propofed, 
fuppofe the index of each number equal to m, and 
let n be the leajl integer number that is meafured 
bg m, then Jhall a 9 — + a n ~ im b m -f- a 9 — 3 m b*" t &c. 
give a compound furd , which multiplied into the 
propofed furd a m ~^b m will give a rational product. 
Thus to find the furd which multiplied by 

3 3 

•/a i/b, will give a rational quantity. Here 
m = 4» an d the leaft number which is mea- 
fured by 4 is unit let » = i, then fhall 

of— + 4 *—*»^* 4 - 4 * — 2 m b zm , See. zs a*~ T 4 - 
a l ~^F 4 - 4 °^ = & 4 - FF 4 - F — +' 

* *_ 3 ^ # 3 3 ' 

*/ ab -f - v/ b* t which multiplied by <fa — t/b^ 
gives a-^—b. * " 

* ; ' To 
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’ ‘ 4 *.■ 

To find the furd which multiplied by s/a i -J- 

+ -- - i 3 

s/ b % = a* + gives a rational product; Here 
and »= 3 , and*»* - * — a n ~ lm b m + 

&C. = <** T — 42 3 4 i£ T +' “• =S 

• * 


— a*b* + a T b* — b*' — <& — - \/ a 6 %* + 

s/a'b* — s/b*. 

\ • V . - * 

THEOREM III. : 

» 

4 120. Let <z*" + ^ be multiplied by <?*“•“ 
a*-™}) 1 + ar—3"b 2t + a—wfa 1 ,-J- &c. and the 

If * 

product Ihall give a* + £ * : therefore n muft be 

' . nl 

taken the leaf integer that foal* give *— alfo an 
integer. 

Dem; «•-" T 4- ar-i m b ll ~ a*-*"b3 l .... 


3 6 


42 


I 

x + v 


[. . . .8cc. a°b m ~'* xi 


of + a n —™V + a n ~* m b 2l t &c. 


* 


Hh a*—' m V — a n ~* m b ll i &C. + b * 


i? n 


n 

+ £»•* 


»/ 


The fign of is pofitive only when is 
an odd number, and the, binomial propofed is 

4 * w -j"K • ’ ' 

- § I 2 I. 


i 
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4 . 121. If any binomial furd is prdpofed 
whole two numb e rs have different indices, let 
be ts and/, and take * equal to the leaft in- 

A yr number that is meafiired by m and by — j 

•ad «*”•*+’ +• ep—vb tl ~ a*—**Wi &c. 

give a compound furd, which multiplied 

by the propoled a m +_¥ fliall give a rational pro- 

' X 

duft. Thus \/ a — y/b being given, fuppofc 


m = t> l — t» *od 7=1» therefore you have 

jr=3, and A*-* + #-v i W+a t -+‘b* 


1 .&C.SU 3-4 + + e 5 "** + 

,3 + — J*+ a'V* + A’* + ab + 

! * * 


14 ” * 

TIT i AT 


■ 


* * * , 

4* + V«X ^b*-\-y/¥ =a*i/a+a % x.jb 

* j * 

4 - £* + «& + b/a X^ + ^xVi‘, 

* S 

which multiplied by the •/<* — V^» gives 
*/ 


#* 




§ 122. By thefe Theorems any binomial furd 
whatfoever being given, you may find a furd 
which multiplied by it ihall give a rational pro- 
duct. 

Suppofc that a binomial furd was to be di- 

% % % % 
vided by another, as »/io + V12, by y/5 —^3, 

the 



i 
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= v*°+v»°+A° = ,/ 5 +,;*>+✓ «°; 


* 

Alfo , v/I ° r = (bccaufe m = ±, /=|y »—3* 

*/ 

and 4» — £* = 8 — 9 — i) =2 

S3 3 * 

4^i6+4^ioX^3^WioX^9+ 6 ^»o-f3</*oXv^3+W I QX\<» 

— i 

= — 8^5 — 4 Vio x^J- V 5 X >/9 — 

3 3 

6/10 — 6 x V5 X — 3S10 x ^9. 

• 5 1 * 4 - When the Iquare root of a furd is re- 
quired, it may be found nearly by extraSling the 
root of a rational quantity that approximates to its 
value. Thus to find the Iquare root of 3 + 2v/2, 
we firft calculate */z = 1 , 41421, and therefore 
3 -f- %<f 2 = 5, 82842, whole root is found to be 

* 

nearly 2, 41421 : fo that 1/3 + 2*/ 2 is nearly 
2, 41421. But fometimes we may be able to 
exprefs the roots of furds exadtly by other furds > 
as in this example the fquare root of 3 + 2*^2 

is 1 + </2, for 1 + /2 X i + v'i = i + 2/2 
+ 2 = 3 + 2^2. 


/ 


In order to know when and how this may be 
found, let us fuppofe that x -f y is a binomial 
furd, whole Iquare will be x x + •' If x 
and y are quadratic furds, then x* -{- y* will 
be rational, .and 2 xy irrational, fo that 2 xy 

lhall 
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ihall always beleft than x 2 +^*> bacaufe the! 

difference is * x .+ >* — zxy = r—y , which is 
always pofitive. Suppofe that a ’ propoied fund 
confiding of a rational part A, and an irrational 
.part B, coincides with this, then x 2 + y* = A 
and xy = 4B : Therefore by what was faid of 
Equations, Chap. 13th, 


_y* = A 




4 * 


and* therefore 


’ B* • ft* 

Ax 2 — * = — , and x* — A#*-l — = 0 j 

4 4 


A 4* ^ A 1 “• B 


and 


from whence we have x 2 =5 

.a 

A \fA*' ' B* 

= — — Therefore when a quantity 1 

2 

partly rational and partly irrational is propoied to 
have its root extracted, call the rational part A, 
the irrational B, and the fqttare of the great e]t 

• . a .w ac;# 

member of the root ft alt be - • , and the 

ftuare of the lejfer part ft all ,bt 

2 

And as often as the fquare root of A* — ■ B* can 
be extracted, the fquare root of the propofeci 
binomial furd may be exprefied itfelf as a bino- 
mial furd. For example* if 3 -1- i»/i, is prO- 
pofed, then A = 3, B = 2^2, and A* — B*= 9 

8=1. Therefore x* = ft 2* and 

2 

A— </A 2 — B 


y zb. 


=si. Tfieref. x + y =s 1 + 

I To 


/ 


L 


ri6 


A Treatise of Parti. 


To find the iquare root of — i + V — 8, fup- 
pofe A = — i, B= — 8, fothatA* — B* = 9, 

^AjVa|=b; = - ! + 3= .a-Va^5 




3 


= — 2, therefore the root required 


is 1 + ^ — *• 

$ 125. But though x and y are not quadratic 
furds or roots of integers, if they are the roots 

of like furds, as if they are equal to V m</z 

and V'ay/z, where m and » are integers, then 


A = m -j- n x and ^B = V mnz-, A*-B* = 
m — »| x z» and x % — — — — = 



.= Vz, and x+y = Vtn</z + V n</z. The 
part A here eafily diftinguiihes itfelf from B by 
its beitig greater. 

§ 126. If x and y are equal to m</z and 
vW 7 , then.x*-f- 2xy + y* — mv'z -j- «✓/ -f 2 

V mnVzt. So that if 2 or / be not multiples 
one of the other, or of fome number that mea- 
fures them both by a Iquare number, then will 
A itfelf be a binomial. 


§ 127. Let x + y + 2 exprefi any trinomial 
furd, its iquare tf x +^N-2* + 2ry+ 2x2 + 2.72 
may be fuppofed equal to A + B as before. But 

' rather 
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rather multiply any two radicals as 2vyby 2x2, 
and divide by the third 2 yz, which gives the 
quotient 2x* rational, and double the lquare of 
•the furd x required. The fame rule ferves when 

there are four quantities, x 1 +_y* 2* 4- j* 4- 

2 xy -p 2 xs + 2 xz 4- 2 yz 4- iys 4- 2 zs t multiply 2 xy 
by 2 xs, and the product 4 x*sy divided by 2 sy 
gives 2X 1 a rational quotient, half the fquare 
. of ix. In like manner 2xy x zyz = 4 j>*xz, which 
divided by 2 xz another member gives 2 y% a ra- 
tional quote, the half of the lquare of 2y. In 
the lame manner z and s may be found; and 
•their fum x -j-J 4- * -j- r, the fquare root of the 

leptinOmial x * 4 -y l 4- z l 4- s* 4- 2xy 4" 2 w 4* 
2 x 2 4* 2>'z 4* 2 y s > difcovered. 


For example, to find the fquare' root of 

10 4. V24 4- ^40 4- V60 ; I try ^e/ 40 , 

which I find to be ^16=4, the half of the fquare 
root of the double of which, viz. 4 X V8 — V2, 
is one member of the fquare root required ; next 

^ — 6, the half of the lquare root if 
the double of- which is V3, another member of 

the root required ; laftly, = 10, which 

gives v^5 for the third member of the root re- 
quired : From which we conclude that the fquare 
root of 10 4 - s/ 24 4- V40 4 - 60 is V2 4 *. •JS 
4- </§ j and trying you find it fpcceeds, fincc 
5 ,.2 I 2 multi- 
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multiplied by itfdf it gives the .proposed qua- 
drinomial. 

$ 127. For extracting the higher roots of a 
binomial, whole two members being iquared 
are commenfurable numbers, there is the fol- 
lowing 

'RULE. 

* “ Let the quantity be A + B, whereof A is 

the greater forty and c the exponent of the 

root required. Seek the leaft number n whofa 

fewer tfi is dxvifible by A A — BB, the quo - 

€ 

tient being Compute V a+Bx in tho 
nearejt integer number , which fuppofe to be r. 

Divide Av'Q Jy its greatefi rational divtfor y 

, * 
r +7 

and let the quotient be s t and let — — — , in the 
neartft integer number , be /, fo Jhall the root 

repaired be ■ * if the c root of 

✓Q. 

A + B can be ex traded» 

EXAMPLE I. 

Thus to find the cube root of V968 -f- ig, 
we have A* — B l = 343, whofe diviiors are 
7 * 7» 7» whence n =. 7, and Qj= 1. Further, 
A-j-Bx^Q, that is, V 968 + 25 is a little more 

* Arithm. UnimfaL p. 59. 

than 

\ 
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than 56, whofe near ell cube root is 4. Where- 
fore r = 4. Again, dividing V 968 by its great- 
eft rational divifor, we have AVQj= 224/2, and 


1 * 

H — 

the radical part 4/2 = j, and -■ ■ ■ - , or 


2^2* 


in 


the neareft . integers, is 2 = /. And laftly, 

MC 6 


ts — i*/ 2, — n — 1, and </Qj=. •fi — 1. 

Whence 2^2 + 1 is the root, whofe cube, upon 

trial, I find to be V 968 + 25. * 


EXAMPLE II. 

To find the cube root of 68 — V4374 ; we 
have A* — B 1 = 250, whole divifors are 5, 5, 5, 2. 
Thence n — 5 x 2 = 10, and Q_= 4, and 

f » - ■■■ ' 

V A+Bx v^Q, or'' 68 + V4374 x 2 is near- 
ly 7 =ri again, A*/*Qi, or 68x4/4= 136x4/1, 


that is, j ss 1, and 


r+- 

r 

2S 3 


7+ 


10 


or — - is nearly 


=4=/. Therefore /j ss 4, V /V — » ss 4/6, 




63 r 

and vQ^= 4/4 = 4/2, whence the root to be 


tried is — y*-. 

4/2 

EXAMPLE III. 

Shppole the fifth root of «94/6+414/3 is 
demanded. A*— B*=3» and «5=3 * Q^ssfi, 

I 3 /=5» 
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r=5, s=z</6, t=i , tszz</6, *J ;V-« = v'3». 

**_ xo 5 

and *JQj=. J 81 = */9. And therefore trial i$ 
to be made with 

✓9 


In thefe operations, if the quantity is a frac- 
tion, or if its parts have a common divifor, you 
are to extract the root of the numerator and de- 
nominator > or of the falters feparately. Thus 

to extraft the cube root of •J 242 — 1 24» 
this reduced to a common denominator is 


And the roots of the numerator 

2 

and denominator, feparately found, give the 
2 ^ 2 — . And if you feck any root of 


root 




V3993 4. «/17578125, divide its parts by the 


3 

common divifor 4/3, and the quotient being 
n -f v 125, th? root of the quantity propofed 

3 

will be found by taking the roots of /3 and 

of 11 
other. 

§ 128. The ground -of this Rule may be ex* 
plained from the following 



125, and multiplying them into each 


THEOREM. 

Let the fum or difference of two quantities x 
and y be raffed to a power whofe exponent is r, 

and 


* 


I 


I 


/ 
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and let tbs yft y %d y §tb, ytb , &C. /<mr 0/ that 
power 1 collected into one fum y be called A, and 
the reft of the terms y in the even places , call B } 
the difference of the fquares of A and B JhaU bo . 
equal to the difference of the fquares of x and y 
raifed to the fame power c. 

For the terms in the c power of x -j- y (writ- 
ing for their coefficients, refpe&ively, 1, c y d y 
e y &c.) are 

#*-{ ‘'Cx e ~ 1 y-\-dx‘~ x y l -J- etf—ty' +,&e. = A + B, 
and the fame power of x — y (changing the 
ligns in the even places) is 
x c — cx'—'y -j- dx^ty* — ex*— 3 y J +,&c.= A-B,, 

and therefore x -J-jyf x x — = A-f BxA — B 

= A* — B* (= x-\-y x x — _yf) = 

E. D. 

Let one, or both, of the quantities x, y, be 
a quadratic furd , that is, let x -j-^, the c root 
of the propofed binomial A-f-B, belong to one. 
of thefe forms, p -f Wq> Wp~ j- q, or k*/p -f- tyq. 
And it follows, 

1 . If x-\-y=p - j- lk/q y that, c being any whole 

number. A, the fum of the odd terms,' will be 

a rational number ; and B, the fum of the terms ’ 

. • 

in the even places, each of which involves an odd' 
power of y will be a rational number multi- 
plied into the quadratic furd */q. 

2. Let c, the exponent of the root fought, 
be an odd number, as we may always fuppofe 

I 4 




t 


y*x A Treatise »f Parti- 
it» becaufe if it It even» k may be halved by the 
extradion of the liquare root» till it becomes 
odd ; and let x = k</p -f f, Then A will 
involve the furd >/p, and B will be rational.' 

3. But if both members of the root are irra- 
tional (x +y — ki/p -{- ly/q) A and B are both 
irrational, the one involving </p, and the other 
the furd v'q. 

And in all thefe cafes, it is eafily feen that 
when x is greater than y, A will be greater 
than B. 

§ 129. From this pompofition of the bino- 
mial A + B, we are led to its reiblution» as in 
tjhe foregoing rule, by thefe ftcps. 


I. 

When A is rational , and A* — B* is a per- 
fed c power, 

j. By the Theorem, A* — B* = x* -—y* 1 * accu- 

■ 

rately ; and therefore extrading the c root of 
A* — B* it will be x*— • y*. Call this root n. 

2, Extrad in the neareft integer, the c root 
Of A+B, it will bp (nearly) x + > Which 
put s r. 

■ 3, Pivide x* -r-jr* (= n) by x + y (r= r) the 
quotient is (nearh) x — y 5 and the fum of the 
divifor and quotient is (more nearly ) zx •, that is» 
if an integer value of x is to be found, it will 

r+~ 

' te fa nsw# to —- 4 , 

% 

* • 

4 * 


i 


% 
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4. x* — x* — y*—y* 5 or 


r+-' 

* r 


* I 


n =ty*x 


f 




whence y 


=y 


H-5 


* I 


n, and therefore, put* 


+ » 
— 


ting/ 


T' 


the root fought x + y = / + 


*J t x — n ; the fame expreflion as in the rule, 
when Q_= 1, s 1, that is, when A* — B* is 
a perfect c power, and the greater member A 
js rational. 



When A is irrational , and Qjss 1. 

■ * 
r +— 

By the fame procefs, x = ■■■■ ■ ■■ (= T) amfl 

2 

y = VT* — ». But feeing A is fuppofed irrati- 
onal, and c an odd number, x will be irrational 
iikewife ; and they will both involve the' fame 
irreducible furd t/p, or s, which is found by 
dividing A by its greateft rational divifbr. Write 
therefore for x or T, its value / X /> and x -f-jr 


in. 

If the c root of A* — - B* cannot be taken, 
multiply A* — B* by a number Qj fuch as that 
tiie product may be the (leaft) perfeft e power 
if (= B*QJ And now (inftead of 
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A -4- B) extra# the c root of A + B x 's/Q, 

which, found as above, will be ts + v'W* n 

and confequently the c root of A 4 - B will be 

ts -f- — a, divided by the c root of -s/Qj 

tfott IS, — — . 

SO. 


It is required in. the rule that a perfett c power 
(it) he found which jhall be a multiple of A* — 
B* by the whole number To find this power, 
let the given number A* — B* be repreiented 
by the produCt a!*btdf ; whole fingle divilbrs 
let be s, tf, d, • • • • by by by y ; and 

the produCt of thefe divifors raifed to the power 
Cy which is. tffrdfy divided by a m btdf will give 
the quotient a'-*b'-td e —'f- 1 = a whole 
number, provided fome index, as m or p t be 
not greater than c. If it is, take, inltead of the 
fingle divifor a or by a* or b\ a> or b'> ‘&c. 
till there be no negative index in the quotient ; 
that is, till Q„be a whole number. 

§ 130. We may add the following remarks, 
i . If the refidual A — B is given, it is evi- 
dent from its genefis by involution, that the 
fame rule gives its root x — y. 

2 : The extracting the c root of A + B, or of 
A -f B x v'Q., in the neareft integer, neglect- 
ing the fractional part, will always give x-\-y 
fuch, that the value of x which refolts in the 
operation ihall not differ from its true value by 

unity j 


\ 
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unity ; that is, it lhall be the true integer va- 
lue fought. 

For, / being fome proper fraction, let x + y 

c 

+ / be the accurate value of v^A + B x Vq, 
and let the quotient of x* — y* divided by it be 
x — y+gt then, the fum of the divifor and 
quotient being 2# +f+g, if our reckoning the 
fractional part could make a difference of unity- 
in the value of x, it would follow that f — g 
or g — / = 2. Which is abfurd, g, as well as 

being a proper fraction. 

3. If both A and B are irrational j or, if the 
lefler of the two members is > rational, no root 
denominated by an even number can be found. 

4. When the greater member is rational, 
and the exponent c is an even number, it is ath- 
biguous whether the greater member of the root 
is rational or furd. And though a root in the 
form of p — {- Wq is not found, yet a root in 
the form of k*/p -f- or, that failing, in the 
form k</p 4* V? may be obtained. ' 

If we look for a root h/p + a, we are now 
to fubtraCt x — y from x-\-y, and half the remain- 
der will give y (or q) the rational part. And to 
x 1 — y (= n) adding y\ the fum will be x\ . 


So that_y = 


n 

r 


and 


J r 

x = v - 


r=7 

T 

fr r 
2 


when 

€ is 


with 


t 


♦ 
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with the fign of n changed. If this does not 
fucceed, and a prime number ftands under the 
radical fign, no farther trial need be made. 

But if a compofite number ftands tinder the 
radical fign» the root may poftibly belong to 
the form Wp + V? ; and that compofite num- 
ber being pxq, fine ck*p — l'q—n, and Wp = x 9 
the numbers k, /, may be fought for in the 
neareft integers, and trial made with Wp+tyq* 
as in this 

EXAMPLE. 

To find the fourth root 0/49949 — 2895V 224 . 

The 4th root of A* — B* is 1 57 s= ’#*— y* =», 
and the 4th root of A — B, that is, # — 7= r =9 

nterfy : and ~ = 17 nearly. 'Whence 

x — S .. T . S Z = 13. But now die leaft radical fac- 

tor in B being V14 = v 7 x 2, I put 13 (—x) 
= Wjt and k in the neareft integer = 5. A- 
gain, k ' p — I'q =»= 1 75 — /* x 2 = *57 » that 
is, /* x 2 = 1 8, and / = 3 ; which gives the 
10015/7 — 3/2. 

In this manner the even roots may be fought 
immediately. 'But to avoid ambiguity and need- 
’ lefs trouble, it is better firft to deprefs them by 
extrafting the fquare root, 2s in § 1 24. 


A SUP- 
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% 

A SUPPLEMENT 

% 

TO THIS 

CHAPTER. 

■ 

§131. PT^HERE occur fometimes, efpeciaHy 
X in the refolution of cubic equations 
by Cardan's Rule ( Part 1L § 79.) binomials of 

this form A + BV — y, whole cube, roots muft 
be found. To thefe the fortgoing -rule cannot 
be applied ' throughout, becaufe of the imagi- 
nary factor V — q. Yet if the root is expreifi- . 
ble in rational numbers, the firft ftep of that 
rule, will often lead us to . it . in a ihort wayi 
not merely tentative, the trials being confined 
to known limits. 

C 

For it being, univerfally, VA* — B* ,s= x * — )* . 

3 

and, in the prelent cafe, VA*+B*j (= x* • jp) 
~ P % •+• P X f » if we divide the part under the 
radical iign by its greateft rational dirifor, the 

quote is the imaginary ford «/ — 5, and from 

1 

VA*+B*j, fobtrading p\ the Iquare of fome 
divifor of A, the remainder is /* X £, a knpwn 
multiple of the Iquare of l a divifor of B. 


That 
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That p and / are divifora of A and B refpec- 

tivdly is evident ; for cubing p + />/ — y, you 

find A —p X p 1 — $l % q, B = / x 3 p 1 — l l q. And 
the figns of p and / muff be fuch as will give the 

products of p x p*— sl l q t / X 3 £* — Pq of the 
fame figns as A and B relpedtively. 

EXAMPLE. 

t 

. To find the cube root of 81 -j- ^ — 2700 = 
8 1 + 30 V — 3. 

a t 

Here A= 81, B= 30, y =3; */81x81 + 2700 
2i =/>*+ l*q. Subtrafting therefore from 2 1, 
the fquare of (p) + 3, which is a divifor of A, 
there remains ( 7 * x?=)2X 2x3. And (l—) 2 

is a divifor of 30. Laftly, A {—pxp x — jPq) 
being pofitive, and the fadtor p x — ^I'q nega- 
tive, p muft have the negative fign 5 and for the 
like realon / = + 2. So that the root is — 3 

+ 2 — 3 • 

It will be fhewn in the Second Part of this 
Treatife that “ every cube or other power has 
as many roots, real and imaginary, as there are 
units in the exponent of the power si” particu- 
larly, that unity itlelf has the cube roots 1, 

TZli—i iJ and If therefore 

2 2 

we would find the other two cube roots, in this 

j * 

example, feeing z^z’Xh and Vz* x v 1 =z 

(*' 


\ 


9 


t 
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(z? reprc fenting any cube whatever) and z any 
of its roots) we are to multiply — ‘3* 
the root already found, by — 4 + 4^— -»3» and 
by— 4- -4V— "3, and the products— 4 — 4%/- 3, 
and -I -f 4^ — 3 will be the root required. 

Or, becaufe the denominator of the imagi- 
nary roots of unity is 2, taking p = 4» one 
half of a divifor of A, we have 2 1 — 4= V — 

V X 3 =/*y, that is / = 4 > a °d />* — 3/^ as well 
as 3p* — being negative, both p and l mull be 

negative, and the root is — 4 — 4^—3. Again 
take /=4, and you lhall find /=-j-4; fo the 
remaining root is 4+4V — 3, as before. 

We may here obferve that the operation ought 
to be abridged, where it can be done, by' divid- 
ing the given binomial by the . greateft cube 
that it contains ; and finding the root of the 
quotient ; which multiplied % the root of the 
cube by which you divided, will give the root 
required. Thus, in the foregoing Example, 

81 -{- V — 2700 = 2)X3 + and die 

roots of 3 + ^ — -hff- being now, more eafily, 
found to be — 1 -f- 2V — 4> — 4 — 4^ — 4> and 
4 4 - 4V — 4» thefe multiplied by 3, the cube root 
of 27, give the roots required the fame as above. 

“ If the cdcfficient of the imaginary mem- 
ber of the binomial has a contrary fign, the 
roots will be the fame, with the figns of the 

imaginary 


1 
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imaginary parts changed.** Thus the cube roots 

of 81 — V— 2700, or 81 — 30V— will be 

*“,3— *^**5» — and *— 

» — * 

And therefore v 8 1 -fV - 2700 + v 1 1-V-2700 

=-3X2=-6,or=-4x2=~3, or=4-x2 = 9, 
the imaginary parts vanilhing by the contrariety 
of their fjgps. 

We may obferve likewife, that fuch roots* 
whether exprefiiblc in rational numbers, or 
not, may be found by evolving the binomial 

A -f- BV — q by the Theorem in pag. 41, and 
femming the alternate terms. As, in the fore- 
going example, 81 + 30V-— or rather 

f7j T x i + 44^=1^, being expanded into a 
feries, the fum of the odd terms will continually 
approach to 4*5 — and the fum of the co- 
efficients of the even terms to 4-* which is the 
inefficient of the imaginary part. But for a ge- 
neral and elegant folution, recourfe muft be had 
to Mr. de Moivrf* Appendix to Dr. Sauuderjotf* 
Algebra, and the continuation of it in Pbilof, 
Tranf. N°4£i. What has been explained above 
may ferve, for the prefent, to give the Learner 
feme notion of the compofition and reiolution of 
thofe cubes ; that he need not hereafter be fur- 
prifed to meet with exprellions of real quantities 
which involve imaginary jroots. 

End of the First Part. 
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PART II. 

Gf the Genefis and Refolution of E- 
quations of all degrees ; and of 
the different Affections of the 
Roots. 


CHAP. I. 

Of the Genefis and Refolution of Equation» 
in general ; and the number of roots an 
equation of any degree may have. 

$ i . SOGesQK F T E R the fame manner as the 
A fiT higher powers are produced by the 
multiplication of the lower powers 
of the fame root j equations of 
fuperior orders are generated by the multiplica- 
tion of equations of inferior orders involving the 
fame unknown quantity. Apd an equation of 

K aty 

\ 
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any dimenjions may be conftdered as produced by the 
multiplication of as many fimple equations as it 
has dimenfions or of any other equations wbat- 
foever y if the fum of their dimenfions is equal to 
the dimenfion of that equation. Thus any cubic 
equation may be conceived as generated by 
the multiplication of three fimple equations, or 
of one quadratic and one fimple' equation. A 
biquadratic as generated by the multiplication 
of four fimple equations, or of tivo quadratic 
equations j or laftly, of one cubic and one fimple 
equation. 

§ 2. If the equations which you fuppole mul- 
tiplied by one another are the fame , . then the 
equation generated will be nothing elfe but fome 
> poweV of thofe equations, and the operation is 
merely involution j of which we have treated al- 
ready : and, when any fuch equation is given, 
the limple equation by whofe multiplication it 
is produced is found by evolution , or the extrac- 
tion of a root. ' 

% 

But when the equations that are fuppofed to 
be multiplied by each other are different , then 
other equations than powers are generated ; 
which to refolve into the fimple equations whence 
they are generated, is a different operation from 
involution, and is what is called, The refolution 
of equations. 

.But as evolution is performed by oblerving 
and tracing back the fteps of involution ; fo to 

difcover 
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1 

difcover the rules for the relolution of equa- 
tions, we muft carefully obferve their genera* 
tion. • 

. § 3 . Suppofe the unknown . quantity to be x t 
and its values in any Ample equations to be 
a, b, c, d, & c. then thofe Ample equations, by 
bringing all the terms to one Ade, become 
x — a — o, x — b=c o, x — f=:o, &c. And, the 

product of any two of thefe, as x — a%x — b=a 
will give a quadratic equation, or an equation of 
two dimenAons. The produft of any three of 

them, as x — axx — b^x — c = o will give a 
cubic equation, or one of three dimenAons. The 
product of any four of them will give a biqua- 
dratic equation, or one of four dimenAons, as 

x^-aXf e — bxx — cxx — </ = o. And, in ge- 
neral, “ In the equation produced , the highefi di- 
menjion of the unknown quantity will be equal to 
the number of Jimple equations that are multiplied 
by each other ' 1 

$ 4. When any equation equivalent to this 

biquadratic x — a Xx — bxx — cxx — </= o is 
propofed to be. refolved, the whole difficulty con- , 

Afts in Anding the Ample equations x — az=.o, 

x — b=zo, x- — r =0, x — d = o, by whole mul- 
tiplication it is produced ; for each of thefe 
Ample equations gives one of the values of x, 
and one Solution of the propofed equation. For, 

K a if 
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if any of the values of x deduced from thole 
fimple . equations be fubftituted in the propofed 
equation, in place of #, then all the terms of 
that equation will vanifh, and the whole be 
found equal to nothing. Becaufe when it is 
fuppofed that x—a, or x = by or x — c, or x = d y 

then the product x — axx — bxx — cxx~-d 
does vanilh, becaufe one of the fadtors is equal 
to nothing. There .«are therefore four fuppoli- 

tions that give x — a xx — bxx — cxx — d—o 
according to the propofed equation ; that is, 
there are four roots of the propofed equation. 
And after the fame manner, “ dug other equa- 
tion admits of as many folutions as there are 
limple equations .multiplied by one another that 
produce it,” or “ as many as there arc units in 
the higheft dimenfion of the unknown quantity 
in the propofed equation.” 

§ 5. But as there are no other quantities what- 
foever belides thefe four (a,b,c,d) that fubftitut- 
ed in the produdt x — axx—bxx — cxx — dy 
in the place of x y will make the produdt vanilh ; 

therefore, the equation x — axx — bxx — cX 

x — d = o, cannot poflibly have more than thefe 
four roots, and cannot admit of more folutions 
than four. If you fubftitute in that product a 
quantity ‘neither equal to a, nor b y nor c, nor 
d y which fuppofe e, then fince neither t — a t 
e — b t t — Cy nor e — d is equal to nothing; their 

produtt 


/ 
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1 

product e — axe — bxe — cxe — d cannot be 

equal to nothing, but muft be lome real pro- 
duct : and therefore there is no fuppofition bc- 
fide one of the forefaid four, that gives a juft 
value of x according to the propofed equation. 
So that it can have no more than thefe four 
roots. And after the lame manner it appears, 
that “ No equation can have more roots than 
it contains dimenjions of the unknown quan- 
tity u n 

§ 6. To make all this ftill plainer by an ex- 
ample, in numbers ; fuppofe the equation to be 
refolved to be x* — icx 5 + 35#* — 50x4*24=0,. 
and that you difeover that this equation is the 

■ ■■■■» 1 ■ n ■ > ■■■■■ 1 r — ^ 

fame with the product of x — 1 x x — 2 X x — 3 

X x — 4, then you certainly infer that the four 
values of x are 1, 2, 3, 4 ; feeing any of thefe- 
numbers placed for x makes that product, and 
confequently x + — 1 ox 5 4- 3 5** — 5 ox -f- 24, equal 
to nothing, according to the propofed equation. 
And it is certain that there can be no other 
values of x befides thefe four : fence when you 
fubftitute any other number for x in thofe fac- 
tors x — 1, x — 2, x — 3, x — 4, none of the 
fa&ors vanilh, and therefore their product can- 
not be equal to nothing according to the equa- 
tion. 

§ 7. It may be ufeful fometimes to confider 
equations as generated from others of an infe- 

K 3 rior 
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rior fort befide {imple ones. Thus a cubic 
equation may be conceived as generated from 
the quadratic x x — px q — o, and the fimplt 

Equation x — a = o, multiplied by -each other ; 
whofe product 

16 H ^ax' + apx ^ ^ == 0 ma y ex P re ^ s any cubic 

Equation whofe roots are the quantity (a) the 
value of x in 'the limple equation, and the two 
roots of the quadratic equation, viz., 

p + •/]?. 


4 ? 


and 


p — vV-— 4 ? 


; as appears from 

2 2 

Chap-. 1 3. Part I. And, according as thele roots 
are real or impoffible, two of the roots of the 
cubic equation are real or impofftble. 

$ 8. In the ’doftrine of involution we (hewed 
that “ the (quare of any quantity pofitive or 
negative, is always pofitive,” and therefore “ the 
iquare root of a negative is impofiible or ima- 
ginary.” For example, the •Ja* is either -J- a 

or — a } but v — a 1 can neither be + a nor 
— a , but muft be imaginary. Hence is under- 
ftood that “ a quadratic equation may have no 
impofiible expreflion in its coefficients, and yet, 
when it is refolved into the fimple equations 
that produce it, they may involve impofiible 
expreffions.” Thus the' quadratic equation 
x % +a % — o has no impofiible coefficient, but 
the fimple equations from which it is produced, 

viz. x -f v — «* = q, and x — v — a * = o, 

both 
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both involve an imaginary quantity ; as the 
fquare — a * is a real quantity, but its fquare 
root is imaginary. After the fame manner a 
biquadratic equation, when refolved, may give 
four fimple equations, each of which may give , 
an impoffible value for the root : and the fame . 
may be faid of any equation that can be pro- 
duced from quadratic equations only ; that is, 
whole dimenlions are of the even numbers. 

§ 9. But “ a cubic equation (which cannot 
be generated from quadratic equations only, 
but requires one fimple equation befides to pro- 
duce it) if none of its coefficients are impoffible, 
will have, at leaft, one real root,’* the fame 
with the root of the (imple equation whence it 
is produced. The fquare of an impoffible quan- 
tity may be real, as the fquare of V — <** is 
— a* ; but “ the cube of an impoffible quan- 
tity is ftill impoffible,” as it (till involves the 

% 

Iquare root of a negative: as, V — a 1 X 

V — a x X = V — — 1, is 

plainly imaginary. From which it appears, 
that though two fimple equations involving 
impoffible expreffions, multiplied by one an- 
other, may give a product where no impoffible 
expreffion may appear j yet “ if three fuch fim- 
ple equations be multiplied by each other, the 
impoffible expreffion will not difappear in their 

K 4 pro- 
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product.” And hence it is plain, that though a 
quadratic equation whofe coefficients are all real 
may have its two roots impoffible, yet “ a cubic 
equation whofe coefficients are real cannot have 
all its three roots impoffible.” 

$ 10. In general, it appears that the impof- 
fible expreffions cannot difappear in the equation 
produced, but when their number is even ; that 
there are never in any equations, whofe coeffi- 
cients are real quantities, fingle impoffible roots, 
or an odd number of impoffible roots, but 
“ that the roots become impoffible in pairs;” 
and that “ an equation of an odd number of di- 
menfions has always one real root.” 

1 

§ 11. ** The roots of equations are either po- 
fttivc or negative according as the roots of the 
fimple equations whence they are produced are 
pofitive or negative.” If you fuppofe *= — «, 
x — — b, x = — c y x — — dy &c. then fhall 
*+«=0, #+£=0, # + r = o, x+d= o; and 

the equation x+axx+bxx+cxx+d sz o 
will have its roots, — a, «— by — c, — d, &c. 
negative. 

But to know when the roots of equations 
are pofitive and when negative, and how many 
there are of each kind, fhall be explained in the 
next chapter. 
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CHAP. II. 

♦ 

Of the Signs and Coefficients of 

Equations. 

§ 12. IT 7 HEN any number of funple equa- 
VV tions are multiplied by each other, 
.it is obvious that the higheft- dimenfion of the 
unknown quantity in their product is equal to 
the number of thofe funple equadons ; and, the 
term involving the higheft dimenfion is' called 
the firft term of the equation generated by this 
multiplication. The term involving the next 
dimenfion of the unknown quantity, lefs than 
the greateft by unit, is called the fecond term 
of the equation ; the term involving the next di- 
menfion of the unknown quandty, which is left 
than the greateft by two, the third term of the 
equation, (iff. And that term which involves 
no dimenfion of the unknown quantity, but is 

fome known quantity, is called the laft term of 

/ 

the equation. 

“ The number of terms is always greater tbqn 
the higheft dimenfion of the unknown quantity by 
unit And when any term is wanting, an 
afterijk is marked in its place. The figns and 
coefficients of equations will be underftood by 
conftdering the following Table, where the 
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fimple equations x — a, x — b y & c. are multi- 
plied by one another» .and produce fuccelfively 
the higher equations. 

x — 0=0 
X x—bz=o 

~ X 'Z?t x +cb\ =0 > a Q- uadratic - 

x *— -f = 0 





Xx-\-abcdz=z O) a Bi- 
[quadratic. 


1 



x*-« 


o 



X * — 
ehdt=Oy 

a Surfo- 
lid. 


( 
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§ 13. From the infpe&ion of thefe equations 
it is plain, that the coefficients of the firft term 
is unit. 

The coefficient of the iecond term is the 
fum of all the roots (a, by c, d, e) having their 
Jigns changed. 

The coefficient of the third term' i$ the fum 
of all the products that can be made by multi - 
plying any two of the roots (a, b, c, d, e) by one 
another. 

« 

The coefficient of the fourth term is the fum 
of all the products that can be made by multiplying 
into one another any three of the roots , with their 
figns changed. And after the fame manner all 
the other coefficients are formed. 

The laft term is always the produS of all the 
roots having their Jigns changed , multiplied by 
one another. 

§ 14. Although in the Table fuch fimple equa- 
tions only are multiplied by one another as have 
pofitive roots, it is ealy to fee, that “ the co- 
efficients will be formed according to the fame 
rule when any of the fimple equations have 
negative roots.” And, in generaly if x i —px % 

qx — r = o reprefent any cubic equation, then 
Hull p be the fum of the roots ; q the (urn of 
the products made by multiplying any two of 
them ; r the pfodudt of all the three : and, if 
— -p, + qy — r, + Sy —/,+«, &c. be the 
coefficients of the 2d ? 3d, 4th, 5th, 6th, 7th, 


t 
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t£c. terms of any equation, then fliall p be 
the fum of all the roots, q the fum of the 
produds of any two, r the film of the prodpds 
of any three, s the fum of the produds of any 
four, / the fum of the produds of any five, 
u the fum of the produds of any fix, &?f. 

§ 15. When therefore any equation is pro- 
pofed to be refolved, it is eafy to find the fum 
of the roots, (for it is equal to the coefficient 
of the fecond term having -its fign changed :) 
or, 'to find the fum of the produds that can be 
made by multiplying any determinate number 
of them. 

But it is alfo eafy “ to find the fum of the 
fquares, or of any powers, of the roots.” 

f The fum of the fquares is always p * — iq. 
For calling the fum of the fquares B, fince the 
lum of the roots is p j and “ the fquare of the 
fum of any quantities is always equal to the fum 
of their fquares added to double the produds 
that can be made by multiplying any two of 
them,” therefore p % — B-\-zq y and confequently 

' B — p 1 — 2 q. For example, a b c\ = 

f *+ iab-\-iac-\-ibc\ that is, p'-^B 

And ci -}- b -|- c - 4 * ^1 — s l -}• b % -J* f l 

+ d* + ’iy.ab-\-ac-\‘ad-\-bc-\-bd-\- cd, that is 
again, p* — B + 2y, or B = p % — iq. And lb , 
for any other number of quantities. . In general 
therefore, “ B the fum of the fquares of the 

. roots 
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roots may always be found by fubtra&ing % q 
from p x the quantities p and q being always 
known, fince they are the coefficients in the pro* 
pofed equation. - 

§ 1 6. “ The fum of the cubes of the roots of 
any equation is equal to p % — qpq + or to 

Bp — pq -f- 3r.” For B — q X p gives always 
the excefs of the fum of the cubes of any quan* 
tities above the triple fum of the products that 
‘can be made by multiplying any three of them. 

Thus <?* 4 ^ l + c x — ab — ac — (= 

B — q xp) = <* 3 4 b % 4 c % — %abc. Therefore, 
if the fum of the cubes is called C, then fhall 

B — q x P — C — 2 r i an< ^ C—Bp — qp 4 jr 
(becaufe B —p x — 2 q) = p 5 — 'jPq+ S K 
After the fame manner, if D be the fum of 
the 4th powers of the roots, you will find that 
D=pC — qB-\-pr — 4 s : and if E be the fum of 
the 5th powers, then fhall '£=/>D — qC -\-rB— 
ps -f- 5/. A nd after the fame manner the ‘fum 
of -any powers of the roots may be found ; the 
progreffion of thefe expreffions of the fum of 
the powers being obvious. 

§ 17. As for the figns of the terms of the 
equation produced, it appears from infpe&ion 
that the figns of all the terms in any equation 
in the Table are alternately 4 - and — : thefe ' 
equations are generated by multiplying conti- 
nually x — - a, x — b t x — f, x — d t &c. by one 

another. 
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another. The firft term is always fome pure 
power of at, and is pofitive ; the fecond is a 
power of x multiplied by the quantities — a, 
— by — f, &c. And fince thefe are all nega- 
tive, that term muft therefore be negative. 
The third term has the produ&s of any two of 
thefe quantities (— a, — b , — c, & c.) for its 
coefficient ; which products are all pofitive, be. 
caule — X — gives +. For the like reafon, 
the next coefficient, confifting of all the pro- 
ducts made by multiplying any three of thefe 
quantities, muft be negative ; and the next po- 
fitive. So that the coefficients, in this cafe, will 
be pofitive and negative by turns. But “ in 
this cafe the roots are all pofitive fince x = a, 
x — by x Cy x — dy x = e, &c. are the af- 
fumed Ample equations. It is plain then, that 
“ when all the roots are pofttive, the ftgm are al- 
ternately + and — .** 

$ 1 8. But i f the roots are all negative, then 
*+<X* + ^X*+rX*+d) &c. = o, will ex- 
prefs the equation to be produced*, all whole 
terms will plainly be pofitive *, fo that “ when all 
the roots of an equation are negative, it is plain 
there will be no changes in the ftgns of the terms 
of that equation.** 

$ 19. In general, “ there are as many pofi- 
tive roots in any equation as there are changes 
in the figns of the terms from -f* to — , of 
from — to -f. } and the remaining roots are 

negative.’* 
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negative.” The' Rule is general, if the impof- 
fible roots be allowed to be either pofitive or 
negative. 

§ 20. In quadratic equations,- the two roots 
are either both pofitive, as in this 

(# — axx — b —) x % — ax-{-ab=zo, 

— bx 

where there are two changes of the figns : Or 
they are both negative, as in this 

(*+** «+ 1 =)*•+'],+«» = «, 
where there is not any change of the figns. 

Or there is one pofitive and one negative, as in 

i^xT+i =) *•-«? 

where there is neceflarily one change of the 
figns ; becaufe the firft term is pofitive, and the 
laft negative, and there can be but one change 
whether the fecond term be -f or — . 

Therefore the rule given in the 19th feltipn 
extends to all quadratic equations. 

$21. In cubic equations, the roots may be, 

i°. All pofitive as in this, x — a x x—b x x—c 
= o, in which the figns are alternately + and 
— , as appears from the Table ; and there are 
three changes of the figns. 

2®. The roots may be all negative, as in the 

equation x-\-axx+bxx-\-c = 0, where there 
can be no change of the figns. Or, 

3 *- 
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3*. There may be two pofitive roots and 
one negative» as in the equation x — axx — b 
X x-J-r = 0 > which gives 



Here there muft be two changes of the figns : 
becaufe if « -j- ^ is greater than r, the feeond 
term muft be negative, its coefficient being — a> 
mmm b e» . , 

And if a-^b is lefs than c, then the third 
term muft be negative, its coefficient -^ab- 
ac — be ( ab — c x a+b)* being in that cafe 
negative* And' there cannot poffibly be three 
changes of the figns, the firft and laft terms 
having the fame fign. 

4*. There may be one pofitive root and two 
negative, as in the equation x+a x x + bx 
x — - c = o, which gives , 

-\-b>x* — ae>x — abc = o. 

— c) — be) 

Where there muft be always one change of the 
figns, fince the firft term is pofitive and the 
laft negative. And there can be but one change 
of the figns, fince if the feeond term is ne- 
gative, or a -J- b lefs than c, the third muft be 

* Becaufe the rectangle a X l is’ left than the fquare " 
X « + b, and therefore much lefs- than a + b X c. 

negative 


r 
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negative alfo, fo that there will be but one 
change of the figns. Or, if the fecond term 
is affirmative, whatever the third term is, there! 
will be but one change of the figns. It ap- 
pears therefore, in general, that in cubic equa- 
tions, there are as many affirmative toots as 
there are changes of the figns of the terms of 
the equation. 

The fame way of reafoning may be • ex- 
tended to equations of higher dimenfions, and 
the rule delivered in § 19, extended to all kinds of 
equations. 

1 

§2 2. There are feveral confettaries of what 
has been already demonftrated, that are of ule 
in difcovering the roots of equations. But 
before we proceed to that, it will be convenient 
to explain fome transformations of equations* 
by which they may often be rendered more 
Ample, and the investigation of their roots 
ihore eafy. 



<080 
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C H A P. III. 

Of the Transformation of Equati- 
ons ; and ^terminating their, in- 
termediate 'terms. 

t ^ 

4 23, TI 7 E now proceed to explain the 
VV transformations of equations that 
are mod ufcful : and fitft, “ The affirmative 
roots of an equation are changed into negative 
roots of the fame value, and the negative roots 
into affirmative , by only changing the Jigttf of the. 
'terms alternately , beginning with the fecond'*- 
Thus the roots of the equation x* — x l — igx* 
+ 49*— 3°=?o are + 1>+ 2» + 3> — 5* where-, 
as the roots of the fame equation having only 
the figns of the fecond and fourth terms changed». 
viz. x*-f-x l — 19**> — 4gx — 30 = o k arc — - 1» 
— 2j 3» +5. 

- To underftand the reafon of this rule, let us 
aifume an equation, as* — ax* — £x* — OC 

x~dxx — e, &c. = o, whole roots are +a* 
+ b, -f c , +d, + e, &c. and another having its 
roots of the fame value, but affedted with contra- 
ry figns, as *-f-flX*-j-^X* + cX*+^X*+e» 
&c. =0 It is plain, that the terms taken al- 
ternately, beginning from the firft,, are the fame 

in 


I 


/ 



Alge b ft A# 



id both equations; havS (be fame figri; 
•** being products Of afl (Wen number of the’ 

roots j” the produdk of any ttfo roots having 

, • - 

the fame figrt as_ their product when both their 


figns are changed; as -f-<* x — b — — ajt^-b; 

But the fecond terms and all taken alter- 
nately front them, becaufe their coefficients in- 
volve always the products of an odd number 
of the toots; will have contrary figos in the 
two equations. For example, the product of 
four, viz. abed* having the fame fign in both; 
and ohe equation in the • fifth term having 
abcdx +' e > and tH^othet abed X — e; it follows 


that their product abcde jmjft have contrary 
ligns in the . two equations i. thefe two equa- 
tions therefore that have foe . fame roots,- but 
with contrary figns, have . nothing different but 
the figns of* the alternate terms; beginning with 

the fecond. From which .it follows; “ that if 

* •*. » *» • * • 

any equation is given; and you change the figns 
of the alternate terms, ' beginning with the 
fecond; the npw equation will have roots of the’ 
fame value; but with contrary figns.” 

§ 24. It is often very ufeful 1 ‘ to transform ari 
equation into another that Jhall have its roots 
- greater dr lefs than the roots of the propofed equa- 
tion by fome given difference 

Let the equation propofed be the cubic 
x'—px x + qx — r = o. And let it be required to' 
transform it into another equation whofe roots 
j. Ju- a fhalt- 


% 
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fhall be left than the roots of this equation by 
fome given difference (e), that is, liippofe 
y = x — r, and conlequently x — y + e ; then 
inftead of x and its powers, fubftitute jf + < 
and its powers, and there will arife this new 
equation. 


— fy * — 2 fey — pe l ( 

4 - v + i e \ 



whofe roots are left than the roots of the pre- 
ceding equation by the difference (e). 

If it had been required to find ; an equation 
whofe roots fhould be greater than thole of 
the propofed equation by the quantity (e), then 
we muft have fuppofed y = x + e, and confe- 
quently x —y — r, and then the other equation 
would have had this form •, 


(B)y'— %e'y— 

— py* 




If the propofed equation be in this form, 
x 3 qx-\-r=o, then by fuppofing x-\-e —y 

there will arife an equation agreeing in all re- 
fpefts with the equation (A) y but that the fe- 
cond and fourth terms will have contrary figns* 


And 
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And by fuppofing x — t—y % there will arife 
an equation agreeing with (B) in all relpe&s, 
but that the fecond and fourth terms will have 
contrary figns to what they have in (B). 

The firft of theie fuppofitions gives this 
equation, 

(C)y % — 3 ^* + 3 ^ — 1 

4 py'— 2 pey-\-pe*l 

4 * <D —i e \ 

+ r J 

The fecond fuppofition gives the equation 

4 39 * 1 - 3^7 4 *' 7 
4 - &*+*&+&* L _ 0 
4 w 4 ^ \ 

4-0 

§ 2 5. The firft ufe of this transformation of 
equations is to lhew “ bow the fecond {or other 
intermediate ) term may be taken away out of an 
equation.'* 

It is plain that in the equation (A) whole le- 

cond term is %e — p x y*> if you fuppofee=4/>, 
and confequently %e — p — o, then the fecond 
term will vanilh. 

In the equation (C) whole, fecond term is 

— Z e + P X y*t fuppofing e — \p t the fecond 
term alfo vanilhes. 

Now the equation (A) was deduced from 
* J — px*-t-qx — r =0, by fuppofing y—x — e: 

L 3 and 
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pnd the equation (C) was deduced from x % +fx t 
+ qx + r = o i by fuppofmg y = x «+■ e. From 
which this Ru}e may eafily be deduced for exr 
terminating the fecpnd |ejrm out of any cubi$ 
{equation. 

* 

RULE. 

f* Add to the unknown quantity of the given equa- 
tion the third part of the coefficient of the 

■ 

fecond term with its proper fign, viz. T 4?» 
and fuppoje this aggregate equal to a new un- 
known quantity (y). From (bis value of y find 
a value of x by tranfpofition , and fubftitute this 
value of x, and its powers in the given equa- 
tion , and there will arife a new equation that, 
Jhall want the fecond term}* 


EXAMPLE. 

Let it be required to exterminate the fecond 
term out of this equation, x 5 — px* + 2 6 x — - 
34 = o, fuppofa x — 3—y, or y+ 3 = x ; and 
fubftituting according to the rule, you will find 


y 5 - 1 - sp* + 2 yy 4 - 277 

— 9y t — 54y— 8.t f 

4 26^4. 78 f 

— 34, J 

* 





t 
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In which there is no term where y is of two 
dimenfions, and an afterifk is placed in the room 
■of the fecond term, to ihew it is wanting. * 5 
§ 26. Let the equation propofed be of any 
number of dimenfions reprefented by (n)\ and 
Jet the coefficient of the fecond term with its fign 

prefixed be — jp, then fuppofing x — — - = j, 

dttd confequently x = y -f- -jp, and fubftituting 

this value for x in the given equation^ there 
will ariie a new equation that ffiali want the ie- 
cond term. 

It is plain from what was demonftrated in 
Chap. 2. that the fum of the roots of the pro- 
pofed equation is + P » and fince we fuppofe 

» » 

y = x — it follows, that in the new equation, 

each value of y will be lefs than the refpe&ive 

value of x by ~ * and, fince the number of the 

roots is «, it follows that the fum of the values 
of y will be lefs than + p, the fum of the values 

of x, by » X — the difference of any two roots, 

4 n J 

that is, by -f p ; therefore the fum of the va- 
lues of y will be p — p ■=. o. 

But the coefficient 06 the fecond term of the 
equation of y is the fum of the values of y t viz, 
-f- p ' and therefore that coefficient is equal 
to nothing ; and confequently^ in - the equatidm 

L 4 of 
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pfy, the fecond term vanilhes. It follows then, 
that the fecond term may be exterminated out 
of any given equation by the following 

PULE. 

f* Divide the coefficient of the fecond term of the 
propcfed equation ly the number of dimenjions 
of the equation ; and affuming <2 new unknown 
quantity y, add to it the quotient having its 
Jign changed, ‘then fuppofe this aggregate 
equal to x the unknown quantity in the pro- 
pofed equation \ and for x and its powers , 
fuhftitute the aggregate and its powers , fo 
Jhall the new equation that, arifes wqnt i(s fe- 
cond term .** / 

i a 

t 

§ 27. If the propofed equation is. a quadratic, 
as x * — px ■+• ? = o, then, according to the 
wile, fuppofe y •+■ ip = #, and fubftituting this 
value for x , you will find, 

/• + n + iP* ] 

— py — ip l \ — o 

+ q 3 

yt • — -#‘ + ? = 0 . 

And from this example the ufe of exterminat-, 
jpg the fecond term appears : for commonly the 
folution of the equation that wants the fecond 
term is more .eafy, And, if you can $md the. 

value 
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f 1 

value of y from this new equation, it is eafy 
to find the value of x by means of the equation 
y + ip == x. For example, ♦ 

Since y* -f- q — -jjp* = o, it follows that 

f = — and j = ±^ip % — q, fo 

that x — y + 4rp = ip + ip* — q ; 
which agrees with what we demonftrated, Chap- 
ter 13 . Parti. 

If the propofed equation is a biquadratic, as 
x * — px* + qx* — rx + s = o, then by liippofing 
x — ip—y> or an equation fhall arife 

having no fecond term. And if the propofed 
is of five dimenfions, then you muft fuppofe 
x = y +. rP* And fo on. 

§ 28. When the fecond term in any equa- 
tion is wanting, it follows, that “ the equation 
has both affirmative and negative roots,” and 
that the fum of the affirmative roots is equal 
to the fum of the negative roots : by which 
means the coefficient of the fecond term, which 
is the fum of all the roots of both forts, va- 
nifhes, and makes the fecond term vanifh. 

In general , “ the coefficient of the fecond 
term is the difference between the fum of the 
affirmative roots and the fum of the negative 
roots and the operations we. have given ferve- 
only to diminifh all the roots when the fum of 
the affirmative is greateft, or increafe the roots 
when the fum of the negative is greateft, fo 

as 


I 
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as to balance them, and reduce them to an 
equaliar. 

It w obvious, that in a quadratic equation 
that wants the iecond term, there muft be one 
root affirmative and one negative ; and thefe 
muft be equal to one another. 

In a cubic equation that wants the iecond 
term, there muft be either, two affirmative roots 
equal, taken together, to a third root that muft 
be negative or, two negative equal to a third 
that muft be pofitive. 

Let an equation x* — px * + qx — r — o be 
propofed, and let it be now required to extermi- 
minate the third term.” 

By fuppofing y s= x •*- e, the coefficient Of the 
third term in the equation of y is found (fee equa- 
tion A) to be 3** — %pt + q. Suppofe that co- 
efficient equal to nothing, and by refolving the 
quadratic equation ge* — 2 pe + q = o, you will 
find the value of e, which fubftituted for it in 
the equation y — x — e, will fhew how to trans- 
form the propofed equation into one that fhail 
want the third term. 

The quadratic %e* — t pe q< — o gives 

e =1 - ~ . So that the propofed cubic 

wHl be transformed into an equation wanting the' 
third term by fuppofing y — x — v/> 3 ? ^ 


or y 


— «V •“*" ■■■ — ■ 1 ‘ 1 S 

3 


If 
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If the propofed equation is of n dimenfions, 
the value of e , by Which the third term may be 
taken away, is had by refolving the quadratic 

equation «'+-X< + — = o, fuppof- 

n »kw — I 

}ng — p and 4* f *° be the coefficients of the fe- 
cond and third terms of the propofed equa- 
tion. ' 

The fourth term of any equation may be taken 
away by folving a cubic equation, which is the 
coefficient of the fourth term in the equation 
when transformed, as in the fecond article of 
this chapter. The fifth term may be taken 
away by folving a biquadratic •, and after the 
fame manner the other terms can be exterminat- 
ed if there are any, 

§ 29. There ate other tranfmutations of equa- 
tions, that on fome occafions are ufeful. 

An equation, as x' — px* + qx — r = o, may 
he transformed into another that Jhall have its roots 
equal to the roots of this equation multiplied by a 
given quantity , as /* by fuppofing y = fx, and 

eonfequencly x = y, and fubftituting this value 

for x in the propofed equation, there will arife 

ji — % — r = o, and multiplying all by 
J j j 

/* • • 1 fpy'.+fqy—fr — o, where the co- 
efficient of the fecoiid term of the propofed equa- 
tion multiplied into / makes the coefficient of 

•' : ‘ ' the 
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the fecond term of the transformed equation ; 
and the following coefficients are produced by 
the following coefficients of the propofed equa- 
tion (as q, r, &c.) multiplied into the powers of 

f (f l > f** 

- Therefore , “ to transform any equation into 
another whole roots (hall be equal to the roots 
of the propofed equation multiplied by a given 
quantity” (f), you need only multiply the 
terms of the propofed equation, beginning at 
the fecond term, by /, /*,/’,/*, &c. and put- 
ting y inftead of x there will arife an equation 
having its roots equal to the roots of the pro- 
poled equation multiplied by (j ) as required. 

$ 30. The transformation mentioned in the 
laft article is of ufe when the higheft term of 
the equation has a coefficient different from 
unity ; for, by it, the equation may be tranf- 
formed into one that (hall have the coefficient of 
the higheft term unit. 

If the equation propofed is ex* — pt x -\-qx — r 
= o, then transform the equation into one 
whole roots are equal to the roots of the pro- 
pofed equation, multiplied by (a). That is, 

fuppofe y — ax, or x = — , and there will arife 

A 

P “%• + ? —- r = 0 * fo that ^ J + K* 

ra 1 = o. 

• * 

1 

/ « 

From 
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From which we eafily 'draw this 

RULE. 

“ Change the unknown quantity x into another 
prefix no coefficient to the bigbefi term, pafs 
the fecond, multiply the following terms, begin- 
ning with the third, by a,<s?, q } , a*, See. the 
powers of the coefficient of the bigbefi term of 
the propofed equation , refpe 3 ively .” 

Thus the equation^ 3*’ — 1 3**+ 1 4* + 1 6 = o, 
is transformed into the equation 

y' — + *4 X 3 X * -f. 16 X 9 = O, or 

y J — 13^* 4- 4** + 144 = o. 

Then finding the roots of this equation, it 
will eafily be difeovered what are, the roots of 
the propofed equation : fince 3* =jy, or x — ^.y. 
And therefore fince . one of the values of y is 

— 2, it follows that one of the values of * is 

2 

3 

§ 31. By the Iaft Rule “ an equation is eafily 
cleared of fraflioffl” Suppofe r the equation 

propofed is x 1 — —^x* -f = °* Mul- 

tiply all the terms by the produdt of the deno- 
minators, you find 

mne x x 1 — nep x x* 4 “ mtq X x — mnr sa o. 
Then (by laft fe&ion) transforming the equation 
into one that fhall have unit for die coefficient of 
the higheft term, you find 
y 5 — nep x y' + m % e*nq X y — m % n % e*r— o. 

Or, 
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Or, negie&ing the denominator of the laft 

Jf* 

term ■-*, you need only multiply all the equa* 

tion by mi, which will give 

mrxx* — np x * * + mq X *— 1 ■ — = And 

£ 

. *.4 *n 3 « 5 r 

then y t —npxy t +m*nqxy- — = o. 

Now after the values of y are found, it will 
be eaiy to difcover the values of x , fince, in the 

firft cafe, x = - 2 — ; in the fecond, x ~ 

mm mn 


For example, the equation 

x}* — ±x — = o,is firft reduced to 

*7 

this form jx 5 * — 4# — ■— = o, and then trans* 


formed into y l * — izy — »46 = o. 

Sometime», by theft transformations, “ ■Surdi 
are taken away” As for example. 

The equation x l — pt/a x ** + qx — r*/a s= a. 


by putting y =s >/a x x, or x = is trans* 

V ** 

formed into this equation, 

X £ + i X £-^*=0. 

Which hy multiplying all die terms by a%/a y 
becomes y l — pay 1 4- qay — r«*= o, equati- 
on free of fords». But in order to make this foe* 
ceed, the ford (</a) muft enter the . alternate 
terms hegianing, with- the fecond. 

• < % l 2 *- 
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§ 32., An equation, as x * — px*-\-qx-~ r=o, 
may be transformed into me wbofi roots jhall be 
the quantities reciprocal of x \ by fuppoiing 

y = — , and y = — , or, (by on©' fuppofition) 

X 

e , t 

* * * \ 

T 

'X =' — , becomes z 1 — * qz t + prz — r 1 — q. 

In the equation of y, it is manifeft that the 
order of the coefficients is inverted ) io that; if 
the fecond term had been wanting in the pro- 
pofed equation, the laft but one ihouldt have 
been wanting in the equations of y and z. If 
the third had been wanting in the equation pro» 
pofed, the laft but two had been wanting in the 
equations of y and z. 


Another ufe of this transformation is, that 
** the greateft root in the one is transformed into 

the kafi root in the other** For fince * =2 

and y = — » it is plain that when the value of ? 

is greateft, the value of y is leaft, and con» 
verfely. 

■ How an' equation's transformed io as to haw 
all its roots affirmative, fhall be explained in the* 
following chapter. 



A 
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CHAP. IV. 

Of finding the Roots of Equations 
when two or more of the roots 
are equal to each other. 

r • • 

5 23- T 3 EFORE we proceed to explain how 
JD to refolve equations of all forts, we 
fiiall firft demonftrate “ bow an equation that 
has two or more roots equals is deprejfed to a 
lower ditnenfion and its relolution made, con- 
fcquently, more eafy. And (hall endeavour to 
explain the grounds of this and many other 
rules we (hall give in the remaining part of this 
Treadle, in a more Ample and concile manner 
than has hitherto been done. 

In order to this, we mud look back to § 24. 
where we find that if any equation, as x* — px 1 
+ qx — r=o, is propofed, and you are to tranA 
form it into another that fiiall have its' roots’ 
lefs than the values of x by any given difference, 
as e, you are to affume y~ x — e, and fub- 
ftituting for x its value y -f- r, you find the 
transformed equation, 

f 4* 3V* + 3 e *y + e * 7 

— py' — zpey — /><?* (_ _ 

4* V + f 

< ’ - Where 
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Where we are to obferve, 

i°. That the laft term (e % — pe l + qe — r) is 
the very equation that was propofed, having e in 
place of x. 

2°‘ The coefficient of the laft term but one 
is ge x — %pe + y, which is the quantity that; 
arifes by multiplying every term of the laft 
coefficient < 3 — pe x ■+■ qe — r by the index of e 
in each term, and dividing the product 31’ — 
2 pe x 4- qe by the quantity e that is common to 
all the terms. 

3°. The coefficient of the ■ laft term but two 
is 31? — p , which is ‘ the quantity that arifes by 
multiplying every term of the coefficient laft 
found (3*’ — 2 pe -f q) by the index of e in each 
term, and dividing the whole by 2 e. 

§ 34. Thefe fame obfervations extend to 
equations of all dimenOons. If it is the biqua- 
dratic x ♦ — px i -{-qx x — rx-f-J = o that is pro- 
pofed, then by. fuppofing y = x — e, it will be 
transformed into this other, 

y* -f 4 O' 5 ~r foy -f v'y -I- e* T 

— py'— spy — 3 pe*y — pe 1 1 

•4- qy % 4* 2 qey qe 1 >• = o. 

— ry — re I 
4 - s J 

Where again it is obvious that the laft term is 
the equation that was propofed, having e in 
place of x. That the laft term but one has 

M fot 
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for its coefficient the quantity that arifes by 
multiplying the terms of the laft quantity by 
the indices of e in each term» and dividing 
the product by e. That the coefficient of the 
laft term but two (viz. 6e* — 3 pe + q) is de- 
duced in the fame manner from the term imme- 
diately following ; that is, by multiplying every 
term of 4#’ — %pe x + %qe — r by the index 
of e in that term, and dividing the whole by 
t multiplied into the index of y in the term 
fought, that is, by e X 2. And the next term 

. 6**xa — 3Pty.x 

is 41 — p = — . 

1- r 3/ 

The demonftration of this may eafily be made 
general by the Theorem for finding the powers 
of a binomial, iince the transformed equation 
confifts of the powers of the binomial y + e that 
are marked by the indices of e in the laft term, 
multiplied each by their coefficients 1, — /, 

+ q> — r, + j, &c. refpe&ively. > ‘ 

# 

§ 35. From the laft two articles we can ea- 
fily find the terms of the transformed equation 
without any involution. The laft term is had 
by fubftituting e inftead of x in the propofed 
equation ; the next term, by multiplying every 
part of that laft term by the index of e in 
each part, and dividing the whole by e ; and 
the following terms in the manner defcribed in 
the foregoing article •, the relpedlive divifors 

being 
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being the quantity e multiplied by the index of 
y in each term. 

The demonftration for finding when two or 
more roots are equal will be eafy, if we add to 
this, that “ when the unknown quantity enters 
all the terms of any equation , then one of its va- 
lues is equal to Hot ting.'* As in the equation 
x 1 — px * + i* — o, where x — o = o being 
one of the fimple equations that produce 
x s — px * + — o, it follows that one of the 

values of x is o. In like manner two of the 
values of x are equal to nothing in this equation 
x i — px* = o ; and three of them vanilh in the 
equation x* — px 1 = o. 

It is alfo obvious (converfely) that “ if x 
does not enter all the terms of the equation, 
i. e. if the laft term be not wanting, then none 
of the values of x can be equal to nothing 
for if every term be not multiplied by x, then. 
x — o cannot be a divifor of the whole equation, 
and confequently o cannot be one of the values 

of x. If x* does not enter into all the terms 

% 

of the equation, then two of the values of x 
cannot be equal to nothing. If x i does not en- 
ter into all the terms of the equation, then 
three of the values of x cannot be equal to no- 
thing, &c. 

§ 36. Suppofe now that two values of x are 
equal to one another, and to e *, then it is plain 
that two values of y in, the transformed equation- 

M 2 will 
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will be equal to nothing : fince y = x — e. 
And confequently, by the laft article, the two 
laft terms of the transformed equation mull 
vanilh. 

Suppofe it is the cubic equation of § 33. that 
is propoled, viz. x J — r= o; and be- 
caufe we fuppofe x = e, therefore the laft term of 
the transformed equation, viz. e % — pe % + qe — r 
will vanilh. And fince two values of y vanilh, 
the laft term but one, viz. 3 e x y — 2 fey -J- qy 
will vanilh at the fame time. So that 3«* — 
a pe + q = o. But, by fuppofition, e = x 
therefore, when two values of x, in the equa- 
tion x s — px*+ qx — r=o, are equal, it follows, 
that 3** — 2 px ? = o. And thus “ the 
propofed cubic is deprefied to a quadratic that has 
one of its roots equal to one of the-roots of that ' 
cubic.” 

. If it is the biquadratic that is propoled, viz. 
x*—px l -f- qx 1 — • rx 4- s = o, and two of its roots 
be equal ; then fuppofing e — x, two of the va- 
lues of y muft vanilh, and the equation of $ 34 
will be reduced to this form, 

y * -{- 4 ey l -}- 6 e*y* ) 

— fy* — a pey 1 >* * = o. So that 

4 - J 

A t% — 3 p? + 2qs — r = o ; or, becaufe x — e, 

4 x l — 3px % + zqx — r = o. 


/ 


In 
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In general, when two values of x are equal 
to each other, and to e, the two laft terms of 
the transformed equation vaniih : and confe- 
quently, “ if you multiply the terms of the 
propofed equation by the indices of x in each 
teem, the quantity that will arife will be = o, 
and will give an equation of a lower dimen- 
fion than the propofed, that fhall have one of 
its . roots equal to one of the roots of the pro- 
pofed equation.” 

That the laft two terms of the equation va« 
rrifh when the values of x are fuppofed equal to 
each -other , and to e, will alfo appear by con- 
lidering, that fince two values of y then be J ' 
come equal to nothing, the product of the va- 
lues of y muft vaniih, which is equal to the laft 1 
term of the equation ; and becaufe two of the 
four values of y are equal to nothing, it follows 
alfo that one of any three that can be taken out 
of thefe four muft be •= o ; and therefore, the 
products made by multiplying any three muft . 
vanifh j and confequently the coefficient of the 
laft term but one, which is equal to the fum of 
thefe products, muft vaniih. 

§ 37. After, the fame manner, if there are 
three equal roots in the biquadratic x* — fx l + 
qx* — rx ■+• s = o, and if e be equal to one of 
them ; three values of y (— x — t) will vanifh, 
and confequently y i will enter all the terms of 

M 3 the 


i68 A Treat i ns of Part II, 

the transformed equation ; ■which will have 
this form, 

y* -j- 4*y’ = So that here 

— py* 3 

6e l — %pe 4- q = o ; or, fince e = x, therefore, 
6x* — ipx + q = o : and one of the roots of 
this quadratic will be equal to one pf the roots 
of the propofed biquadratic. 

In this cafe, two of the roots of the cubic 
equation ax* — %px % 4- 2 qx — r — o are roots of 
the propofed biquadratic, becaufe the quantity 
6x* — %px 4- q is deduced from 4 * J — $px % 4- 
2 qx — r, by multiplying the terms by the .in-* 
dexes of x in each -term. 

In general, “ whatever is the number of 
equal roots in the propofed equation, they will 
all remain but one in the equation that is de» 
duced from it, by multiplying all the terms by 
the indexes of x in them ; and they will all re- 
main but two in the equation deduced in the 
fame manner from That j” and fo of the reft, . 

$ g 8. What we obferved of the coefficients of 
equations transformed by fuppofing y — x — e y 
leads to this eafy demonftration of this' Rule ; 
and will be applied tin the next chapter to de? 
rnonftrate the rules for .finding the limits of 
equations. 

It is obvious however, that though we make 
ufe pf equations whole figas change alternately,.. 

the 
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the fame reafoniog extends to all other equa- 
tions. 

It is a confequence alfo of what has been 
demonftrated, that “ if two roots of any equa- 
tion, as x s — px % -\-qx — r = o, are equal, then 
multiplying the terms by any arithmetical feries, 
as a + 3^» <* + a + b t a, the produft will 
be = o. 

For fince ax * — apx 1 + aqx — ar — o •, and 
3* 1 — 2 px -f q x bx =z o, it follows that 
-f fa* — apx 1 — 2 bpx' + aqx -f bqx — ar—t. 
Which is the product that arifes by multiplying 
the terms of the propofed equation by thfc 
terms of the feries, a + 3^, a -f 2b, a + b, a\ 
which may reprcfent any arithmetical progref- 
fion. 
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CHAP, V, 


Of the Limits of Equations, 


f ^9. T T 7 E now proceed to {hew hi>w to 
VV difeover the limits of the roots of 
equations, by which their folution is much fa- 
cilitated. 

Let any equation, as x 3 — px r -4- qx — r = o, 
be propofed ; and transfqrm it, as above, into 
tfr? equation - 


f 4 3?* 4 v'y 4- «* 

— py* — ipey — pe' 

4 & 4 q‘ 

r 


o. 


Where the values of y are lefs than the refpec» . 
tive values of x by the difference e. If you 
fuppofe e to be taken fuch as to make all the 
coefficients, of the equation of y, pofltive, viz. 
?—p? + qe—r> 3**— 2 pe+q, 2* — p> then 
there being no variation of the figns in the 
equation, all the values of ,y muft be negative j 
and confequently, the quantity <r, by which the 
values of x are diminifhed, muft be greater than 
the greateft pofltive value of x :■ and confer 
quently muft be the limit of the roots of the 
equation x 3 — px' -j- qx r = o. 


It 
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It is fufficient therefore, in order to find the 
limit, to “ enquire what quantity fubllituted for 
x in each of thefe exprefiions x l — px % -\-qx — r, 
gx* — 2 px + ?» 3 x—p* will give them all po- 
fitive for that quantity will be the limit re- 
quired. 

How thefe expreflions are formed from one 
another, was explained in the beginning of the 
laft chapter. 


EXAMPLE. 

§40. If the equation x s — 2x + — iox 5 + 30x* 
+ 63* +J 20=0 is propofed j and it is required 
to determine the limit that is greater than any 
of the roots ; you are to enquire what integer 
number fubllituted for x in the propofed equa- 
tion, and following equations deduced from, 
it by § 35, will give, in each, a pofitive quan- 
tity. 

£x* — 8 x* — 30X* + 6 ox 4- 63 
5* 3 — 6 x'— 15X + 15 

5 ** — 4* — 5 
Sx — %. 

The leaft integer number which gives each 
of thefe pofitive, is 2 i which therefore is the 
limit of the roots of the propofed equation $ 
or a number that exceeds the greatefi: pofitive 
root. 


If 
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If the limit of the negativi roots is required, 
you may, by § 23, change the negative into 
pofitive roots, and then proceed as before to find 
their limits. Thus, in the example, you will 
find that — 3 is the limit of the negative roots. 
So that the five roots of the propofed equation 
are betwixt — 3 and -f- 2. 

$ 41. Having found the limit that furpafies 
the greateft pofitive root, call it m. And if you 
afliime y — m — x, and for x fubftitute m — y t 
the equation that will arife will have all its roots 
pofitive ; becaufe m is fuppofed to furpafs . all 
the values of x, and confequently m — x (— y) 
muft always be affirmative. And by this means, 
any equation may be changed into one that Jhall 
have all its roots affirmative. 

Or if — n reprefent the limit of the negative 
roots, then by aflumingy z=.x-\-n, the propofed 
equation (hall be transformed into one that fhall 
have all its roots affirmative ; for + » being 
greater than any negative value of x, it follows, 
that y — x + n muft be always pofitive. 

§ 42. “ The greateft negative coefficient of any 
equation increafed by unit, always exceeds the greateft 
root of the equation.” 

To demonftrate this, let the cubic x* — px* 
— qx — r =5 o be propofed; where all the term 9 
are negative except the firft. Afiiimingj= x — e 
it will be transformed into the following equa- 
tion. 

(V 


I 


Chap. $. ALGEBRA. 173 


i 


(4P/+39‘+ 3<T + 

— py' — ipey— 
— V — 


e 3 

P' 

qe 

r 


— o. 


1®. Let us fuppofe that the coefficients p, q, r, 
ate equal to each other 1 and if you alio fuppofe 
e = p -{- 1, then the laft equation becomes 

(B) y 3 + 2^y* + />*j -f t 
+ 3 f +3Py 
+ 37 

Where all the terms being pofitive, it follows 
that the values of y are all negative, and. that 
confequently e , or p + 1, is greater than the 
greateft value of x in the propofed equation. 

2 s . If q and. r be not = p, but lefs than it, 
and for e you ftill fubftitqtep +. j (fince the.ne- 

® becomes Ids, the 

pofitive remaining undiminilhed) a fortiori , all 
the coefficients of the equation ( A) become po- 
fitive. And the fame is obvious if q and r have 
pofitive figns, and not negative figns, as we 
fuppofed. It appears therefore, “ that,, if, in 
any cubic, equation, p be the greateft negative 
coefficient, then p + 1 tnuft furpafs the greateft 
value of x. n 

§ 43. 3®. By the fame reafoning it appears, 
that if q be the greateft negative coefficient of 

the 


gative part 


C 
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the equation, and e = q + i , then there will be 
no variation of the ligns in the equation of y : 
for it appears from the laft article, that if all 
the three (p, q, r) were equal to one another, 
and e equal to any one of them increafed by 
unit, as to q 4- i » then all the terms of the 
equation (A) would be pofitive. Now if e be 
fuppofed ftill equal to q -f- i, and p and r to be 
lei's than j, then, a fcrti*ri t all thefe terms will 
be pofitive, the negative part, which involves p 
and r being diminilhed, while the politive part 
and the negative involving q remain as before. 

4». . After the fame manner it is demonftrated, 
that if r is the greateft negative coefficient in the 
equation, and e is fuppofed = r -j- i, then all 
the terms of the equation (A) of y will be po- 
fitive j and confequently r + 1 will be greater 
than any of the values of x. 

What we have- faid of the ctfiic equation 
*’ — px 1 + q# —> r =: o, is eafily applicable to 
others. 

In general , we conclude that “ the greateft 
negative coefficient in any equation increafed by 
unit, is always a limit that exceeds all the roots 
of that equation.” 

But it is to be obferved at the fame time, that 
the greateft negative coefficient increafed by 
unit, is very feldom the nearejl limit : that is 
beft difeovered by the Rule in the 39th article. 
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§ 44. Having {hewn in § 41. how to change 
any propofed equation into one that (hall have 
all its roots affirmative ; we {hall only treat of 
fuch as have all their roots pofitive, in what re- 
mains relating to the limits of equations. 

Any fuch equation may be reprefented by 

x — axx — bxx — cxx — &q. = o, whole 
roots are a. by c, d t &c. 

And of all fuch equations two limits are 
eatily difeovered from what precedes, viz. o, 
which is lefs than the leaft, and r, found ac- 
cording to § 39. which furpafles the greateft 
root of the equation. 

But betides thefe, we {hall now {hew how , 
** to find other limits betwixt the roots themf elves'* 
And, for this purpofe, will fuppole a to be the 
leaft root, b the {econd root, c die third, and {q 
on *, it being arbitrary. . 

§ 45. If you fubftitute o in place of the un- 
known quantity, putting x = o, the quantity 
that will arile from that fuppotition is the laft 
term of the equation, all the others, that involve 
Xy vantihing. 

. If you fubftitute for x a quantity lefs than the 
leaft root a, the quantity refulting will have 
the fame tign as the laft term *, that is, will be 
potitive or negative according as the equation is 
of an even or odd number of dimenfions. For 
all the fadlors x — <?, x — by x — c, &c. will 
be negative, and their product will be pofitive 

or 
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or negative according as their number is even 
or odd. 

If you fubftitute for x a quantity greater than 
the leaft root a, but lefs than all the other 
roots» then the fign of the quantity refulting 
will be contrary to what it was before j becaufe 
one faftor (x — a) becomes now pofitive, all 
the others remaining negative as before. 

If you fubftitute for x a quantity greater than 
the two leaft roots, but lels than all the reft, 
both the factors x — a , x — become pofitive, 
and the reft remain as they were. So that the 
whole produft will have the fame fign as the 
laft term of the equation. Thus fuccefiively 
placing inftead of x quantities that are limits 
betwixt the roots of the equation, the quanti* 
ties that refult will have alternately the figns -f* 
and — . And, eonverfely, “ if you find quanti- 
ties which fubftituted in place of * in the pro* 
poled equation, do give alternately pofitive and 
negative refults, thofe quantities are the limits 
of that equation.” 

It is ufeful to obferve, that, in general, 
** when, by fubftituting any two numbers for 
x in any equation, the refults have contrary 
figns, one or more of the roots of the equation 
muft be betwixt thole numbers.” Thus, in 
the equation x 1 — 2x l — 5 — 0, if you fubfti- 
tute 2 and 3 for x, the refults are — 5, -j- 4 j 
whence it follows that the roots are betwixt 2 

and 
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and 3 : for when thefe refults have different 
figns, one or other of the factors which pro-* 
duce the equations muff have changed its fign ; 
fuppofe it is x = e, then it is plain that e muff be 
betwixt the numbers fuppofed equal to x. 

§ 4 6. Let the cubic equation at* — px* -(- qx 
— r = o be propofed, a§d let it be transformed, 
by affirming y — x — e, into the equation 


y % + 3 ^* + 2 e *y 4 - e J 

— py* — 2 pey — pe' 

+ 2? H" 


= o. 


Let us fuppofe e equal fucceffively to the 
three values of x, beginning with the lead: value ; 
and becaufe the lafb term e % — pe*+ qe — r will 
vanifh in all thefe fuppofitions, the equation 
will have this form, 

J* + 3* + 30 

— py — 2 pe > = o j 

+ ? J 

where the laft term — ipe-\-q is, from the 
nature of equations, produced of the remaining 
values of y, or of the excefles of two other va- 
lues of x above what is fuppofed equal to e y 
fincc always y = x — e. Now, 

i*. If e be equal to the lead: value of #, then’ 
thofe two excefles being both pofitive, they 
will give a pofitive product, and confequently 
3e* — 2 pe+ q will be, in this cafe, pofitive. •’ 

2 °. 
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2°. If e be equal to the lecond -value of x, 
then, of thofe two excelles one being negative 
and one pofitive, their product 3V — 2 pe y, 

will be negative. 

3*. If e be equal to the third and greateft 
Value of Xy then the two excelles being both 
negative, their product $e* — 2 pe + j is pofitive. 
Whence, 

If in the equation 3^ — tpe + q — o, you 
fubftitute fuccelfively in the place of e t the three 
roots of the equation e 3 — pe* + qe — r = o, 
the quantities refulting will fuccelfively have the 
figns +, — , + > and confequently the three 
roots of the cubic equation are the limits of the 
roots of the equation 3«* — ipe + q = o (by 
§ 45.) That is, the leaft of the roots of the 
cubic is leis than the lead of the roots of the. 
other ; the lecond root of the cubic is a limit 
between the- .two roots of the other*, and the 
greateft root of the cubic is the limit that ex- 
ceeds both the roots of the other. 

# • ' 

§ 47. We have demonftrated that the roots 
of the cubic equation e 3 — pe*-{-qe — r = o are 
limits of the quadratic 3«» — ipe + q j whence it 
follows (converfely) that the roots of the qua- 
dratic %e* — 2 pe 4* q = o are the limits between 
the firft and fecond, and between the lecond and 
third roots of the cubic e 3 — pf-\- qe — r = o. 
So that if you find the limit that exceeds the 

greateft 


I 


t 
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greateft root of the cubic, by § 39. you will 
have (with o, which is the limit lefs than any 
of the roots) four limits for the three roots of 
the propofed cubic. 

It was demonftrated , in § 35. how the qua-, 
dratic 3;*— 2pe-\- q is deduced from the pro- 
pofed cubic e l — pe l -f- qe — - 1 = 0,- viz. by mul- 
tiplying each term by the index of e in it, and 
then dividing the whole by e ; and y?hat we have 
demonftrated of cubic equations is eaftly extend- 
ed to all others ; fo that we conclude, “ that the 
laft term but one of the transformed equation 
is the equation for determining the limits of 
the propoled equation/’ Or, that the equation 
artfing by multiplying each term by the index 
of the unknown quantity in it, is the equation 
whole ' roots give the limits of the propofed 
equation ; if you add to them the two men- 
tioned in § 44. 

§48. For the fame . reafon, it is plain that 
the root of the limple equation 3* — /» = o, 
( i. e. 4 p ) is the limit between the two roots of 
the. quadratic 3«* — ipe -f- q = o. And, as 
4# 5 — 2pe* + 2 je — r — o gives three limits of 
the equation e* — pe* + qe 1 — re -f- s s= o, lb 
the quadratic 6e l — $pe + q — o gives two li- 
mits that are betwixt the roots of the cubic 
4e 3 — ^ 3 pe* +. 2 qe — r = o •, and 4« — p = o 
gives one limit that is betwixt the two roots of 

, N • the’ 



i 
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the quadratic 6 e l — %pe -J- y = o. So that we 
have a compleat feries of thefe equations arifing 
from a limple equation to the propofed, each of 
which determines die limits of the following 
equation. 

% 

$ 49. If two roots in the propofed equation 
are equal, then “ the limit that ought to be be- 
twixt them muft, in this cafe, become equal to 
one of the equal roots themfelves.” Which 
perfe&ly agrees with what 'was demonftrated in 
the laft chapter, concerning the Rule for finding 
the equal roots of equations. 

And, the fame equation that gives the li- 
mits, giving alfo one of the equal roots, when 
two or more are equal, it appears, that “ if 
you fubftitute a limit in place of the unknown 
quantity in an equation, and, inftead of a po- 
ll tive or negative refult, it be found = o, then 
you may conclude, that not only the limit it- 
felf is a root of the equation, but that there 
are two roots in that equation equal to it and 
to one another.” 

$ 50. It having been demonftrated that the 
robts of the equation x l — px x + qx — r — o 
■ are the limits of the roots of the equation 
3 ** — ipx -f- q =: o, the three roots of the cubic 
equation, which fuppofc to be a, b t c, fubfti- 
tuted for x in the quadratic %x x — 2 px + q, muft' 
give the refults pofitive and negative alter- 
nately. 


r 
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hately. Suppofe thefe three refults to be -f- jVj 
' - — M, + L •, that is, 34* — 2 pa + q = JV, 

3 f* — 2 pc + q—Li and 
fince a* — + ?<* — r == o, and %a * — 2 pa*+qd 
— NX*> fubtra&ing the former multiplied in- 
to 3 from the latter, the remainder is pa* — 2 qa 
+ 3 r = NXa. In the fame manner pb* — 2 qb 
-J-jrss— Mxb, and pc* — %qc-\-2t =+Ixf. 
Therefore px * — iqx 4* 3r is fuch a quantity that 
if, for x, you fubftitute in it fuccefiively a t b, c % 
the refults will be+jV)<c, —Mxbi -J-Axr. 
Whence a, b, c, are limits of the equation 
px * — iqx+2r = ° (by § 45.) and, eonverfely , the 
roots of the equation px* — 2 qx + 3^ = 0 are 
limits between the firft and fecond, and be- 
tween the fecond and third roots of the cubic; 
#’ — px*- 1- qx- — r=o. Now the equation px * — » 
3 r= ° arifcs from the proposed ctibic by 
multiplying the terms of this latter by the arith- 
metical progreffion o, •— 1, —2, — ■ 3. And 
in the fame manner it may be lhewn that the 
roots of. the equation px % -^iqx* yrx — 4^=0 
are limits of the equation x 4 -— />*’ - f- qx * — rtf 
4 **r * o. 

Or, multiply the terms of the equation 

X 1 — px* -\-qx-*rz 3 .o 
by a+ 3 by a+ 2b, a-\-b , d , 

j-- — - - - ■ - "J ^ 

ax' — *• aptf*-\- aqx — ar (=0) 

4* %bx % — 2 bpx* + bqx (=^3^— 2 px +q xbx)* 

M 2 Any • 
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Any arithmetical feries where a is the leaft term 
and b the common difference, and the products 
(if you fubftitute for x, fucceflively, a , b, c, 
the three roots of the propofed cubic) ihall be 
+Nxbx t — Mxbx , +Lxbx. For the firft 

part of the product axx i — px*-f- qx — r=o ; and 
a, by Cy being limits in the equation 3 at* — 2 px+q. 
=0, their lubftitution muff give refults N t Mi 
Ly alternately pofftive and negative. 

In generalt the roots of the equation 'V* — 
px"— * -f- qx "—* — rx n ~ 3 +, fcfr. = o are limits of 

the roots of the equation xx* — 1 •— n — 1 xpx* - 4 

-f- n— 2 X qx "~3 — n —3 x rx* _ 44-> &c. — o % 
or of any equation that is deduced from it by 
multiplying its terms by any arithmetical pro- 
greflion a+b t a+ib, a + ^b t «+4J, &c. And 
converfely, the roots of this new equation will 
be limits of the propofed equation 

x* — px* - * -1- qx”-* — , (Ac. — o. 

** If any roots of the equation of the limits 
are impoffible y then muft there be fame roots of 
the propofed equation impojjible For as (in 
$46.) the quantity 3 if* — 2 pe + q was demon- 
ftrated to be equal to the produ£t of the ex- 
celles of two values of x above the third fup- 
pofed equal to e, if any impoffible expreffion be 
found in thofe excelles, then there will of con- 
fluence be found impoffible expreffions in thefe 
two values of x. 

And 


4 


r 
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And “ from this oblervation rules may be 
deduced for difcovering when there art impof* . 
Able roots in equations." Of which \fre fhall 
treat afterwards.' 

§ 51. Befides the method already explained, 
there are others by which limits may be deter- 
mined, which the root of an equation cannot 
exceed. 

Since the fquares of all real quantities are 
affirmative, it follows, that “ the futti of the 
fquares of the roots of any equation mufi be 
greater than the fquare of the greateft root” 
And the fquare root of that fum will therefore 
be a limit that mull exceed the greateft root 
of the equation. 

If the equation propoled is #*— px*— *+ qx*~ * 

— rx® - 3 -J_, &c. = o, then the funi of the fquares 
of the roots (by § 15.) will be p % — iq. So that 

z , 

*Jp x — 2 q will exceed the greateft root of that 
equation. 

Or if you find, by § 1 6. tlje fum of the 4th 
powers of the roots of the equation, and ex- 
trad the biquadratic root of that fum, it will 
alio exceed the greateft root of the equation. 

§ 52. If you find a mean proportional be- * 

tween the fum of the fquares of any two roots, 

a , b, and the fum of their biquadrates (a*-\-b*\ 

this mean proportional will be 
% 

*/ a b + a l b* -j- a*b l -f- b b . And the fum of the 

N 3 . cubes 
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cubes is a}-\-b x . Now fince a % — 2 ab+b* is 
the fquarfe of a — b, it mqft be always pofitive i 
and if you multiply it by die product 
a*b* — 2 a'b' + o*b* will alfo be pofitive * and 
confequently a*b x -^-a % b* will be always greater 
than 2a l b l . Add a 6 + b 6 , and we have.* 6 + ** 

b* -f o*b* -j- b 6 greater than a 6 4- irfb 1 4- i* i 

% 

and extracting the root V a b -j- a*b % -j- o x b* 
greater than a 1 + b 1 . And the fame may be 
demonftrated of any number of roots what* 
over. 

Now if you add the fum of all the cubes 
taken affirmatively to their fum with their proper 
figns, they will give double the fum of the 
Cubes of the affirmative roots. And if you 
fubtraCt the fecond fum from the firft, there 
will remain double the fum of the cubes of the 
negative roots. Whence it follows, that “ half 
the fum of the mean proportional betwixt the 
fum of the fquares and the fum of the biqua- 
drates, and of the fum of the cubes of the 
roots with their proper figns, exceeds the fum 
of the cubes of the affirmative roots anj} 

half their difference exceeds the fum of the 
Cubes of the negative roots.” And by ex- 
tracting the cube root of that fum and diffe-r 
rence, you will obtain limits that fhall exceed 
the fums of the affirmative and of the" negative 
Ipqts. And fince it is eafy, from what has 

been 
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been already explained» to diminilh the roots 
of an equation fo that they all may become ne- 
gative but one, it appears how by this means 
you may approximate very near to that root. 
But this does not ferve when there are impoffi- 
ble roots. 

Several other Rules like thefe might be given 
for limiting the roots of equations. We (hall" 
give one not mentioned by other Authors. 

In a cubic x } — px l -\-qx — r—o find q l — ipr 3 
and call it e*i then {hall the greateft root of 

f 

£ 

the equation always be greater than -j*, or 

✓3 

J — . And, 

■ 3 

In any equation X” — px n ~* -J- qx”~ 2, — rv*—J 

-J-, ©V. = o find 9 an( j extrafling the 

' root of the fourth power out of that quantity, 
it (hall always be lefs than the greateft root of 
the equation. 



N*. CHAP. 

■ • 


A 


A Treatise of Part II. 



CHAP. VI. 

Of the Refolution of Equations, all 
whole Roots are commenfurate. 


§ 52 ' T T was demonftrated, in Chap. %. that 
X the lafb term of any equation is the 
produdt of its roots : from which it follows, 
that the roots of an equation, when commenfu- 
rable quantities,'' will be found among the di- 
vifors of the laft term. And hence we have for 
the refolution of equations this 


RULE. 

Bring all the terms to one ftie of the equation , 
find all the dtvifors of the lajl term , and fub- 
; fiitute them fuccejjively for the unknown quan- 
tity in the equation . So Pall that divifor 

which , fubftituted in this manner , gives the 
refult = o, be the root of the profofed equa- 
tion . 


For example, fuppofe this equation is to be 
refolved, 

x l — $ax x -{- ia x x — 2 d l b ? 

— - lx 1 -f- 3 abx $ * 

where the laft term is ia x l, whole fimple lite- 
ral 
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ral divifors are a , b, 2a , 2^, each of which may 
- be taken either pofitively or negatively : but as 
here we find there are variations of figns in the 
equation, we need only take them pofitively. 
Suppole x — a the firft of the divifors, and fub- 
ftituting a for x, the equation becomes 


a t -%a i -\-2a l -2a*b 

-a'b+ia'b 


> or, $a'b = o. 


So that, the whole vanifhing, it follows that a 
is one of the roots of the equation. 

After the fame manner, if you fubfUtute b in 
place of x , the equation is 


• _ ^ab* + 2 a*b — 

— A’ - f- 3 ab x 



o 


» 


which vanifhing fhews A to be another root of 
the equation. 

Again, if you fubftitute 2 a for x, you will, 
find all the terms deftroy one another fb as to 
make tHi fum = o. For it will then be 


8 a 1 ■ — i ia % + — 2 a*b 

— 4 db + 6a*b 



o. 


Whence we find that 2 a is the third root of 
'the equation. Which, after the firft two (+a t 
+ b) had been found, might have been col- 
lected from this, that the laft term being the pro- 
duct of the three roots, + a % + b being known. 


t 
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* 


.the third muft neceflarily be equal to the laft 
term divided by the product ab % that is, = 


ia*b 

ab 


2 a. 


Let the roots of the cubic equation 
x 3 — jzx* — 33X + 90 = o be required. 

And firft the divifors of 90 are found to be 

1, 2, 3» 5 » 6 > 9 » I0 > * 5 » l8 » 3 °» 45 * 9 °* If you 
fubftitute 1 for x, you will find x* — 2# * — 33a? 

+ 90 =56-, fo that 1 is not a root of the equa- 
tion. If you fubftitute 2 for x, the relult will 
be 24 : but, putting x — 3, you have 
**- 2x*-33*+90=s 27 - 18 - 99+90= 1 17-1 17=0. 
So that 3 is one of the roots of the propofed 
equation. The other affirmative root is -}- 5 ; . 
and after you find it, as it is manifeft from the 
equation, that the other root is negative, you 
are not. to try any more divifors taken pofi- 
tively, but to fubftitute them, “negatively taken, 
for x : and thus you find that — 6 is the third 
root For putting x = — 6, you have 
x , -2x*-33x+90=-2i6-72+ 198-^-90=0. 

This laft root might have been found by di- 
viding the laft term 90, having its fign chang- 
ed,' by 1 5, the product of the- two roots already 
-found. 

• ‘ r / 

§ 55. When one of the roots of an equation 
is foqnd,; in order to find the reft with lefs trou- 
ble, divide the propofed equation by the fimple 
equation whiclj you. are to deduce from the root 
: ] . ' already 


\ 
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% 

already found, and the quotient lhall give an 
equation of a degree lower than the propoled ; 
s whofe root$ will give the remaining roots re- 
quired. 

As for example, the root + 3, firft found, 
gave #=3 or x — 3 = 0, whence dividing thus, 

x — 3) x* — 2x % — 33 #+ 9 © 
x 3 — 3* 1 

**— * 33 *+ 9 ° 

x * — * 3 * 

— 30X+90 
— 30x4-90 

... — I 

O O 

% 

0 

The quotient fhall give a quadratic equation 
x*-[-x — 30=0, which muft be the product of 
the other two Ample equations from which the 
cubic is generated, and whofe roots therefore 
muft be two of the roots of that cubic. 

Now the roots of that quadratic equation 
are eaOly found by Chap. 13. Part I. to be - 4 - 5 
and — 6. For, 



121 


add£ x-fi= 30 -fis=— , 



and . . . • # s? + — 

— a 



> 
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' § 56. After the fame manner, if the biqua- 
dratic x* — 2x 3 — 25x*-\-26x-\- 120=0 is to be 
refolved ; by fubftituting the diviiors of 120. 
for x, you will find that + 3, one of thofe di- 
vifors, is one of the roots ; the iubftitution of 
3 for x giving 81 — 54*— 225 -4- 78-^120 = 
279—279 =0. And therefore dividing the pro- 
posed equation by x — 3, you muft enquire for 
the roots of the cubic x 3 + x* — 22X — 40 = o, 
and finding that 5, one of the divifors of 40,. 
is one of the roots, you divide that cubic by 
x — 5, and the quotient gives the quadratic 
x*-j-6x-f-8=o, .whofe two roots are — 2, —4. 
So that the four roots of the biquadratic are 

■4* 3» ~f *5» 2 * “ ” 4* 

§ 57. This Rule fuppofes that you can find 
all the diviiors of the laft term ; which you may 
always do thus. 

“ If it is a Jimple quantity , divide it by its leqfi 
, ' divifor that exceeds unit , and the quotient 
again by its leaft divifor t proceeding thus till 
you have a quotient that is not divijible by any 
number greater than unit. This quotient, 
with thefe divifors, are the firft or Jimple di- 
vifors of the quantity. And the products 
of the multiplication of any 2, 3, 4, &c. of 
therq are the compound divifors'* 

As, to find the divifors of 60 ; firft I divide 
’ y 2, and the quotient 30 again by 2, then' the 
>' •: w - next 
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next quotient 1 5 by 3, and the quotient of this, 
divifion 5 is not farther divifible by any integer 
above units j fo that 

• * , 

The fimple divifors are . . . . .. 2, 2, 3, 5.. 
The products of two, . ... 4, 6, 10, 15, 
The products of three, .... 12, 20, 30.; 
The product of all four, 60. 

The divifors of 90 are found after the fame 

manner. 

Simple divifors, 2, 3, 3, 5: 

The products of two, .... 6, 9, 10, 15. 
The products of three, .... 18, 30, 45. 
The product of all four 90. 

The divifors of 21 abb. 

The fimple divifors, 3, 7, b, b. 

The products of two, 21,3«, 3 b, 7«, ab, bb. 

The products of three, 21«, 21 b t $ab, 3 bby 

jab* 7 bby abbi 

The products of four, 21 ab, 2 ibb, $abb> 7 abb. 
The produdt of the five, 21 ab, 

§ 58. But as the laft term may have very 
many divifors, and the labour may be very 
great to fubftitute them all for the unknown 
quantity, we fhall now fliew how it may be 
abridged, by limiting to a fmall number the 
divifors you are to try. And firft it is plain, 
from § 42. that “ any divifor that exceeds the 


I 


t 
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greateft negative coefficient by Unity is to be 
neglefted.” Thus in refolving the equation 
x * — 2x * — 25#*+ »6x + 120 = 0» as 25 is the 
greatefl negative coefficient, we conclude that 
die divifors of 1 20 that exceed 26 may be ne- 
glected. 

But the labour may be (till abridged, if we 
make ufe of the Rule in § 39 ; that is, if we 

find the number, which fubftitutcd in thefe fol- 
lowing expreffions, 

X 4 — 2X J — 25X*-J-26x-|-I20, 

2X 5 — — 25x4-13, • 

6x*— - 6 x — 25, 

2X — I, , 

will give in ' them all a pofitive refult : for that 
number will be greater than the greateft root, 
and all the divifors of 1 20 that exceed it may 
be neglected. 

That this, inveftigation may be eafier, we 
ought to begin always with that expreifion, 

1 

where the negative roots leem to prevail moft ; 
as here in the quadratic expreifion 6x 4 — 6x— 25 j 
where finding that 6 fubftituted for x gives that 
expreifion pofitive, and gives all the other ex- 
preffions at the fame time pofitive, I conclude 
that 6 is greater than any of the roots, and that 
all the divifors of 120 that exceed 6 may be 
neglected. 

If 




\ 


•V. 
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If the equation x i + 1 ix* + 10* — 72 = o is 
propofed, the Rule of § 42 does not help to 
abridge the operation -, the laft term itfelf be- 
ing the greateft negative term. But, by § 39. 
we -enquire what number fubftituted for x will 

give all- thefe expreflions pofitive : 

* ’ 

' x 1 rj- 1 tx * io* — 72, 

-f 22X 10, 

3* +n. 

Where the labour is very fhort, fince we need 
only attend to the firft expreflion j and we fee 
immediately that 4 fubftituted for x gives a po- 
fitive refult, whence all the divifors of 72 that 
exceed 4 are to be rejected ; and thus by a few 
. trials we find that -f 2 is the pofitive root of 
the equation. Then dividing the equation by 
x — 2, and refolving the quadratic equation that 
is the quotient of the divifion, you find the other 

two roots to be — 9, and — 4. 

* 

§ 59. But there is another method that re- 
duces the divifors of the laft term, that can be 
ufeful, ftill to more narrow limits. 

Suppofe the cubic equation x % — px*-\\qx — r 
— o is propofed to be refolved. Transform it 
to an equation whofe roots fhall be lefs than 
the values of x by unity, affirming jy = # — 1. 
And the laft term of the transformed equation 
will be 1 — P -\-<l — ‘ r i which is found by fub- 
ftituting unit, the difference of x and /, for x, 

in 
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in the propofed equation ■, as will eafily appear 
from § 24. where, when y=x — e, the laft term 
of the transformed equation was e* — pe % +qe — t. 

Transform again the equation x 1 — px* + qx 
— r = o, by affuming y = x + 1, into an equa- 
tion whofe roots ihall exceed the values of x 
by unit, and the laft tern* of the transformed 
equation will be — 1 — p — q — r, the fame 
that arifes by fubftitudng — 1, the difference 
betwixt x and y, for x, in the propofed equa- 
tion. 

Now the values of x are fome of the divifors 
of r, which is the term left when you fuppofe 
x=o *, and the values of then’s are fome of the 
divifors of + 1— *p+y— r, and of — 1 -p-q~r t 
refpedtively. And thefe values are in arithme- 
tical progreflion increafmg by the common dif- 
ference unit; becaufe x — 1, x, x -f- 1, are in 
that progreflion. And it is obvious the fame 
reafoning may be extended to any equation of 
whatever degree. So that this gives a general 
method for the relblution of equations whofe 
roots are commenfurable. 

RULE. 

“ Subfiitute in place of the unknown quantity fuc - 
. cejfvely the terms of the progreffion 1 , o, 
— i , &c. and find all the divifors of the fums 
that refuli\ then take out all the arithmetical 
progreffions you can find among thefe divifors , 

whofe 
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whofe common difference is unit j and the va- 
lues of x will he among the divifbrs arifing front 
the fubftitutions of x = o that belong to tbefe 
frogreffions »'* : The values of x will be affir- 
mative Whjen^he. arithmetical progreffion in- 
creafes, but negative when it decreafes. 

iEX AMPLfi. 

• • * I 

§ oo. Let Jt be required to firid one of the 
roots of the equation # 5 — -x* — io* -f- 6=0» 
The operation: is thus : . 


Suppofit. < Re/ultk ,| DihfiJbrs.\Arttb.pregi deer. 

-- * . . ■- .• - - - 


QyQyQIJg 



Where the fuppolltions of jc= r, x=o, x — — i 
give the quantity x* — x 1 — iox + 6 equal to —•4* 
6, 14 •, among: whole divifors we find only one 
arithmetical progreflion* 4, 3, 2 ; the term of 
which oppofite; to the fuppofition of x — o, be- 
ing 3, and thej leries decreafing, we try if — 3 
fubftituted fori x makes the equation vanilh j 
which fucceedipg one of its roots inuft be — 3. 
Then dividing the equation by x + 3, we find 
the roots of the (quadratic) quotient * 

x * — 4faf.+-2.=..o. are 2.+V2. 


§ 61. If it is required to find the roots of 
t)ie . equation x* — 3X 1 — 4 6 x — - 72 = o, the 
opefatiop will .be t^us : 
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Of thefe four arithmetical progreffions hav- 
ing their common difference equal to unit, the 1 
firft 
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firft gives *=9, the others give x =~ 2, #=-3» 
x.= — 4; all which fucceed except x = — 3 : fo 
that the three values of x are + 9, — 2, — 4. 

CHAP. VII. 

Of the Refolution of Equations by 
finding the equations of a lower 
degree that are their divifors. 

i 

§ 62. *T 10 find the roots of an equation Is 
X the fame thing as to find the Jimple 
equations, by the multiplication of which into 
one another it is produced, or, to find the fim- 
.pie equations that divide it without a remain* 
der. 

If fuch fimple equations cannot be found, 
yet if we can find the quadratic equations from 
which the propofed equation is produced, we 
may difcover its roots afterwards by the refolu- 
tion of thefe quadratic equations. Or, if nei- 
ther thefe fimple equations nor thefe quadratic 
equations can be found, yet, by finding a cub e 
or biquadratic that is a divifor of the propofed 
equation, we. ma/ deprefs it lower, and make 
the folution more eafy.‘ 

1 •. • 4 * 

O 2 Now 


4 
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Now, in order to find the Rules by which 
thefe divifors may be difcovered, we (hall fup- 
pofe that 

fimple 
quadratic 
cubic 

divilors of the propofed equation j and if E 
reprefent the quotient arifing by dividing the 
propoled equation by that divifor, then 

E x mx — », 

E X mx * — nx -j- r, 

or, E‘X mx 1 — nx l -j- rx — j, will reprefent the 
propofed equation itfelf. Where it is plain, 
that “ fince m is the coefficient of the higheft 
term of the divilors, it mud: be a divifor of 
the coefficient of the higheft term of the pm* 

' pofed equation." 


tnx — n 
mx % — nx + f 
tnx * — nx 1 4 - rx 


are the' 


§ 6 3. Next we are to obferve, that, fuppofing 
the equation has a fimple divifor mx — n % if 

we fubftitute in the equation E x mx— », in 
place of x , any quantity, as <7, then the quan- 
tity that will refult from this fubftitution will 
neceflarfly have ma — n for one of it? divifors j 
fince, in this fubftitution, tnx — n becomes 
ma — n. 

• ■ 

If we fubftitute focceffively for x any arith- 
metical progreffion, a , a—>e y ' a — 2e, &c. the 
quantities that will refult from thefe fubfticu- 
tions, will have among their divifors 

v • r M* 


i 
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ma — 0, 

1 

ma — me — 0, 

ma —2me — 0, which are alfo in -arithme- - 
deal progreffion, having their common diffe- 
rence equal to me. 

If, for example, we fubftitute for x the terms 
of this progreffion, 1 , o, — 1, the quantities 
that refult have among their divifors the arith- 
metical progreffion m — 0, — 0, — m — n\ 

' or, changing the ligns, 0 — m, tt> n + m. 
Where the difference of the terms is 0*, and the 
term belonging to the fuppofition of x — o 
is 0. 

% 64. It is manifeft therefore, that when, an 
equation has any fimple divifpr, if you fubfti- 
tute for x the progreffion 1, o, — 1, there will 
be found amongft the divifors of the fums that 
refult from thefe fubftitutions, one arithmetical 
progreffion at leaft, whole common difference 
will be unit or a divifor m of the coefficient of 
the higheft term, and which will be the coeffici- 
ent of x in the fimple divifor required : and 
whole term, arifing from the fuppofition of 
x — o, will be 0 the other member of the fim- 
ple divifor mx — n. 

■ From which this Rule is deduced for dilco-' 
vering fuch a fimple divifor, when there is 
any. 

I 

O ^ R U L Ei 
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RULE. 

«* Subjlitute for x in tbe frofofed equation fuc- 
cfffively the numbers x, o, — x. Find all the 
divifors of the fnmt that refult from this fub - 
ftitution , end take out all the arithmetical 
frogreffions yon can find amongfi them, vobofe 
difference is nmt % or feme divifor of the co- 
efficient of the bigheft term of the equation . 
Then fuppofe n equal to that term of any one 
frogrejjion that arifes from the fufpofition of 
x = o, and m ~ the forefaid divifor of the 
coefficient of the bigbeft term of tbe equation 
i which m is alfo tbe difference of tbe terms of 
ibis frogreffion } fo jhall you have mx — n 

for the divifor required 

% 

You may find arithmetical progfeflions giv- 
ing divifors that will not fucceed •, but if there 
is any divifor, it will be found thus by means of 
thefo arithmetical progrelfions. 

§ 65. If the equation propofed has the coef- 
ficient of its higheft term — 1, then it will be 
m = i, and the divifor will be x — n, and the 
rule will coincide with that given in the end of 
the laft chapter, which we demonftrated after a 
different manner } for the divifor being x — ff, 
the value of x will be + », the term of the 
progreflion that is a divifor of the fum that 
arifcs from fuppofing x = o. Of this cafe we 

gave 
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gave examples in the laft chapter; and though 
it is eaiy to reduce an .equation whole higheft 
term has a coefficient different from unit, to one 
where that coefficient fhall be unit, by § 30 ; 
yet, without that redu&ion, the equation may 
be refolved by this rule, as in the following 

EXAMPLE. 

§ 66 . Suppofe 8# } — 26**4- nx 10 = 0, 
and that it is required to find the. values of . 
x i the operation is thus : , . 


Suffof* 

Refults. 

Divifors. 

Prcgr. 

X~ 1 

c+ 3 

1» 3- 

3 3 

X— 0 

8*5— 20* x +ii* + IO=:< +10 


2 5 


C — 35 

*> S’ 7.35- 

* 7 


The difference of the terms of the laft arith- 
metical progrefiion is 2, a divifor of 8, the co- 
efficient of the higheft term x 1 of the equa- . 
tion, therefore fuppofing m — 2, n = 5, we try 
the divifor zx — 5 ; which fucceeding, it fieri- 
lows that zx — 5 = 0, or x = 2^. 

The quotient is the quadratic 4#* — 3# — 2 
= o, whole roots are , and - — 

fo that the three roots of the propofed equation 
are The other arith- 

O 4 mctica 
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metical progreflion gives x + 2 for a divifor ; 
but it does not fucceed. 


§ 67, If the prapofed equation has no Ample 
diyifor, then we are to enquire if it has not 
fome quadratic divifor (if itfelf is an equation 
of more than three dimenfions). 


An equation having the divifor *»** — me + r 
may be exprefled, as in the firft article of this 

chapter, by E y ***** — »* + *"» and if we fub- 
ftitute for x any known quantity 0, the fum that 
will refult will have me? — »0 + r for one of its 
divifors i and, if we fubflitute fucccflively for 
* the progreflion 0, 0 — e, a — 2e, 0 — 3?, &c. 
the fums that arife from this fubftitution will 

I» < « t t S h ■ * * ‘ ■ 

have 


me? — «0 4* 
my. a — — ny 


e + r* 


my a — 2e\ — » x 0 — 2e -| - r. 


my a 
&c. 


3 q — a x 0 — y + r, 


amongft their divifors, refpe&ively. 


Thefe terms are not now, as in the laft cafe, 
in arithmetical progreflion % but if you fub- 
traft them from the fquares of the terms 0, 
<* — r, 0 — 2 e, a — y, See. multiplied by m a 
divifor of the higheft term of the propofcd equa- 
tion, tha,: is frpm 
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ma\ 

m X a — fl , ' 

m x a — 2«r, 

w x a — 3«1 , &c. the remainders, 

t 

»0 — r, 

* X a — e — r, 

»X<* — 2 t-~~ r * 

«X « — • 3« r, &c. fhall be in arithme- 

tical progreflion, having their common difife- 
rence equal to n x e. 1 ' 

4 

\ r 

If, for example, we fuppofe the alTumed pro- 
greflion a, a — e, a — 2e, a — 3*, &c. to be' 
a, j, o, — 1, the divifors will be 

4 m — 2» -j - r, 

/» — n -j- r * 

+ r » 

» -J- » 4 " r > which fubtracted from 4 m t 

m, o, m, leave 2» — r, 

» — r, 

— r, 

— » «— r, an arithmetical progref- 
lion, whofe difference is + n ; and whole term 
ariling from the fubftitution of o for x is — - r- 

From which it follows, that by this opera- 
tion, if the propofed equation has a quadratic 
diviior, you will find an arithmetical progref- 
lion 
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fion that will determine to you n and r, the co- 
efficient m being fuppofed known; fince it is 
unit, or a divifor of the coefficient of the higheft 
term of the equation. Only you are to obienre, 
that if the firft term mx x of the quadratic di- 
vifor is negative, then in order to obtain an 
arithmetical progreffion, you are not to fub- 
traft, but add the diviiors — 4» — - 2» 4 r, 
—m — » + r, -fr, — » + to the terms 

4«, m, o, m. 


$ 68. The general Rule therefore, deduced 
from what we have laid, is, 

“ Subftitute in the propofed equation for x the 
terms 2, 1, o, — 1, &c. fucceffvely. Find 
all the divifors of the fums that refult , add- 
ing and fubtrabling them from the J quarts of 
. tbefe number s t 2, 1,0, — 1, &c. multiplied by 
a numerical divifor of the higheft term of the 
propofed equation , . and take out all the arith- 
metical progreffons that can be found amongft 
thefe fums and differences . Let r be that 
term in any progreffion that arifes from the 
fubftitution of x = 0, and kt~+ n be the diffe- 
rence arifing from fubtraRing that term from 
• the preceding term in the progreffion ; laftly, let 
m be the forefaid divifor of the higheft term ; 

then Jhall mx x + t — r be the divifor that 
. ought to be tried ” And one or other of 

the 
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the divKors found in this manner will fuc- 
ceed, if the propofed equation has a qua- 
dratic divifor. 

§ 69. Sqppofe» for example» the , biquadra- 
dratic x* — 5#* + 7#* — 5* — 6 = o is pro- 
pofed» which has no fimple divifor ; then to dis- 
cover if it has any quadratic divifor» the ope- 
ration is thus : 


f 
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The firft arithmetical progreflion gives -the 
divifor x ' — 3* — 2 *, the fecond gives x* — * «f + 3.: 
both which fucceed, lo that the roots of the two 
equations #* — 3* — 2=0, and x 1 — 2x4-3=30, 

viz. ^ ty.il and 1 + ^ — 2, are the four roots 
2 

of the propofed equation, the two laft of which 
are impoflible. The divifors which the other 
arithmetical progrefiions give, do not fuc- 
ceed. 

» ♦ 

§ 70. After the .fame manner a Rule may be 
difcovered for finding the cubic divifors, or 
thofe of higher dimeniions, of any propofod 
equation. 

• Suppofe the cubic divifor to be 
+ rx — s, and by fuppofing x equal to the terms 
of the arithmetical progreflion, it will be as 
follows : 


Suppof. 

Refults . 

Cubes of 
terms of 
progf. xm* 

\ft Difer. 

zdDiff. 

<5 

$ 

*== 3 

zjm — 9»+ 3 r — s 

2 jm- 

9 »r— 3 r+j 


2 n 

X=Z 2 

. 8 «— »-4»-4-2r — i 

8 m 

4*— 2 r+j 

$n—r 

zn 

*= I 

m — « 4 " r — j 

m 

n — r + 4 

n-y-r 

in 

x~ 0 

— s 

0 

+ ; 

— n — V 


*=-1 

—m— n— r'—i 

• - — m 

«+ r+s 

• 



Where the firft differences are not themfefves in 
arithmetical progreflion, as in the laft cafe, bur 
the differences of its terms, or the fecond dif- 
ferences, are in arithmetical progreflion, - the 

common 
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Common difference being a», whence n is known. 
The quantity r is found in the column of the 
fecond difference, and s is always to be aflumed 
feme divifor of the lad term of the propofed 

m is of the coefficient of the firft 
term* Whence all the coefficients of a divifor 
«of 1 — nx % + rx — s j with which trial is to be 
made, may be determined. 

If it is a divifor of four dimenlions that is re- 
quited* by proceeding in like manner* you will 
obtain a feries of differences whole fecond dif- 
ferences are in. arithmetical progreffion. If it 
is a divifor of five dimenlions that is required, 
you will obtain, in the lame manner, a pro- 
greffion whofc third differences will be in arith- 
metical progreffion ; and by obferving thefe 
progreffions, you may difeover rules for de- 
termining the coefficients of the divifor re- 
quired. 

The foundation of thefe Rules being, that, if 
an arithmetical progreffion «, a -j- e, a -J- 2e, 
a + 3«, &c. is allumed, the firft differences of 
their fquares will be in arithmetical progref- 
fion i thole differences being 2 ae-fae*, 2ae + 3«% 
2«<r-f 5?*, &c. whofc common difference is 2e\ 
And the fecond differences of their cubes, and 
the third differences of their fourth powers arc 
likewife in arithmetical progreffion, as is eafily 
demo nitrated. 

$ 7 U 


r 
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§ 71. Hitherto we have only fliewn how to 
find the diviiors of equations that involve but 
one Utter. But the lame rules' ferve for dif- 
coyering the diviiors when there are two letters» 
if all the terms have the fame dimeniions j for, 
** by fuppofing one of the Utters equal to junto, 
find the divifor by the preceding Rules, and then by 
compUating the dimenfms of the divifor, fubftitut- 
ing the Utter again for unit , you will have the 
divifor required .** 

Suppofe, for example, you are to find the 
divifor of 8x?t 2 6 ax* 4* 1 m*# + 10 a*=s: o, by 
putting a == 1, that quantity becomes 8 x *-~ — ifi** 

4 ii#+iO=o i whole divifor was found, 

$ 66 . to be 2a? — 5 i novf multiply the term 
— 5 by +<x, to bring it to the. fame dimen- 
iions as the other, and the divifor requited is 
a* — 5«. 

* , » 

$ 72. Belides. the method, hitherto explained 
for finding the diviibfs of lower dimenfions that 
may divide the propofed equation, there are 

others that deferve to be eonfidered. The 

• « 

lowing is applicable to equations of all forts, 
though we give it only for thofe of four dimen- 
fions. 

Let the biquadratic x*—px*+ qx x — rx +r==o 
be the equation propofed ; and let us. f b ppo fc 
it is the product of thefe two quadratic equa». 

lions, 

^ 
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X*— MX + RSO 

X #* — fe + / = o 

-j- t«k ) 

the terms of which will be equal, refpe&ively, 
to the terms of the propofed equation. 

In this equation, / and » being divifors of 
the lad term s, we may confider one of them 
(viz. 1) as known ; and in order to find m or k , 
we need only compare the terms of this equa- 
tion with the terms of the propofed equation 
rdpe&ively, which gives, 

i°. k = p. 

2*. mk + / + n = q. 

3 *. ml + nk— r. 

1 S/ M s. 

Now in order to find an equation that (hall 
involve only k, and known terms, take the 
twp values of m that arife from the firft and 
third equations, and you will find, 

taz^p — k = * (becaufe » == 4, by c- 

MM 

* j MM if 

qttatibh the fourth) = — j— = ■ l% <— \ whence 

_ pP—rl . 


kl * — rl — hy and k = -j ; and 

kx -f* / = O becomes 


pi*- 
the ^quadratic ' x* 


r 


pl'—rl , . 

X x + /=p. 


To 


\ 


iit 


diap. 7. ALGEBRA; 


To apply this t6 pra&ice, you mud fubfti- 
tute fuoceffively for l all the divifors of r, the 
lad term of the propofed equation, til] you 

f*/ 

find one ot them fuch, that ie* — *— — — x* + / 

* I — S 

can divide the propofed equation without a 
remainder. 


EXAMPLE. 


§ If the equation *♦— 6#'* + iox 1 — 34* 
—f- 35 = o is propofed* The diviibrs of 35 are 
1, 5, 7, 35 ; if you put / st r, the quadratic 
that arifes will not fueceed. But if' you fuppofe 
/ = 5, 'then the equation x* — kx + /, that is, 

-#* — ^ — — X x -J- / = o becomes 
* — r 

. 6x25 — 34X5 ; 1 ' , ' 

X 1 2 *2— 2* + 5 = 0 = *‘ — 2* + 5, 

which divides the propofed, equation. without a 

remainder, and gives the quotient **• — 4* + 35 

_ * 

= o. 


“ In: this operation it is unnecefiary to try any 
divifor /, that exceeds the iquare root of s, the 
lad term of the propofed equation.” And, if 

the propofed equation is literal, ** you need 
only try thofe divifors of the lad term that are 
of two dimenfions.” 

If, in any fuppofition of /, the value of k , 
viz. jr~~* becomes a fradion, then that fup- 
pofition is to be rejcded, and another value of / 
to be tried. 


P 


1 - 74 *' 
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§ 74. By comparing the lecond and fourth equa- 
tions of the laft article, you ipay obtain another 

value of k. For nz=zq — / — mkz=.~\ lb that 
* 

S 

(m being equal to p — k) y = q — / — pk-\- 1‘, 

• . 

and k* — pk-\-q — / *— - 4 - = o. Which give» 

k m rgp ifp % '' y 4* / 4" t* $0 that the 
quadratic divifor required becomes 

x 1 — ?P + +J ip — j4 - ^’l - 'y‘X ^4' ^ = Ok 

This divifor mult be tried when / = - 4 , and 

/ 


at the feme time / = — , the former expreflion 

Pot ferving in that cafe. 

By, this formula, divifors may be found whofe 
lecond terms may be irrational. 


% How tbe.di.vklbrs of higher equations may be 
found, when, they have any, may be underftood 
froip what has. been laid of thole of four di*- 
mcnljiops. 


t 


Supple-» 
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SU'PPLEKiENT to CHAP. VII. 

Of the Reduction of Equations by 

Surd divifors. 

A N equation of four, fix, or more dimen- 
fions, although it may admit of no ration 
nal diviibr, may have one that is irrational. As 
tfte biquadratic x*~ + px i + qx' + rx + J = o, 
which- we- fappofe to be irreducible by- any 
rational diviibr, may yet, by adding a fquare 
k'x* + iklx + /* multiplied into fome quantity n, 

be compleated into a fquare ipx + *|\ 

In which cafe wje fhalt have x* -f- if + §L~ •/# 

K 4f and x is found by the resolution of 
an affected quadratic equation. 

To. reduce a biquadratic equation itvthisman<> - 
ner, we have the following 

RULE, 

* If the biquadratic is x* +px i + 4- * = 

• where p, q, r, j, reprefdnt the given coeffici- 
. ents under tfieir proper figns, put q — 4?*=.«, . 
r — £apzx(3, s — = £. And for n take 
fbmo- intiger common divifor of (3 andii ^ that 
is not a fquare number ,. and which, if either p ^ 
Or r is an odd number, mufl be odd, and, di- 

* Atithmet* Univerf. pag. 264. 

P a tided 
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vided by 4, leave the remainder unity. Write 

Q 

. liiewife fer k fame divifor of £ if p is an 
even number, or the half of an odd divifor 
if p is oddi or o »/ (3 = o. Subtract — 

flk 

from ipk, and let the remainder be l. For 

HLput and try if dividing ££ — s by 

H, the root of the quotient is rational and equal 
to l j if it is, add nk'x* + 2 nklx + «/* to 
both ftdes of the equation, and extraSing the 

root you jball have x* + 4 fx + ^ s = » T 
X kx + /. 


EXAMPLE I. 

Let the equation propoled be x 4 + 12* — 17 
=o, and bccaufc^=o, q—O, r — 12, 17,- 

we fhall have «=0, (3 = 12, £:=— 17. And (3 
and 2£, that is 1 2 and — 34, having only a for 
a common divifor, it mult be n = 2. Again, 

~ = 6, whole divifors 1, 2, 3, 6 , are to be fuc- 


ceflively put for k, and — 3, — X — 1, — — 
for / refpedively. 

But that is k\ is equal to 4 ^ and 


2 = , 


And' when the even divilbrs a 

. * » 

and 6 are fubftituted for k, ^becomes 4 and 3 6 , 
* and 
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and ^ — s being an odd number, is not divi- 
fible by » (== 2). Wherefore 2' and <> are to be 
fet afide. But when 1 and 3 are written for k t 
is 1 or 9, and ^ — s is 18 or 98 relpedively •, 
which numbers can be divided by 2, and the 
roots of the quotients extracted, being + 3 and 
+ 7 $ but only one of them, viz- 3, coincides 
with /. I put therefore k— 1, l = — 3, = j, 

and' ‘ adding .to both fides of the equation 
ttJPx* + znklx -f- nl\ that is, 2#* — 12X + 1 8, 

1 

there refults x 4 4- 2**4- 1 =2x* — 12x4-18, and 
extrading the root of each, x*4- 1 = + >J2 xx— 3. 
Arid again, extrading the root of this laft, the 
four values of x, according to the varieties in 
the figns, are 

~~ 4 Va 4 ~ »J 3V2 “> — 4 V* v 3^2“--— j 

aV 2 4 — 3 v^ 2 ““~* 

I 

being the roots of x 4 4- 1 2x — 1 7 = o, the equa- 
tion at firft propofed. 

EXAMPLE II. 

Let the equation be x * — 6 x * — 58X* — 1 14* 

• — 11=0, and writing — 6, — 58, — 114, — 1 1 
for Pi q, r, s, refpedivdy, we have — 67 *, 

— 315 = P,.and — ii 334 = C* The numbers 

(2 and a£, that is — 315 and — ^*22, have but 

2 

1 

ope, common divifor 3, that is n =s 3. And the. 

P 3 divifors 
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divifors of — 105 = £ are 3, 5, 7, 15, at, 35, 
and .105. Wherefore I firft make trial with 

s 

3 = it and dividing — or — 1 05, by it get 

the quotient — 35, and this fubtra&ed from 
— 3 X 3» leaves 26, whole half, 13, ought 

be equal to /. But i or 7 ""^ that is, 

—20 is equal to and x = 4111, .whifcb 

is indeed divUible by »^=3 j but the jroet of 
the quotient j 37 cannot be extra&ed. There' 
fore I rejeft the divifor 3, and. try with 5 ^ ii 

Q 

bj which dividing -- e= — *0$. the quotient is 
r^-ax, and this taken from \pk =c — 3X 5, leaves 


6 == 2/. Jit the fame tinae, = 

1 ft 

4. And s t or 16 4 - 11, is 


-fo +75 _ 4 

2 


divihble by », and the root -of die quotient 9» 
that is, 3, coincides with Whence I .conclude 
that putting /=3, *=5, ^=4, .8 = 3, adding 
to both fides of the equatioh die quantity 
ftk z x l + inklx 4- 'that is, 7 ye 1 4- 90# + 27, 
Arid extracting .the rotots, . it will be - 

* 4 + fo'+A or , , . 

— 3* +.4 =?±V ,3 H 5 ^+ 3 * 




Example iii, r \ 

In like turner in the equation"** -^-9*’".+ 

wryfoig — 9.^15* 

. for 


✓ 


< 
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81 , . i 

-g-« that is,-. 


for p, q, r , s, there refult <*=— 54, — 5'of- = |3, 
stz £. The common divifors* ef (3 and 2£, 

that is, of ^ and are 3, 5, 9, 15, 27, 45, 

135.J but 9 is a fquare, and 3, 15, 27, 135 di* 
vided by 4 do not leave unity for a remainder, 
as is required when p is an odd mynber. Set* 
ting thefe abde there remain only 5 and 45 td 
be tried for n. Firft let n = 5, and the halves 

Q 

of the odd divifors of — = - 

n 

— , — , ape to be tried for k. If £ =e — , 

2'. .2’ 2? 2 - - - 2’ 

A D 

the qUotfeht — ■ — of L divided by k t taken from 

■ipk or — -2, leaves 18 = 2 /; and 

=; — - 2j ^ — 13= -r- 5, which Is divifible by 5, 
but the root of :the quotient — 1, which fhould 

be /a= 9, is imaginary. Put next i = —, and 

B . ’ 11 ' 1 gj ‘ 

the. quotient 0/ -r- divided by k, or of — g- by 

— , is — — . This fubtra&ed from ipk — — — , 

* + . . 4 

leaves nothing, that is, / = o. * Again, 

& (= —- ■) = 3, and — j as o, and 
/ (= = °* From which coincidence 

I infer that » s= 5, f =! “» ^ ==■' °i and adding 

2»$# + »/*, that is, y x* t0 both Tides of 
the equation, I find x* — 4-ix + 3 — ^5 X •*#. 

P 4 Literal 


ei8 
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Literal equations may be treated much in 
the fame way. And, if you put n — i, the 
fame Rule will give you the rational divifor of 
a biquadratic equation, if it admits of one. Thus 
for die equation x+ — x»-f 5**+ 12* — 6=0, 

putting n '== i I find k — l = — 1 and 
* • ^ 2 

the equation is reduced to the two quadratics 
p * — g# + 3 = o arid x* + 2# — % zz o. 

Q 

, When the divjfors of are to mpny that it 

would be troublefome to make trial with them 
all for k y their number may be reduced by .find- 
ing all .the divifors of as — |r\ For to oife of 
thefe, or to its half when odd, the number 
piuft be equal, t 

The ground of this Rule is as follows. - 
If a biquadratic equation x++px*- J- qx* -f- rx 
rF s 5 s o». in which p q, r, /, are the given co* 
efficients with their figns, and the equation is 
fuppofed clear of fra&ions and furds ; if this 
equation. c$n be compleated into a fquare, in 
the manner already deferibed, we ihall have 
#♦+ px' + qx* + rx + s -f »£*#* -f 2 nklx + xl*=: 
nk'x' + mk lx -}- ^ + + that is, 

x* + ^ 5 + q +.»£*x ** + r+ 2 nkl x x+j-f nt 1 

= + +*£+.&>* x * + p%,Xx + %. 

-And comparing, the terms, we get thefe three 
tqu^tipns, ... 

?. l f nk' = 2^,+ ip\ 

2 . 


* 


2X 9 
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t 

a. r + znkl—pQ, 

3 - J + »/*= 

in which there being four unknown quantities, 
they can. be found only by trial. 

The values' of i^, taken from the fir ft and fe- 
cond equations and made equal to each other, 

(writing, as in the Rule, 


give n — 


if 9 ~ if r 


%kl — tyJt % 


0 


g — ip 1 = «, and r — \a.p — (3) = — 

Whence, if the quantities », % /, Qj, are to bfc 
found, it follows, (l®.) That n being a divifor 

of Pj giving the quote k X ipk — 2 /, k Will t>e'k 

divifor of — , giving the quote \pk — 2 1 . j and 

that fubtradting this quote from ipk t l will be 
equal to half the remainder. (2®.) In the firft 

equation we had — — — * and, from the third. 


£ = 




n 


(3®,) Becaqfe -i* + ink* and 


*a*— $ 2 1 


I 


nP=%— s , as w-fs'-k a- 
(if £ — s — >*) = that is, b 

divides 2£ by /t* x *+ /*. Aqd if the 
feveral values of the quantities «, if, /, aniwer 
to thole conditions, or coincide, it is a proof 
that they have been rightly aftiuned ; and that 
. adding to the given equation the quantity 

» x kx + /|\ it will be compleated into the 
fctiare x*+ ip + ^l\ It 
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It was faid that will always be lome divifor 
of ets — -Jr*. For as = aig — «»/*, and taking 
from hoth •*/■*= iP % $£ — p%*kl -f- artV*, feeing 

the remainder — * -f x nl* — + 

-pStykl — has 

* in ’every term ; the thing is manHeft. 

It is netdkfs to be particular as to the fever al 
limitations in the Rule, feeing they follow ea- 
fily from the algebraical expreffions of the quan- 
tities* Tou are not, for inftanoe, if you feek 

* r 9 

a furd divifor* to take n a fquare number, for 


if * is a fquare number, t/n x hx -f / would be 
rational. Or if a is a multiple of a fquare, as 

* x «*, then, at leaft, m x kx -|- / would be ra- 
tional, and n would be depreffed to>. 

Let us examine one cafe, when p is even 
4 ni r tdi ; and by the Rule n mud be an odd 
number, a multiple of 4 more unity. 

j. Seemg ]3 = r — f«p, or (3 +i«p=r, of the 
numbers /3 and \ap one muft be even and the 
ether odd, that their Tum r may be odd. If (3 
-is. odd, its -divifor n muft be ’.odd likewife. 
Suppofe (3 to be even, then f*p, and confe- 
•quently fp and a are both odd. But if * is odd, 
• 3 % = 2 s — • fie 4 will be half an odd. number, and 


-h ite divifor is odd. 

' ' 

In this cafe, is half an odd mtfnber. For 
’ 4 et it be an integer, pj^will be an even nuin- 
:ber. But if ^is an integer, ib muft I, becaufo 


* •’f 




/ 
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/ + ss ^ } and 2»i/ muft be even. And 
r + 2»£/ (an odd number) =r^^an even num- 
ber, whitb is abjurd. 

;z. Let N reprefent any number in genera], 

/ m odd number ; then I fey, every odd 
number is a multiple of four, more or lefs unity” 
that is, I = 4iV+ j. “ The fquare of an odd 
number is 4 N +a ," and ** if from fuch a fquate 
there be taken any multiple of 4, the remainder, 
if greater than. unity, syill be. 4iV-^.r.” 

Hence it follows that n = 4 N For fee- 
ing ril % —<z£- — s i bccaufe /.and ^arethe halves 
of odd numbers, we have, according to the pre» 

lent notation, = — ^ or without the 

^ 4 4 

common denominator irx I* = /• — • 4s, that is, 

n X 4N -j- 1 = 4JV -f 1, and cpnfequentljr, 

# = 4iV+j. For it is not 4N — - 1 but 4JV+ 1 
that can give the product 4IV -f- 1 . 

1 

In like manner the other limitations may be de- 
termined. We fhall add only, this remark more. 

That if k '= o, neceflarilyp = 0 ; for in this 
cafe and £* 5 >==r, whence p (=r — i*p) 

But the comnerfe of this is not univerfelly 
true, although it is for moft part. For (3 be- 
ings: X although i be a real * 

quantity, if fp/t = 2/ or / = p will vanilh. 

In this cafe we may ufe the following 

RULE 
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RULE I. 

“ Of the compound divifOrs of 2% take one 
that is a multiple of a fquare number, but itfelf 
not a fquare, . as nk x , and try if the quotient 

—rr = * -j- ink* — ip x *, if this happens put 

**•4* if* 4- *» 4* i»* 1 = X. & + tM*” 

Thus in the equation x * -f- **’ — 37#* — 38# 
-f. 1 = 0, where *= — 38, j 9 =bi 2£= — 720: 
whole divifors are many, but by infpe&ion 
only I can reject the leaft to the purpoie, and 
trying with 45 = 5 X 3 X 3 , the quotient 

H = — • 16 = -^ 38 -f ^ .Which gives 

8 2 2 

« 1 ■ ■ . — 'i 

*• + * 4- T = ^5 X 3* 4- i- 


RULE II. 

r 

w When (3 — o, and likewife k = o, n being 

• _ «a*— j 

fome divilbr of if - — - — is a fquare num- 

ber,- the root of this fquare lhall be 
As in the equation # 4 + 2#*+ 6**4- 5* — 5= °» 
It being * = 5, (3 == 0, 2^=? Q taking »=5, 

* =: -2, - that is, / = = ■£. And 

• * • 4’ ^ * a’ ^ 2 

I' ? . . 

** + * + f = X f . 

. ' What 


1 
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What has been faidmay lead to the inven- 
tion or demonftration of fimilar Rules for the 
higher equations of even dimenfions, if any 
©nepleafes to take the trouble. 



CHAP. VIII. 

Of the R dotation of Equations by 
Cardans Rule, and others of that 
kind. 

k . 

% 75. TT 7 E now proceed -to (hew how an 
VV expreffion of the root of an equa- 
tion can ' be obtained that lhail involve only 
known quantities* -In Chapter 11. Part I. we 
fliewed how to relolve fintplt equations j and 
, in Chapter 13. we fhewed how to refolve any 
quadratic equation, by. adding to the fide of the- 
equation that involves the unknown quantity, 
what was neceflary to make it a compleat Square, 
and then extracting the fquare root on both fides. 
In § 27 of this Party we gave another method i 
of refolving quadratic equations,: by taking away 
the fecond term : where it' appeared that if , 

X* — px + q = O, x == \p + -s/tp* — q. 

5 76. 'fhe fecond term Can be taken away out 
of any cubic equation, by § 25 ; fo that they all 
may be reduced to this form, x J *+ f# + r =. o. 

Let 
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fuppofe that the cubic root of the binomial 

r -i- 'A' 1 — q* is m + </») — — kfn 

r= 2 m. And fince x = z -f- p* it follows that 

#=p-4-2«: 

§ 79. But as the iquare root of any quantity 
is twofold , ** the cube root is threefold and 
can be exprefled three different ways. 

Suppofe the cube root of unit is required* 
and let y = 1 , or y* — 1 = 6, then Cnee unit 


itfelf is a. cube root of. 1* one of the values of 
y is r, fo that the equation y — 1 =0 (hall divide 
tfc firft equation y ' — i = 6, and the quotient 


/+>4- 1 = o relolved, gives y = 



fb that the three expreflions of ^iare 1, — 

I 

— i — s / — 3 


and 


And, in general* the cube 


root of any quantity jP may be A, or 

x4 or I 


~ 1 ^ — X fo that the 


2 2 

cube root of the binomial r -f- Vr* — g 3 may be 


as we fuppofed above, or 


-1 + ^ 


I m, J *2 % 

X « + V#> or x wf v'»- And 

Jm 

hence we have three expreflions for x, viz. 
x*. x = p 4- 2m t 

2*. x = p — m + V— 3a * , . 

3 0 . x = p — m — 


3”i 


and 
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and thefe give the three roots of the propofed 
cubic equation. 

EXAMPLE!. 

$ 80. Let it be required to find the roots of 
the equation x 3 — i2x‘ -{- 41# 4 2 = °* 

Comparing the coefficients of this equation 
•With thole of the general equation 

l x ~~ 2r 1 u i 

+ 3 P's — P* ^ = q, you And, 

+ J 

i e . 2P = 12, fo that p= 4 , 

a* 3p* — 3? (=48 — 3?) = 41 • • • 

3«. p 3 -ir(=-36— 2r; = -42..r=3« 

and eonfequently, r* 4- j 3 — 9 — ?= ■< — 

and r + Vr 1 — q* = 3 + -J “• Now the' 

27 

cube root of this binomial is found to be* 

1 , 

— t -4- v — 1 — (=**» + V») *« Whence, 

l*.X=p+ 2 «= 4 — 2 = 2 . 

2*.x=p — »1 — V — 3«=4+i— ^4=5-2= 3^ 

3*.x=p-“OT+V— 3»=5 + i = 7. 

• * * * 

So that the three roots of the propofed equation 
are 2, 3, 7. 

You may find other two exprefiions of the cube’ 
toot of 3 + «y — ~p befides — *+*/ 

* Seftion 1 3 1. Part I. 

vix. 
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i 


:iz. — + J — — , and — — — J — — ; bat 
2 v 12 2 v 12 

thefe fubftituted for » + ^* give the fame va- 
lues for *, as are already found. 


EXAMPLE II. 

• In the equation x’-f- 1 gx % -f" 84* — 100 = o, 
you find j> = — 5, g = — 3 , r = 135, and 

r + vV l — j 3 = 135-J-V 18252, whofe cube root 
»33+^12» lo that* (=p+ =-5 + 6=1. 

The other two values of x, viz. — 8+V — 36, 
— 8 — V — 36, are impolfible. 

After the fame manner, you will find that the 
roots of the equation x*+ x* — r66x+- 660=0, 
are — 15, 7iV5* The Rule by which we may 
difcover if any of the roots of an equation are 
bnpoffible , lhall be demonstrated afterwards. 

§ 82. The roots of biquadratic equations may 
be found by reducing them to cubes, thus. 

Let the fecond term be taken away by the 
Rule given in Chap. 3. And let the equation 
that refults be 

x+* +■ qx % +. rx + . s = o. 

And let us fuppofe this biquadratic to be the 
produft of thele two quadratic equations, 
x* -jr ex -\- f == o 
x* — ex +g = o . 

#♦*4- / 7 , , 

+ £ I — °* 


Where 
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Where e is the coefficient of x In both equa- 
tions but affe&ed with contrary figns ; becaule 
'when the fecond term is wanting in an equa* 
tion, the fum of the affirmative roots muft be 
equal to the fum of the negative. 

- r 

i 

Compare now the propoied equation With the 
above product, and the refpe&ive terms put 
equal to each other will give f-\-g — e* = y, 
tg — ef = r, fg = s. Whence it follows» that 

f -f- g ^ g — / 1= — j and confer 

quently /+£ + £— /(=2^; = f + ** + A 
i + t% + ~ 

and g =c *— ■ — - — the fame way* you will 

find, by fubtra&ion» &c. f as — , and 

/X^(=rj = “Xy* + 2^ + a* — ^ t ancl 

multiplying by 41% and ranging the terms, you 
have this equation, 

' I 

/ + 2qe* + y 1 — 4 j X r‘ =i o* 

Suppofe e* =: y, and it becomes y* -J- iqf -f* 

— 4 sy — t x = o, a cubic equation whole roots 
are to be difeovered by the preceding articles. 
Then the values of y being found, their fquare 
roots will give c (fince y = f) $ and having *, 
* Q^a you 


I 
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you will find / and g from the equations 

# + *- 7 * + '* + 7 

/= , £ = . Laftly, ex- 

tracting the roots of the equations x*+ ex -f /= o, 
— ex 4* g = o, you will find the four roots of 
the biquadratic x**qx'+ rx + s — o ; for either 

*= — — /, or, x =+-^r+ v^ 1 — g. 


$ 83. Or if you want to find the roots of 
the biquadratic without taking away the Second 
term ; fuppofe it to be of this form, • 

? -tr > 

+ 4 Pi + fi 

and the values of x will be 

x p — a + s/ — a% ‘ 

and x — p -J-<* + ^/ p x +q — 
a* is equal to the root of the cubic. 


2 r 
a 



where 




o. 


The demonstration is deduced from the laft 
article, as the 78th is from the preceding. 


CHAP, 

I 
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CHAP. IX. 

Of the Methods by which you may 
approximate to the roots of nu- 
meral Equations by their limits. 

* 

§84. TT 7 HEN any equation is propofed 
W to be refolved, firft find the li- 
mits of the roots (by Chap. 5.) as for example, 
if the roots of the equation x* — r6x 55 = o 

are required, you find the limits are o, 8, and 
1 7, by* § 48 ; that is, the leaft root is between 

0 and 8, and the greateft between 8 and 17. 

In order to find the firft of the roots, I con- 
fider that if I fubftitute o for x in x 1 — 1 6x + 55, 
the refult is pofitive, viz. 4- 55, and confe- 
quently any number betwixt o and 8 that gives 
a pofitive refult, muft be left than the leaft root, 
and any number that gives a negative refult, 
muft be greater. Since o and 8 are the limits, I 
try 4, that is, the mean betwixt them, and fup- 
pofing x=4, x l — 1 6x + 55 = 1 6— 64 + 55 = 7, 
from which I conclude that the root is greater 
than 4. So that now we have the root limited 
between 4 and 8. Therefore I next try 6, and 
fubftituting it for x we find x* — 16x4-55 = 36 
■—96+ 55 =—5 » which refult being negative, 

1 conclude that 6 is greater than the root re- 
quired, which therefore is limited now between 4 

0*2 and 


i 
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and 6. And fubftituting 5, the mean between 
them in place of x, I find x* j6x -f- 55 
= 25 — 80 55 — • o ; and confequently 5 is 

the lead root of the equation. After the fame 
manner you will difcover it to be the greateft 
root of that equation. 

§ 85. Thus by diminifhing the greater* or 
increafing the letter limit* you may difcover the 
true root when it is a commenfurable quantity. 
But by proceeding after this manner, when you 
have two limits* the one greater than the root* 
the other letter, that differ from one another but 
By unit, then, you may conclude the root is 
incommtnfurtble. 

% 

We may however, by continuing the ope* 
ration in fractions, approximate to it. As if the 
equation propofed is x*— 6 x~\- 7=0, if we fup- 
pole x — 2, the refuit is 4 — ta -f* 7 = — 1, 
which being negative, and the fuppofition of 
jr 3: o giving a pofitive refuit,' it follows that 
the root is betwixt o and a. Next we fuppofe 
*=t.; whencex^— 6x4.7=51— *64-7=1+2, 
which being pofitive, we infer the foot is be» 
twixt 1 and 2,- and confequently incommenfu* 
fable. In order to approximate to it, we fuppofe 

x— if, and find xV— 6 x 4 * 7 =? 2 ^ — 9+7 = — » 

4 

and this, refuit. being pofitive, we infer the root 
ipwft bf t and ii. And therefore we 


2 33 
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try 14, and find #• — 6x+ 7 = 42 — — + 7 

* 4 

= 3-1V — IOT-V+ 7 = — which is nega- 
tive ; lb that we conclude the root to be betwixt 
14 and if. And therefore we try next 14» 
which giving alio a negative refult, we conclude 
the root is betwixt if (or 14) and 14. We try 
therefore i-py* and the refult being pofitive, we 
conclude that the root mull: be betwixt 1 and 

144, and therefore is nearly i44* 

« 

§ 86. Or you may approximate more eafily 
by transforming the equation propoied into an» 
other whole roots lhall be equal' to 10, 100, or 
1000 times the roots of the former (by § 29.) 
and taking the limits greater in the fame pro» 
portion. This transformation is eafy ; for you 
are only to multiply the fecond term by 10, 100, 
or 1000, the third term by their fquares, the 
fourth by their cubes, CsV. The equation of the 
lad example is thus transformed into x * — 600# 
-f- 70000 = o f whole roots are 100 times the 
roots of the propoied equation, and whole li- 
mits are 100 and 200. Proceeding as before, 
we try 1 50, and find x* — 600* -f- 70000 =s 
. 22500 — 90000 -j- 70000 = 2500, fo that 150 
is lefs than the root. Tou next try 175, which 
giving a negative refult muft be greater than 
the root: and thus proceeding you find the 
root to be betwixt 158 and 159: from, which 

0.4 . yw 
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ycu infer that the leaft root of the propofed equa? 
tion x* — 6 x 7 =• ° is betwixt 1.58 and 
1.59, being the hundredth part of the root of 
X* — 60 OX -J- 7OOOO = Q. 

§ 87. If the cubic equation x’ — 1 5** + 63* 
— 50 = o is propofed to be refolved, the equa- 
tion of the limits will be (by §48) 3 x 1 — 30* 
4- 63 ^=0, or x 1 — iox + 21 = o, whole roots 
^re 3, 7 *, and by fubftituting o for* the value 
of x * — 1 5X* + 63* — 50 is negative, pnd by 
fubftituting 3 for x, that quantity becomes po- 
fitive, x = 1 gives it negative, and x = 2 gives 
it pofitive, fo that the root is between 1 and 2, 
^ and therefore incominenfurable. You may pro-? 
ceed as in the foregoing examples to approximate 
to the root. But there are other methods by 
which you may dp that more eafily and readily ; 
which we proceed to explain. 

§ 88 . When you have difcQvered the value of 
the root to left than an unit (as in this example, 
you know it is a little above j ) fuppofe the diffc • 
fence betwixt its real value aqd the number that 
you have found nearly equal to it, to be repre- 
sented by/; as in this example. Let x= j 4/ 
Bubfticute this value for x in this equation, thus, 

* 5 = ?+ 3 /+ 3/*+/ J 

— 15*’=— 15— 30 f—isr 

4r 63X = 63 -j- 63/ 

■*- 5° =— 5° • 

x 1 — 15 ^+ $3* —59 = - * + 3 6 /— 1 *f* +/* = o. 

Now 


\ 


% 
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« 

Now beeaufe f is fuppofed lefs than unit, its 
powers /% /’, may be negle&ed in this appro- 
ximation ; io that afluming only the two firft .. 

terms, we have — 1+36/= o, or/=-g=z.027j 

fo that x will be nearly 1.027. 

You may have a nearer value of x by con- 
fidering, that feeing. — 1 4* $ 6 / — 1 2/* +/* = o, 
it follows that 

/ = ' 3 6 _■',/+ r (by fubffituting js for f> 

^ = '° 2803 ' • 

§ 89. But the value oi f may be corre&ed 
and determined more accurately by fuppofing 
g to be the difference betwixt its real value, and 
that which we laft found nearly equal to it. 
§0 that /= .02803 + £• Then by fubftitut- 
ing this value for / in the equation 
/* — 12 /*+36/ — 1=0, it will ftand as follows, 

0.000022022 6 + 0.002357£ +0.0849£*+£3 

— 12/^z:- .0094.28*6 —0.67272 g — I2f* 

+3^ = 1.00908 ■+» 36^ 



= -0.0003 26 1 3 74 + 3 5 . 3 2963 yg — 1 1.9 1 95£M-£*= o. 

* 

Of which the firft two terms, neglecting the 
«ft* give 95.329637 X£ =0.0003261374, and 


0003261374 

35*3 2 9637 


0.00000923127. So that 

• v 

1 


f = 0.02803923 127} and *=14. /= 1 .02803923 1271 


which is very near the true root of the equation 


that was propoied. 
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If (till a greater degree of exa&neis is re- 
quired, fiippofe b equal to the difference be- 
twixt the true value of g, and that we have al- 
ready found,, and proceeding as above you may 
correct the value of r. 


$ 90. For another example ; let the equation 
to be refolved be x l — 2x — 5 = 0, and by 
fome of the preceding methods you difcover one 
of the roots to be between 2 and 3. There- 
fore you fuppofe x = 2 + /, and fubftituting 
this value for it, you End 


* J = 8+12/+ 6/*-f/n 

— 2 x = — 4 -? */ > = a 

~ 5 =— 5 J 

= — * + 10 /+ 6 /*+/ 5 i 

, \ 

horn which we find -that 16/ = 1 nearly, or 
/=0.1. Then to correct this value, we fup- 
pofe /= 0.1 + g* and find 


p = O.OOI + 0.03 1 + 0.3£*+£ s 
6 p— 0.06 + i.a jf + 6. g % 

re f = 1. +10. g 

a ■ - — — ■ >■■ ■ 

= 0.061 + 1 1.23 g + 6 - 3 f + g *> 



fo that g = 


— 0.061 
11-^3 


0.0054. 


Then by fuppofing g = — .0054 -{- b, you 
may correct its value, and you will find that the 
root required is nearly 2.09455147. 

$ 9 1, 
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$ 91. It is not only one root of an equation 
that can be obtained, by this method, but, by 
making ufe of the other .limits, you may difco- 
ver the other roots in the lame manner. The 
equation of § 87, 15#* -f - 63*-— 5° = o, 

has for its limits o, 3, 7, 50. We have already 
found the lead: root to be nearly 1.028039. If 
it is required to find the middle root, you pro- 
ceed in the lame manner to determine its neared: 
limits to be 6 and 7 ; for 6 fubftituted for x 
gives a pofitive, and 7 a negative reiiilt. There- 
fore you may fuppofe x — 6 -J- /, . and by fub- 

ftituting this value for x in that equation, you 

\ 

find p -J- 3 / * — 4=0, fo that f— ~ 

nearly. Or fince / = li * s 


ftituting for f) f— = Irr, whence 

/ V t ' “ 


6 
tT 


605’ 


x — 6 + nearly. Which value may ftill 

be corrected as in the preceding articles. After 
the fame manner you may approximate to the 
value of the higheft root of the equation. 

§ 92.. “ In all thefe operations, you will ap- 
proximate fooner to the value of the root, if 
you take the three lad terms of the equation, 
and extract the root of the quadratic equation 
confiding of thefe three terms.” 

Thus, in § 88, inftead of the two laft terms 
of the equation /* — 3^— 1=0, if 

you 
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ybu take the three lad and extra# the root of the 
quadratic 12/*— 3 Sf 1 = 0, you will find 
/ =5 .028031, ' which is much nearer the true 
Value than what you difcover by fuppofing 
36/— 1 = 0. 

It is obvious that this method extends to all 
equations. 


$ 93« “ By afluming equations afic&ed with 
general coefficients, you may, by this method, 
deduce General Rules or 'Theorems for appro- 
ximating to the roots of propofed equations of 
whatever degree.” 

Let/ 5 — pf % -}- qf — r =s o reprefent the equa- 
tion by which the fraction / is to jje deter- 
mined, which is to be added to the limit, or 
fubtrgfted from it, in order to have the near 

MM f* 

value of x. Then qf — r = o will give/= — t 


But fince / = by fubftituting for 

f» we have this Theorem for finding / nearly. 



After the fame manner, if it is a biquadratic, 
by which/is to be determined, as f * — 

■— */-f - s = o, then / being very little, we lhall 

have / = •£■ i which value is corrected by con- 

fidering 


% 


/ 


I 


Chap. 9. ALGEBRA. 3.39 

fidcring that f = — ^^rr^ : ( b y fubftitut ; 
“S7 for ^ = ‘ y [ ps ‘ ' “~ 7 > wbence we hare 


r — « //- >*' : 

*" r r‘ fl 

this Theorem for all biquadratic equations, 

r* Xf . . ‘ • ; • 

§ 94. Other Theorems may be deduced by 
affuming the three terms of the equation, and 
extrading the root of the quadratic which they 

form. ... ; 

Thus, to find the value of / in the equation 
fi — pf* 4 . qf — r — o where f is fuppofed to 
be very little, we negled the firft term /*, and ex- 
trad the root of the quadratic pf l — y/+r=o, 

or of /* — ~ X /+ ~ = ° i and we find 

/ = X + 7 -i +4 = 2ii!E^«arI y . 

J 5^ — V AP* 2 P 1 

But this value of / may be qorreded by fup- 
pofing it equal to w, and fubfiituting m' for /* 
in the equation / J — #‘+2/-rr==o, which will 
give »*— r=o, and pf 1 — qf+ r—m l 
— o j the refolution of which quadratic equation 

gl V£s / = ?i^SS, ' ve ry near the 
true value of /• 

After the fame manner you may find like 
. Theorems for the roots of biquadratic equa- 
tions, or of equations of any dimenfion whatever. 
’ , $ 95 * 


I 
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$ 9 5. In general, let #• +p**— *+ ?#•“*+ 
r**-3 4 -, tsic. -J- A — o reprefent an equation of 
any dimenfions 1% where ^ is fiippofed to repre- 
lent the absolute known term of the equation. 
Let k reprefent the limit next lefs than any of 
the roots, and fuppoGng x = k + /, fubftitute 
the powers of k +/ inftead of the powers of 

sr, and there will arife *+/" + p x *+/*~ 1 + 

f X 1+7»-* -fr x I+7—J* Wf. +i#= o, or 
by involution, dilpofing the terms according to 
the dimenfions of f ....... . 





x 


-IX 

I 


» 


+ 

<5 






✓ 



where 
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where neglecting all the powers of / after the 
firft two terms, you find 

*e 


l 

£ 


i 



whence particular Theorems for extracting die. 
roots of equations may be deduced. 


$ 96. “ By this method you may difeover 
Theorems for approximating to the roots of 

fttrt 



«4* ^Treatise of Part It 

fore powers j” as to find the n root of any num- 
ber A i fuppofe k to be the neareft lefs root in 
integers, and that k -f-/ is the true root, then 

fliall *•+ nk*~*f+ n X &c. = A\ 

and, afluming only the two firft terms, 

f— — — r : or, more nearly, taking the three 
firft terms. 


A~k* 


/= 


2 

A—k* 




* and (taking ~~ — f) 




. , I **-•*, A-P 




m f*- 1 
« , 

(putting m ■= A~^ b) ~ 


zk 


km 


»^+*— X/w 
2 


; which 


is a rational Theorem for approximating to f. 

You may find an irrational Theorem for it# 
by afluming the three firft terms of the power 

of k+f viz. b+nk*-'f+ n x = A. 

2 

For nk*—'f + it x 


a—* 


ff 

V 


2 -£*—*/» — A — k* — m 
and refolving this quadratic equation, you find 


/=— -~±y 

w a — I — ^ 


2 m 


n x a~i x k*~~ z + 


k* 


k 2 mn — 2m -f- nk 




»•— r 


n xo— ii & 


i—» 


la 
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In the application of thefe Theorems, when 
a near value of / is obtained, then adding it 
to k, fubfticute the aggregate in place of k in 
the formula, and you will, by a new operation, 
obtain a more corredt value of the root re- 
quired ; and, by thus proceeding, you may ar- 
rive at any degree of exadtnefs. 

Thus to obtain the cube root of 2, fuppofe 
i = i, and / (= — A = — = 0.25. 

nk" + 4 

In the fecond place, fuppofe k = 1.25, and / 
will be found, by a new operation, equal to 
0.009921, and confequently, s/z = 1.25992 1 
nearly. By the irrational Theorem, the fame 
■value is difcOVered for •/!. • 



R 


CHAP. 
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CHAP. X. 

Of the Method of Series by which 
you may approximate to the root& 
of literal equations. 

i 97* T F there be only two letters, x and a y 
A in the propefed equation, fuppofe a 
equal to unit, and find the root of the numeral 
equation that arifes from the fubHitution, by 
the rules, of the laft chapter. Multiply t^efe 
roots by a , and the products will give the roots 
of the ptopofed equation. 

. Thus the roots of the equation x* — i6x-j- 
55 -= o are found, in § 84, to be 5 and 1 1. 
And therefore the roots of the equation 
x* — 1 6ax 4- 55<** = o, will be 5« and 11«. 
The roots of the equation x ’ + a x x — 2a 1 = o 
are found by enquiring what are the roots of 
the numeral equation x* + * — 2 = o, and fince 
one of thefe is 1, it follows that one of the roots 
of the . propofed equation is a ; the other two 
are imaginary. 

§ 98.- If the equation to be refolved involves- 
more than two letters, as x* + a'x — 2 a} + oyx 
—y t — o, then the value of x may be exhibited 
in a feries having its terms compofed of the 
powers of a and y with their reljse&ive coef- 
ficients i. 
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ficients ; which will “ converge the fooner the left 
y' is -in refpebl of a t if the terms are continually 
multiplied by the powers of y* and divided by 
tbofe of a.” Or, “ will converge the fooner the 
greater y is in refptft of a , if the terms be con- 
tinually multiplied by the powers of a t and divided 
by tbofe of y” Since when y is very little in 

refpea of a, the terms y, &c. 

decreafe very quickly. If y vanilh in relpeCt 
of a, the fecond term will vanilh in relpeCt of 

y* 

the firft, fince ~ : y : : y : a. And after the 

«3 ^ ^ 

fame manner ^ vanilhes in reipedt of the term 

> 

immediately preceding it. 

But when y is vaftly great in refpeft of a, 

(I* A % 

then a is vaftly great in refpedt of and — in 
lefpeft of ^ i fo that the terms a, — , 

— , &c. in this cafe decreafe very fwifdy. In 

either cafe, the feries converge fwiftly that con- 
lift of fuch terms ; and a few of the firft terms 
will give a near value of the root required. 

§ 99. If a feries for x is required from the 
propofed equation that lhall converge the fooner, 
the lefs y is in refpeft of a ; to find the firft 
term of this feries, we lhall fuppofe y to va- 
nilh} and extracting the root of the- equation 

R a ** 
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, x 1 + a*x — 2 a 1 = o, confiding of the remaining 
parts of the equation that do not vanilh with 7, 
we find, by § 97, that x = a ; which is the true 
value of x when y vanilhes, but is only near its 
value when y does not vanilh, but only is very 
little. To get a value dill nearer the true value 
of x , fuppole the difference of a from the true 
value to be p, or that x — a-^-p. And fub- 
dituting a + f in the given equation for x, 
you will find, 

x l 

-f- a*x 

— 2 a 1 

-}- ayx 

— y % 


= a' -r-ia'p zap' -f-/' > 

= <*’ - j- a*p I 

— — 2 a { l = o 

= ay -f- apy 1 

= — y l J 


= A^p + Z a P x + P 1 _ o. 

a x y + apy — y 1 J 

But fince, by fuppofition, y and p are very 
little in relpeft of a, it follows that the terms 
4 a'p, ay , where y and p are feparately of the 
leaji dimenfions, are vadly great in refpeft of 
the red ; fo that, in determining a near value 
of p, the red may be neglected : and from 
4 a x p + a x y = o, we find p — — So that 
x — a -{■ p — a — -Jy> nearly. 

Then to find a nearer value of p, and con* 
fequently of x, fuppofe p = — + q, and fub- 

ftituting this value for it in the lad equation, 
you will find. 
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P' — — Tif 4 - -hy'q — &q' 4 - 

gap 1 = -hay 1 — l*yq 4 - 3 a q % 

4a l p = — ay ~l~ 4 ay 

ayp = — W -{- ayq 

ay = ay 

— y* = — y 3 


= o 



= 4^ 3 4 - -rs-fq — &q % 4 - ? 5 

— i*yq 4 - 3°t 

4-4 <?q 

And fince, by the fuppofition, y is very little 
in refpeft of p, which is nearly = — there- 
fore q will be very little in refpeft of y ; and 
confequently all the terms ©f the lad; equation 
will be very little in refpedt of thefe two, viz. 

— n a /' + 4 a*q, where y and q are of lead: 
dimenfions feparately : particularly the term 

— \ayq is little in refpedt of 4 a'q, becaufe y is 
very. little in refpe£t of a ; and it is little in 
refpedt of — -r^ay*, becaufe q is little in relpedt 
ofj. 

Negleft therefore the other terms, and fup- 
pofing — T V«jy* + 4tfq = o, you will have 

« == ^ X « 4} fo that * = a-^ + i-x£ 

And by proceeding in the fame manner you will 


find x = a 
See. 


Z + JL 

4 64 a 


"T 


5°9r 4 


5I2<J 4 16384«* 


. § 100. When it is required to find a feries 
for x that fhall converge fooner, the greater y is 

R 3 w 
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in refpett of any quantity a, you need only fup- 
pofe a to be very little in refpedt of jr, and 
proceed by the fame reafoning as in the laft 
example on the fuppofition of y being very 
little. 

Thus, to find a value for x in the equation 
x * — a x x -f- — y* — o that fhall converge the 

fooner the greater y is in refpeft of a, fuppofe 
a to vanifh, and the remaning terms will give 
— jy 3 = o, or x=y. So that when y is vaftly 
great, it appears that x —y nearly. 

But to have the value of x more accurately, 
putx=^+/, then 

*’= y 1 + 3y % f + a yP'+P % 

■— * % X SB - 0 % y 4?P 

+ ayxz= *y x + ayp 

— y ' = - f 



= i +3y x p+3yp'+p'--*'y -~ a% P 
+ <9* + a yp • 

where the terms 3 y*p + ay % become vaftly greater 
than the reft, y being vaftly greater than a or 
f i and confequently p bs — - f a nearly. 

Again, by fuppofing p = — 4* -f q, you will 
transform the laft equation into 

— rr a ' + 3 y'z + V4* 

— o*y — ayq — aq % > = o j 

— Wi 3 

✓ 

where the two terms 3 qy* — a*y muft be vaftly 
greater than any of the reft, a being vaftly left 

than 


Cfcap. to. ALGEBRA. 249' 

than y, and q vaftly lefs than a, by the fuppo- 

fition j fo that 3 qy % — a % y — o, and q ~ — 

nearly. By proceeding in this mannfcr, you may 
correft the value of y, and find that 



which feries converges the looner the greater y is 
fuppofed to be taken in refpedt of 4. 

4 101. In the folution of the fir ft Example 
thofe terms were always compared in brder to 
determine />, q, r, &c. in which y and thofe 
. -quantities p, q, r , &c. were feparately of feweft 
dimenfions. But in the fecond Example., thofe 
terms were compared in which a and the quan- 
tities p, q, r, &c. were of leaft dimenfions' fe- 
parately. And thefe always are the proper terms 
to be compared together, becaufe they become" 
vaftly greater than the reft, in the refpeftive 
hypothefes. 

In general 5 to determine the firft, of any, 
term in the feries, fucb terms of the equation are 
to be ajfumed together only, as will be found to be- 
come vaftly greater than the other terms*, that is, 
which give a value, of x, which fubftituted for 
it in all the terms of the equation lhall raife 
the -dimenfions' of the other terms all above, 
or all below, the dimenfions of the afiumed 
terms, according as y is fuppofed to be vaftly 
little, or vaftly great in refpeft of a. 

R 4 Thus 
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Thus to determine the firft term of a con* 
verging leries expreffing the value of x in the laft 
equation x % — a x x + ayx — y* — o, the terms 
ayx and — y 1 are not to be compared together* 

for they would give x — which fubftituted 

for x, the equation becomes 

fj — & +/ — f = o, 

where the firft term is of more dimenfions than 
the afliimed terms ayx, — y 1 ; and the fecond of 
fewer : fo that the two firft terms cannot be ne- 
gledted in refpeft of the two laft, neither when 
y is very great nor very little, compared with a. 
Nor are the terms ayx, fit to be compared 
together in order to obtain the firft term of a 
feries for x, for the like reafon. 

But x J may be compared with — a x x, as alfo 
— a % x with — y' for that end. Thefe two give 
-the firft term of a feries that converges the 
iooner the lefs y is ; as x 3 = y 1 gives the firft 
term of a feries that converges the fooner the 
greater y is. The laft feries was given in the 
preceding article. The comparing x 3 with — a*x 
gives thefe two feries, 

X '— A » v . 7/ S9y* & 

““ *y 8 a + 16 a * 128a 3 ’ * 


x = -~a + iy + jr + 


8 a ' 16 a 


9,1 + &c. 


128 a * 


The comparing — a % x with — y % gives 

« <r* a 4 «5 


And 


/ 
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And thefe fefies give three values of x when 
y is very little ; the laft of which is itlelf alio 
very little in that cafe, as it appears indeed from 
the equation, that when y vanilhes, the three va- 
lues of x become + a y — a, and o, becaufe 
when y vanilhes, the equation becomes x , 3 — a*x 
= o, whofe roots are a, — a, o. 

§ 102. It appears fufficiently from what we 
have faid, that when an equation is propofed in- 
volving x and y, and the value of x is required 
in a converging feries, the difficulty of finding 
• the firft term of the feries is reduced to this j 

“ to find what terms aflfumed in order to deter- 

. / 

mine a value of x exprefled in fome dimenfions 
of y and a will give fuch a value of it, as fub- 
ftituted for it in the other terms will make them 
all of more dimenfions of jy, or all of lefs di- 
menfions of y, than thofe aflumed terms.” 

To determine this, draw BA and AC at right 
angles to each other, compleat the parallelo- 
gram A BCD and divide it into equal fquares, 
as in the figure. In thele fquares place the 
powers of x from A towards C, and the powers 
v of y from A towards B, and in any other fquare 
place that power of x that is dire&ly belpw it in 
the line AC, and that power of y that is in a 
parallel with it in the line AB ; fo that the in- 
dex of x in any fquare may exprefs its diftance 
from the line AB, and the index of y in any . 

fquare 
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(quare may exprefs its diftance from the line 
AC. Of this fquare we are to obferve, 



i. That the terms are not only in geome- 
trical progreflion in the vertical column AB, or 
the horizontal AC, and their parallels ; but al- 
io in the terms taken in any oblique ftraight 
fine whatever ; for in any fuch terms it is ma- 
nifeft that the indices of y and x wilt be in arith- 
metical progreflion. The indices of y t becauie 
thofe. terms will remove equally from the find 
AC, or approach equally to it, and the indices 

of 
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of y in any fuch terms are at their diftances 
from that line AC. The indices of x will alio 
be in arithmetical progreffion, becaule thefe terms 
equally remove from, or approach to the line 
AB. Thus for Example, in the terms f, fx, 
yix 1 , yx\ the indices of y decrea£ng by the 
Common difference 2, while the indices of x in* 
creafe in the progreffion of the natural num- 
bers, the common ratio of the terms is It 

• follows» 

2. From the laft obfervation, that **if any 
two terms be fuppoled equal, then all the terms 
in the fame ftraight line with thefe terms, will be 
equal becaufe by fuppofing thefe two terms 
equal, the common ratio is fuppoled to be a ra- 
tio of equality i and from this it follows, that 

• “ if you fubftitute every where for x the value 
that arifes for it by fuppofing any two terms' 
equal, exprefled in the powers of y, the dimen- 
lions of y in all the terms that are found in the 
fame ftraight line will be equal but M the di- 
menfions of y in the terms above that line will 
be greater than in thole in that line and 
“ the dimenfions of y in the terms below the laid 
line will be lefs than its dimenlions in that lirife.’* 
Thus, by fuppofing y 7 .— yx t , we find x i = jr®, 
or x =y x •, and fubftituting this value for tr 
in all the Iquares, the dimenfions of y in the 
terms y 7 , y*x t y , x l r yx\- winch are all found in 

the 
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the fame ftraight line, will be. 7, but the di- 
menfions in all the terms above that line will 
be more than 7, and in all the terms below that 
line will be lefs than 7. 

. § 103. From thefe two oblerV;ations we may 
eafily find a method for difcovering what terms 
ought , to be afiiimed from an equation in order 
to give a value for x which fhall make the other, 
'terms all of higher , or all of lower dimenfions 
of y than the aflumed terms : viz. ** after all 
the terms of the equation are ranged in their 
proper fquares (by the laft article) fuch terms 
• are to be afiumed as lie in a ftraight line, lb that 
the other terms either lie all above the ftraight 
line, or fall all below it.** 

For example, fuppofe the equation propofed is 
yt — a y*x -}- y+x 1 + a*yx* — ax 6 — o, then mark- 
ing with an afterilk the fquares in the laft ar- • 
tide which contain the fame dimenfions of x and 
y as the terms in the equation, imagine a ruler 
ZE to revolve about the firft fquare marked 
at y 7 , and as it moves from A towards C, it 
will firft meet the term ay s x , and while the 
' ruler joins, thefe two terms, all the other terms 
■ lie above it : from which you infer, that by fup- 
p'ofing thefe terms equal, you ihall obtain a va- 
lue of x , which fubftituted for it, will give all 
the other terms ol higher dimenfions of y , than 
thofe terms : and hence we conclude that the 
value of x deduced from fuppofing thefe terms 

equal. 
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2 « 


equal, viz. — , is the firft term of a feries that 

a 


will converge the fooner the leis y is in reipedi: 
of a. 

If the ruler be made to revolve about the famd 
(quare the contrary way from D towards C, it 
will firft meet the term y*x\ and by fuppofing 
y 7 -4- yW — o, we find y = x, which gives the . 
firft term of a feries for x, that converges the 
fooner the greater that y is. And this is the ce- ' 
lebrated Rule invented by Sir Ifaac Newton for 
this purpofe. 

§ 104. This Rule may be extended to equa- 
tions having terms that involve powers of x and 
y with fractional or furd indices ; “ by taking 
-diftances from A in the lines AC and AB pro- 
portional to thefe fractions and furds,” and 
thence determining the fituation of the terms, 
of the propofed equation in the parallelogram, 
ABCD. 

It is to be obferved alfo, that when the line 
joining any two terms has all the other terms ' 
on one fide of it, by them you may find, the firft 
term of a converging feries for x , and thus 
** various fuch feries can be deduced from the 
fame equation.” As, in the laft Example, the 
line joining y s x and yx* has all the terms above 
it } and therefore fuppofing — ay s x + a*yx*— o, 

♦ T 

we find x 5 = and x = — which is the firft ' 

a 


term» 
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term of soother converging feries for x. Again, 
the ftraight line joining yx* and x 6 has all the 
Other terms above it, and therefore, fuppofing 

i ■ I 

4*jra*— «■a^ 6 =o, we find ey—x 1 , and x = cFy*, 

, the firft term of another feries for a, converging 
aUo the foctner the lefs y is. There are two 
leries converging the fooner the greater y is, to 
bt deduced from fuppofing y 7 = — y*x*, or 
=e Oif. And, to find all thefe feries, “ de- • 
ferihe a polygon Z*J>ed, having a term of the 
equation in each of its angles, and including all 
the other terms within it, then a leries may be 
found for a, by fuppofing any two terms equal 
that are. placed in any two adjacent angles of the 
polygon.” 

, f 105. If the ruler ZE be made to move 
parallel, to itfelf, all the terms which it will 
touch at once will be of the fame dimenfions of 
y : for they will bear the lame proportion to one 
.another as the terms in the line ZE themfelves. 
The terms which the ruler will touch firft will 
have fewer dimenfions of y, than thole it touches 
afterwards in the progrefs of its motion, if it 
moves towards D ; but more dimenfions than 
they. If it moves towards A. The terms in the 
ftraight line ZE, ferve to determine the firft 
term of the converging leries required. Thefe 
with the terms k touches afterwards ferve to 
determine the fucceeding terms of the converge 

ing 
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ing feries \ all the reft vanifhing compared with 

thefe, when y is very little and the ruler moves 

from A towards D, or when y is vaftly great 

and the ruler moves from D towards A. 

% 

§ 106. The fame Author gives another me- 
thod for difcevering the firft term of a feries 
that fhall converge the fooner the left y is. 
“ Suppofe the term where y is' feparately of 
feweft dimenfions to be Df j compare it foccef- 
lively with the other terms, as with Ey m x‘ i and 

/_ ffi 

©bferve where — — is found grtateft * and put- 
ting ~ m = n, Af will be the firft term of a 

s 

feries that fhall converge the fooner the left y is:** 
for in that cafe Dy 1 and &y*tP will be infinitely 
greater than any other terms of the propofed 
equation. Suppofe Ffx* is any other term of 

/ m 

the equation, and, by the fuppofition, ■■■ > - (=») 

is greater than -y , and confequently, multi- 
plying by k, you find «^ greater than /— e, and 
nk -\- e greater than / ; now if for x you fubftitutek 
Aft then Fy'x? = FA k f * + % which therefore wiH 
vanifh compared with Dy/ (fince nk 4 * e is greater 
than l) when y is infinitely, little. Thus there- 
fore all the terms will vanifh compared with' 
Df and Efx s which are fuppofed equal and 
confequently they will give the . firft term of a 
feries that-will converge the fooner the left y is. 

§107. 
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, 5 i°7* If you obfervc “ when — - — is found 

leajt of ail» and fuppofe it equal to a, then will 
jtf he the firft term of a feries that will con* 
verge the fooner the greater y is.” For in that 
cafe Dy 1 and Ey"# will be infinitely greater than 

Fy'x k , becaufe ~~ (—ft) being lefs than — -f, 

it follows that nk is lefs than / — e, and nk-\- e lefs 
than /, and confequently Fy e x k (= FA k y* k + *) 
vaftly lefs than Df, when y is very great. 


After the fame manner, if you compare any 
• term Zy**, where both x and y are found, 
with all the other terms, and obferve where. 

J m 

— — £ is found greateft or haft, and fuppofe 


l—m 

— - , = », then may Ay* be the firft term of a 
converging feries. For fuppofing that Fy*x k is 

/ 1ft 

any other term of the equation, if — — ^ (= n) 

• / — g 

is greater than y__i * then lhall nk — nh be 


greater than / — e, and nk-\- e greater than l+nb. 
But nk-^-e are the dimenfions of y in Ffx k when 
x = Ay”, and / + nh are the dimenfions of y in 
jEy*** ; therefore Ffx* is of more dimenfions of y 
than EyPx*, and therefore vanilhes compared to 
it when y is fuppofed infinitely little. In the 

y m j g 

fame manner, if ? is lefs than — r, then 

W $ mm b gm-b 
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will £/V be infinitely greater than Fy*x k , when 
y is infinite. 

$ 108. When the firft term (Ay*) of the fe- 
ries is found by the preceding method, then by 
fitppofing x = Ay* + p, and fubftituting this bi- 
nomial and its powers for x and its powers, 
there will arile an equation for determining p 
the fecond term of the feries. This new equa- 
tion may be treated in the fame manner as the 
equation of *, and by the Rule of $ 103, the 
terms that are to be compared in order to ob- 
tain a near value of p, may be difeovered ; by 
means of which terms p may be found : which 
fuppoie equal to By* + % then by fuppofing 
p = 2?y* + r + q y the equation may be tranf- 
formed into one for determining q the third 
term of the feries, and by proceeding in the 
fame manner you msfy determine as many terms 
of the feries as you pleafe*, finding x — Ay* -f- 
By * + r + Cy* + **■ + Dy* + 3 r , &c. where the di- 
menfidns of y afeend or defeend according as r 
is pofitive or negative } and always (< in arith- 
metical progrelfion, that this value of x being 
fubftituted for it in the propofed equation, the 
terms involving y and its powers may fall in 
with one another, fo that more than one may 
always involve the fame dimenfion of y, which 
may mutually deftroy each other and make the 
whole equation vanilh, as it ought to do.” 

S 


It 
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It is obvious that as the dimenGons of y ift 
Ay+ By + r + Cy + "■ + Dy + 3 ', &c. are in aft 
arithmetical progrefiion whole difference is r, 
the fquare, cube, or any power s of Ay -f 
By + ' + Cy ' + * r -f- Dy +3 ' + &c. will confift of 
terms wherein the dimenfions of y will conftitute 
an arithmetical progreflion having the lame com- 
mon difference r ; for thefe dimenfions will be 
m, sn -f- 2r, sn-j-y, &c. Therefore, 

if in any term Ey$ ? you fubftitute For x the 
leries Ay -J- By+ r -}- Cy+ ar 4- Dy*+i r > &c, 
the terms of the leries exprelfing Eyx 1 . will 
confift of thele dimenfions of y, viz. m -}- sn> 
m + sn + r, m + sn + ar, m + sn + y\ &c. and 
by a like fubftitution in any other term as Fyx* t 
the dimenfions of y will be e + nk t e + nk + r, 
e + nk + 2r, e + nk + 37-, &c. The former fe- 
ries of indices mull coincid^with the latter leries, 
that the terms in which they are found may be 
compared together, and be found equal with 
oppofite figns fo as to deftroy one another, and 
make the whole equation vanilh. 

The firft feries confifts of terms arifing by 
adding fome multiple of r to m-\- sn, the latter 
by adding fome multiple of r to e+nk\ and that 
thele may coincide, fome multiple of r added 
to 'm + sn muft be equal to fome other multiple 
of x added to e + nk. From which it appears 
that the difference of m + sn and e-{-nk is always 

a mul- 
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. a multiple of r* and confcquently that r is a 
divifor of the difference of dimenfions of y in 
the terms Ey"x' and Fy'x k , fuppofing x = Ay*. 
It follows therefore “ that r is a common divifor 
of the differences of the dimenfions of y in the 
terms of the equation, when you have fubfti- 
tuted Ay * for x in all the terms.” And if r be 
affumed equal to the greatejl common divifor 
(excepting fome cafes afterward to be mentioned) 
you will have the true form of a feries for 
And now the dimenfions y ” , j”+ r , y n +*r t 
&c. being known, there remains only, 
by calculation, to determine the general co- 
efficients A, By C, D, &c. in order to find 
the feries Ay n By n + r -\-Cy n +* r Z)j*+ 3 r ~|~ 

&c. = x. 

$ 109. This leads us to Sir 1 /aat Newt on* s 
fecond general method of feries *, which confifts 
in affuming a feries with undetermined coeffici- 
ents expreffing x, as Ay" -f By * + r + O'* + v + 
See. where A, B, C, See. are fuppofed as yet 
unknown, but n and r are difoovered by what we 
have already demonftrated ; and fubftituting this 
every where for x, you muff fuppofe, in the 
npw equation that arifes, the fum of all the 
terms that involve the fame dimenfion of y to 
vanifh, by which means you will obtain particu- 
lar equations, . the firjl of which will give A , 
the fecond B, the third C, &c. and thefe values 

S 2 ' being 
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being fubftituted in the affumed feries for A y • 
jB, C, &c. ' the feries for x will be obtained as 
far as you pleafe. 

Let us apply, for example, this method to 
the equation (of § 98) x’ + a x x — ia'-\-ayx — y l 
s= o. Suppofe it is required to find a feries 
converging the looner the lels y is : its firft 
term (by § 99 or 102) is found to be x, (o 
that h = o. Subftitute a for x in the equation, 
and the terms become a' + a % — 2«’ + a x y — y*, 
and the differences of the indices are o, 1, 2, 3 ; 
whofe greateft common meafure is 1, fo that 
r = 1. Affume therefore x = A + By + Cy x 
-f Dy\ & c. and fubflitute this feries for x in 
the equation. Then 

x J = A+sABy+iABy-i- By 4-fc?r. 

+ i A x Cy x -\- i A x Dy'-! t -&c. 

•\~ 6 ABCy'-t-&c. 

•\-a x x—a x A-\- a* By -f- a x Cy x a x Ly t -j-fcfr. 


-j -xyx = a Ay -j- &By x -J- aDy 1 

— 2a 1 =z-~-2a l 

— y' = — 1 xy 1 - 


Now fince x 5 + «** -\- tyx — 2a J — y* = o, it 
follows that the fum of thele feries involvings 
muft vanifh. But that cannot be if the coef- 
ficient of every particular term does not vanifh. 
For every term where y is infinitely little, is in- 
finitely greater than the following terms, fo that 

if 
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if every term does not vanilh of itfelf, the ad- 
dition or fubtra&ion of the following terms 
which are infinitely lels than it, or of the pre- 
ceding terms which are infinitely greater, can- 
not deftroy it ; and therefore the whole cannot 
vanilh. It appears therefore that A' 4. a 1 A — . 
2 a % = o, is an equation for determining A y and 
gives A — a. 

In order to determine 5 , you mull; fuppofe 
the fum of the coefficients affe&ing y to vanifh, 

viz. 2A'B 4- a x B +aAxyz=o, or, fince A= a. 


4a 1 By 4 a'y = o, and i? = — 

4 

To determine C t in the fame manner fup- 
pofe 3 AB*y* + %A x Cy x + a x Cy x + aBy x = o, or, 
fubftituting for A and B their values already 


found, + 4 a x Cy x — 


*f 


o, and confe- 


quently C = And, by proceeding in the 


fame manner, D — fo that x =. a — iy 

512a 1 


I 1 7 I 

4- 7 — y 1 H &c. as we found before in 

b^r s i2a • 



f 1 10. By this method you may transfer fe- 
ries from one undetermined quantity to another, 
and obtain Theorems for the reverfion of feries. 

Suppofe that x = ay -|- + O'* + 4 " Gfc* 

and it is required to exprefs y by a feries con- 
futing of the powers of x. It is obvious that 

S 3 when 
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when x is Very little, y is alfo very little, and 
that in order to determine the firft term of the 
ieries, you need only aflume x~ay. And there* 

fore y = — i fo that n — i. By fubftituting — 

t 

for y, you find the dimenfions of x in the terms 
will be 1, a, 3, 4, Off. fo that r = 1 alio. 
You may therefore aflume y = Ax 4 - Bx % + 
Cx } + Dx* + Off. And by the fubftitution of 
this value of y you will find 

ay — aAx + aBx % + aCx 1 + Off. 
by 1 — hA % x* + 2 bABx % + Off. 
cy l ~ tA>x % + Off. 

0 ?f . Off. 


But the firft term being already found to be 

X I 

— , you have A- — -, and fince aB + bA l .sr o, 
a 4 a 

it follows that B = — -r. After the fame 

<r 


manner you will find C = » ■ ~ c . 


Whence 


§ hi. Suppofe again you have ax 4 - bx 1 + 
tx % -j- + Off. —gy + by 1 4* iy 1 + ky+ t Off. to 

find x in terms of y. You will eafily fee, by • 
§ 103, that the firft term of the feries for x 

is — , that n = 1 , r = 1 . Therefore aflume 
c 

x~Ay + By 1 + Cy 3 , Off. and by fubftituting 

this 
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this value for x and bringing, all die terms so 
one fide, you will have 


ax = aAy + aBy* + tiCy 1 + 6?«:. 
lx* = Wy + A By 1 ■+■ (Ac. 
cx 1 = cAy + &c. 

(Ac. (Ac. 



From whence we fee, firft, that a A —g t and 
A = —. 2*. That aB + bA 1 — 'b = o, and 

a 

B — ^- — 3«. That tfC-f ibAB + cA i — /=0, 

% 

and therefore C = 1 . And thus the 

a 

three firft terms of the feries Ay-\- By 1 + Cy % * &c. 
are known *. 


§ 112. Before we conclude it remains to clear 
a difficulty in this method that has embarr allied 
fome late ingenious writers, concerning V the 

value of r to be allumed when two or more of 

* 

the values of the firft term of a feries for ex- 
prefling x are found equal a correction of 
the preceding Rule being necefiary in that cafe. 
And the author of that correction having only 
collected it from experience, and given it u$ 

* S$e Mr. De Moivt‘ in PM. Tra/tf. z*o. 

S 4 with- 


«66 A Treatise'^ Part II. 

without proof» it is the more neceflary to de» 
jnonftrate it here. 

It is to he obferved then» that in order that the 
leries Af 4» By * + r 4* Cy*+* r S'* -f- 

may exprefs x, it is not only neceflary that when 
it is fubftituted for x in the propofed equation 
Zy 4- Er# 4“ Fy** — O, the indices w-f 

-r, &c. ihould fall in with 

the indices e-\-uk y e-\-nk-\-r y e-\-nk-\-ir y &c. 
in order that the terms may be compared toge» 
ther to determine the coefficients A y B, C» &c. 
but it is alfo neceflary» that in the particular 
equations for determining any of thole coeffi» 
dents» as B for example» thofe terms that in- 
volve B Ihould not deftroy each other. Thus 
the equation $AB — 3 A*B — aA—o can never 
determine B , becaufe %A X B — 3 A t B = o, and 
thus B exterminates itfelf out of the equation ; 
befldes the contradiction arifing from — A — a, 
when A perhaps has been determined already to 
be equal to fome real quantity. 

In' order to know how to evite this abfur- 
dity» let us fuppofe that the firft order of terms 
in the propofed equation are» as before» I)/» 
&c. and if Af is found to be the firft 
term of a leries for x, then the dimenfions of 
y in the firft order of terms, arifing by fubfti- 
tuting in them Ay* for x, will be as 4* 
the dimenfions of y arifing by fubftituting 

Ay* 


* 
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Ay*-\-By n +r± C y+” t See. for x will be w-j-nr, 
rw+»j-|-r, »+w+2r, & c. Suppofe that Fyxk 
is the next order of terms, and, by the fame 
fubftitution, the dimenfions of y arifing from 
it will be 

1 

« • 

(becaule Fy‘x k —Fy‘x Ay n -\- By*+ r -\- Cy l + lr -\- &c.] k 
s= FAty*"* -{- kFBA*— y +**+ r , &c.) e -f- nk, 
e+nk + r, e + nk + 2r, &c. Now it is plain 
that e + nk muft coincide with fome of the 
dimenfions m + ns, m + ns + r, m-\-ns-\- ir, &c. 
that the terms involving them may be compared 
together. And therefore, as we oblerved in 
§ 108, r mull: be the difference of e + nk and 
m + ns, or fome divifor of that difference. In 
gener al t r muff: be ^illumed fuch a divifor of that 
difference as may allow nbt only e + nk to co- 
incide with lome one of the leries m + nr, 
m + ns + r, m + ns + 2r, &c. but as may make 
all the indices of the other orders befides e + nk 
likewife to coincide with one of that feries: 
that is, if Gyfx h is another term in the equa- 
tion, r muft be fo alTumed that the feries / nb, 

/ -j- »<& -f- r, /-f- nb -j- 2r, &c. arifing by fob* 
ftituting in it Ay-\- By* + r -\-Cy*+‘ lr > &c. for x, 
may coincide iomewhere with the firft leries 
m + ns, m + + r* m -{• ns zr. See. And 

therefore we faid,* in § 108, “ that r muft be af- 
fumed fo as to be equal to fome common divifor 
of the differences of the indices m 4* ns, e-f- nk, 
f-\- nb, which arife in the propofcd equation 

by 
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by fuhftituting in it for x the firft term already 
known Af** For by affuming r equal to a com- 
mon divifor of thefe differences, die three feries 

w-f- n^m- f- jw+r,«i+ ns-\- 2r,«-f ns{- 3r, &c. 
«’{•nit r+afc+r, r.+»/l+2r, r+»£-|-3r,&c. 
/+ *&»/+*&+*»/+*&+ * r, /+*£>+ 3r, &c. 

will coincide with one another, fince feme mul- 
tiples of r added to a* + ns will give e + nk and 
all that follow it . in the fecond feries, and feme 
multiples of r added to m + ns will alfe give 
f {- nb and all that follow it in the third feries. 
It is alfe obvious, that, if no particular reafen 
hinder it, r ought to be aflumed equal to the 
grtateft common meafure qf thefe differences. 
For example, if the indices m + jw, e + nk, 
f{-nb y happen to be in arithmetical progreffion, 
then r ought to be aflumed equal to the com- 
mon difference of the terms, and the firft of 
the fecond feries will coincide with the fecond of 
the firft, and the firft of the third feries will co- 
incide with the fecond of the fecond feries, and 
with the third of the firft, and fe on. 

$ 1 13. Thefe things being well under flood, 
we are next to obferve that after you have fub> 
ftituted Af -f- Bjf+ r + Cy*+* r , & c. for x in the 
firft order of terms in the . equation, the terms 
that involve m -f- ns dimenfions of y will deftroy 
•one another^ for # — Ay* muft be a divifor of 

the 
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die aggregate of thefe terms, fince they give 

Ay* as one value of x: let x — Ay* x P reprefent 
that aggregate, and, fubftituting for x its value 
Ay*-\- By"+ r + Cy*+ xr , &c. that aggregate be- 
comes Ay*+By*+ r -\-Cy*+ %r i &c. — Ap x P 
~ £ji*+ r + Cy"+* r , &c. x P- Now the loweft 

dimenfion in x — Ay* x P was fuppofed to be 
m + ns, whence the dimenfion of P, in the fame 
terms, will be m + ns — », and the loweft dimen- 
fion in P>*-b r + Qr+ lr + X P will bev-hf 
+m-{-ns — n—m+ns+r. Suppofe again that 
two values of x, determined from the firft order 

of terms, are equal, and then x — Ay*\ will be 
a divifor of that aggregate of the firft order of 

terms. Suppofe that aggregate now x—Ay* 1 * x P, 
which by fiibftitution of Ay*-\- By* +r + Cy”+ Sr , &c. 

for x will become By”+ r -f- Cy , + lr -4-£2Y.|* x P, 
in which the loweft term will now be of m + ns 

dimenfions, fince in x — Ayr }* x P the loweft 
term is fuppofed of m-j- ns dimenfions ; and 
confequently, in thefe. terms, the dimenfion of 
P itfelf is « -j- *s — m. 

In gtneraly if. the number of values of x fup- 
pofed equal to Ay* be p, then muft x — Aytf be 
a divifor of the ag g regate of the terms' of the firft 
order. And that aggregate bong expreffed by 

* — Aytf x P> in the loweft terms, the dimen- 
fions 


J 


* 
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lions of y in P will be m + ns — pn, that in 
x — Ay*'? they may be m + ns, as we always fup- 

pofe. Subftitute in x—Aytf x P for x — Ay* 
its value + Cy *"^ lr + ^ in the 

refult By*+ r 4 - Cy*+ tr -f- fcfc.K x P the lowed: 
dimenfions of y will be pn^-pr-^m-^-ns — pit 
=.m-\-ns-f-pr. 


§ 1 14 . From what has been faid we conclude, 
that when you have fubftituted for x in the firft 
order of terms of the equation propofed the 
feries Af -f- J9y*+ r + Cy*+* r -j- fcfr. the firft 
term of which Ay* is known, and the values of 
x whole number is p are found equal, then the 
terms arifing that involve 

ar, &c. till you come to m-\-ns-\-pr, 
will deftroy each other and vanilh ; fo that the 
firft term with which the terms of the fecond or- 
der t+nk can be compare^ muft be that which 
involves m + ns pr \ and therefore luppofing 

or r = m ” ** the 

higheft value you can give r muft be the difference 
of e+nk and m-\-ns divided by p the number of 
equal values of the firft term of the feries." 
If this value of r is a common meafure of all 
the differences of the indices, then is it a juft 
value of r * but if it is not, fuch a value of r 
muft be affumed, as may meafure this and all 
the differences : that is, “ fuch a value as may 


I 
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be the greateft common meafure of the lead dif- 
ference divided by p (viz. m ** ) and 

r ' 

of the common meafure of all the differences.’* 
For thus the indices m -f ns, m-\-ns 

-{-2r, &c. will coincide with e-\-nk t e-\-nk\-r t 

&c. and with f-\-nb, f-\-nh -|- r, 
f-\-nb -f- 2 r, &c. and you fhall always have terms 
to be compared together fufficient to determine 
2 ?, C, D, &c. the general coefficients of the 
'feries affumed for x. 

§ 115. To all this it may be added, that if 
x — Ay* be a divifbr of the aggregate of the 
terms of the fecond order Fy‘x*, &c. then, by 
fubftituting for x the feries Af*+By n + Cy+ tr 

-f- &c. there vanifh not only as many terms of the 
feries involving m + »j, w-j-wj+r, iw+w+ari 
&c. as there are equal values of the firft term 
Ay* i but the terms involving e-\-nk dimenflons 
of y vanifh alio ; and therefore it is then only ne- 
ceflary that e+nk+r coincide with m-\-ns-\-pr % 
lo that, in that cafe, you need only take 

r = — T . And if * — Af f 1 be a 

p — i J 

divifbr of the a gg regate of the lecond order 
of terms, then the terms (after fubftituting for 
k the feries Ay*+By"+ r +Cy*+* r 8 c c.) which in- 
volve e+ttky e+w/t-fr, e+.nk + ar, &c. will va- 
nifh to the term c -f* nk -J- />«— 1 xr> fo that, 

fup- 
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fuppofing e+nk+p — 1 xr = *»+»+pr, yoa 
have r=<+#£ — m — xs, that is, to the leaft dif- 
ference of the indices »+«r, e+nk,f+nb, &c. 
provided that difference be a meafure of the 
other differences j although there may be as 
many values of the firft term of the feries equal 
as there are units in p. Or, if that does not 
happen, r mult be taken, as formerly, equal 
to the greateft common meafure of the diffe- 
rences. 

§ 1 1 6. Suppole that the orders of terms of 
the equation can be exprefled the firft by 

X P, the ftconi by x—sty] f x ^3 the 

third by x — sfy*\' X. Z., &c. and fiippofe that 
jSjFx* is one of the firft, Fyx* one of the fecond, 
Gy/** one of the third, and fo on : then it is 
plain that, fubftituting for x the feries Aft 4- 
r By+ r + Cjr+*', &c. the loweft term that will 
remain in the firft will be m +ns-\-pr dimenfions 
of y, the loweft term that will remain in the fe- 
cond will be of # + + qr, and the loweft term 
remaining in the third of /4. nb-{-lr dimenfions 
of y. For by the fame reafbning as we uled, in 
1 1 1 3, to demonftrate that, in the firft order of 

terms x — Aytf x P» the loweft dimenfions of 
y are m 4. «r 4-pr, we (hall find that, in the fub- 
fequent orders, the loweft dimenfions of y in the 

die terms x-/y\ J x^z=. tiy+ r +Cy+ lr See.]* xQ 

muft 
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muft be e + »£ — - qn + qn -f- qr =c e 4. nk-\-gr^ 

and fo of the other terms x — Af\ X L the 
loweft dimenfions muft be / + nb Ir. The 
indices therefore of the terms that do not va? 
nifli being 

t * 

* * m + »r + pr, 

• * • * e+nk+qr, . v: 

****** fi+nb + lr. 


if r be taken equal to ' then Will 

m+ns-\-pr and e^nk+qr coincide: and' if; 
the feme time r be a divifor oifj^nb — m — m, 
and' be found in it a number of times greater 

than p — /, or if r be left th«w ^ ~ — ^ — — 


t—t 


->»r 


then r will be rightly aifumed. In general , “ take 

1 , . . , e A-ni—m — ns f - 4 - nh — m — ns 

all die quotients ■■ ■ ■ . ■■ ■ "i » » i . ■ . i iWn;: 

. p—q P—1 

and other the leajt of thefe, of a number whofe 
denominator, exceeding p—q by an integer, 
meafures it and all the differences f -\-nb — 
m — nSy gives r j” fuppoOng p, q, and l inte- 
gers. But if p, q, and l are fractions, you are tq 

“ take r fo that it be equal to — — t~w-~ = 

n P— 1+ K 

an< ^ l ^ at ^ an ^ M ma y he 

integers.” Suppofe, for example, » + «* = —, 
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P = “i <+«*=—, '»/+«* = f. and 

/ = — : then putting — (r =) 

*4* nk-m-ns I /“+ nb—m — ns y 

/— j+tf *i + JC"" t—l+M — %+At 

M=t^ + *-rKi whence it is eafily feen that 5 

and 1 i are the leaft integers that can be afliuned 

fat K and M- And that r = — 7 —?— 4 s and 

I «f» A O 

thereforew+w+prss^, f+«i+jr=43, and 
f+nb+Ir=i—, . That is, the terms of the firft 

1 2t 

feries whole dimenfions are 

«•f + Afx r fall in with the firft terms 

of the lecond and third feries refpeftively *. 


* See on tbit fubjeft, Ctlftn. Epift. in Animadr. D. 
i fowres. TayUr Met h. Incr. Stirling Lin. iij Old. 
£Gravefandt Append. Elem. Algebrae. Strwart on the 
Quadrature of Curvet. 
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CHAP. XI. 

Of the Rules for finding the num- 
ber of impoflible Roots in an 
equation. 


§117. rip HE number of impoflible roots in 
X an equation . may, for moft part, 
be found by this 


RULE. 

u Write down a feries of fractions wbofe denomi- 
nators are the numbers in this progreflion 1, 
2, 3, 4, 5» &c. continued to the number which 
exprefles the dimenjion of the equation. Di- 
vide every fraction in the feries by that which 
precedes it , and place the quotients in order 
over the middle terms of the equation . And 
if the fquare of any term multiplied into the 
fraction that fianis over it gives a produbt 
greater than the rebiangle of the two adjacent 
terms, write under the term the ftgn but if 
that produbt is not greater than the rebiangle , 
write — i and the Jigns under the extreme 
terms being +, there will be as many ima- 
ginary roots as there are changes of the 
Jigns from + to — , and from — to +. 


T 


Thus, 



# 7 $ A ¥ RE.AT!se tf Part ft 


Thus, the given equation being x 1 4. px x + 
3 p'x •— y = o', I divide the fecond fraction of 

the feries 4, — , — , by the firft, and the third 

1 2 3 ; ’ 


by the fecond* and place the quotients -j and 
over the middle terms in this manner \ 


T T 

*’ + f x% -f Zf* — q — o. 

+ — + + 

Then becaufe the fquare of the fecond term 

multiplied into the fraction that Hands over it, 

that is, -j x p*x+ is left than 3 p z x* the redlan- 

gfe under the firft and third terms, t place 
under the fecond term the fign — : but as 



X 9p + x* (= 3f + x*) die fquare of the third 


term multiplied into its fra&icm. is greater than 
toothings and confequently much greater than 
- — pqx' the negative produft of the adjoining 
terms, I write under the third term the fign 
4 *. I tyrfte - 4 * likewife tinder x* and q the 
firft and !aft' tefms ; and finding in the figns 
thus «marked tfao changes^ one from 4 * to — > 
afid another from — : to -f , I conclude the equa- 
tTcn has Wo impoflible roots. 

In like lMn'ner the equation x* -*■ 4* 1 + 4 * — 
= o has ttro impoffibie *1*60*8 ; 


< A 

T T 

x* — 4x‘ + 4X — 6 == o i 

+ — 4 * 


and 
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f bfr «qoelwn * + *“" 6** *~$X rrrZZZ Q the 

fame number.!: .. . 

T T F 

x** — *• 6xt — 3 # — z ~ a. 

+ + + .■“• + 

For the {arks of fra&ions — , 4, , — , — yields, 

^ ^3 4 * 

by dividing them as the Rule directs, the frafti- 

ons -|> £ to be placed oyer the term*. Then 

the fquarc of the Cecond.term, which is nothings 
multiplied by the fra&ion oyer it being ftill 
nothing % and yet greater than — ~ 6 x* the negative 
product of the adjacent terms,'' I Write under 
(*j the term that is wanting, the fign and 
proceeding, a$ in the former examples, I con*, 
«lude» frpm the tyro changes that happen in the 
/cries -f- + H" : — +»• that the equation has twp 
pf its roots impoflible, 

Th« famp way we 4>lcower two iropofiible 
toots in the equation 

± * - * ■ A 

* ir ■* ^ t 

n* — * 4x+ 4* 4*’ •*“ ax* — - 5* — 4 s= «. 

4 •+■•"* 4* 4* 4* 

When two or more terms are wanting in the 
equation, under the firft of fuch .terms place the 
fign — , under the fecond +» under the third 
, and fb on alternately •» only when the two 
tentas to the right and left of the deficient term; 

T 2 have 


2J% 
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have contrary figns, you are always to write the 
fign •+■ under the laft deficient term. 

As in the equations 


x s + ax* 


+ *f H — 

and x s + ax* * * * 

+ + — + + 


* * * +«‘ = o 
- + 


a J = o 


+ 


the firft of which has four impofiible roots, and 
the other two. Thus likewile the equation 


J S 3 3 g S 

* T T T T T 

X 7 — 2X 6 + 3X* IX* + x % * 


4 - —. + — 

has fix impofiible roots. 


* — 3=0 
+ — + + 


Hence too we may difcover if the imaginary 
roots lie hid among the affirmative, or among 
the negative roots. For the figns of the terms 
which (land over the figns below that change 
from + to — and ' — to +, rtiew, by the num- 
ber of their variations, how many of the impof- 
fible roots are to be reckoned affirmative j and 
that there are as many negative imaginary roots 
as there are repetitions of the fame fign. As 
in the equation 

■X s — 4X* + 4* 5 — 2x * — 5* — 4 = o 

+ + — + + + 

the figns ( — -f ) of the terms — 4x* + 4»* 

— 2x l which (land over the figns +—+ point- 
ing 


r 


i 
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ing out two affirmative roots *, r we infer that 
two impoffih&j, roots lie among' the affirmative ; 
and the three changes of the figns in the equa- 
tion (d 1 ) giving three affirmative 

roots and two negative, the five roots will be 
one real affirmative, two negative, and two ima- 
ginary affirmatives. If the equation had been 

X s — 4*+ — 4* ? — - 2x* — 5* — - 4 = o, • 

-f* -f* *“ "f* ■+■ 

the terms — 4** — 4** that ftand over the firft 

variation 4 - — , fhew, by the repetition of the, 

• * * 

fign — , that one imaginary root is to be 
reckoned negative, and the terms — 2x* — 5# 

that ftand over the Taft vacation 1-, give, 

for the fame reafon, another negative impof- 
fible root y fo that the figns of the , equation 

(-| — ) giving one affirmative foot, 

we - conclude that of the fpur . negative fopts,. 
twp are imaginary. 

. This' always holds good unlefs, which Ibmie* 
times may happen, there are more impoffible 
roots in the equation than are difcoverable by 
the Rule.” 

. • * 

This Rule hath been inveftigated by feveral emu 

nent Mathematicians in various ways ; and others, 

Jimilar to it, invented and publijhed +. But the 
< • • 

* Sec $ 19. 

See Stirling's Lineae iij. Ord. Nent on . p. 59. Phil • 
Tranf. N° 394, 404, 408. 

T 3 original 


V 


I 



j 


a 
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original Rule ' beinp, on account of itt Jmfplitity 
end eafy application^ if not preferable to all others 
itt leaft the fittejl fir this piece, it ii fiffifimt W 
i liTeR the Reader wbete be snap find the fidjofb 
toeri fully treated % and to add IbO demonfimthn 
our Author has given of it totoueis the end of hit 
Letter to Mr. Foikes, Phil. Tranf. N" 408, as 
it depends only on what has been dmonftroted in 
Chap. 5. concerning the Unfits ef the roots of equa- 
tions. 

§ 1 1 8 . Let au* + px + q =s o be any adfafted 
quadratic equation ahd, by § 88, Part I. iti 

I * ■ •* “, ‘yu.ii.j jgas 

roots will be -*■ X + P i yp* + whenoeit 

X0 

is plain chat, the fign of q ih the giVeh equation 
being +* the rdote will ; be ittVpoffible as oft S3 
4 aq is greater chan p 1 , or ip* teis than -a x q. 

\ 1 19. It was !he\vn, in general ($ 45 — 50) 
that the • roots of the equation fi* A&~* 1 + 
Bx n ~* -r- Cx*~ 3 &c. = o, art the fa ults Of the 
roots of the equation nx*~ l *— »^*1 X fin*'** + 

»-2 X Bx*~ 3 &0. = 0, or of any equation that 
is deduced from it By multiplying its terms by any 
arithmetical progrefiion l + d, l~+zd, l + %£, &c, 
and converfely the roots of ibis new equation will 
be the limits of the roots of the propofed equation 
it* — Ax *— 1 -f- Bx*~* & c. = o. 

• And that if any roots of the equation of the 
limits are impoffible, there mtji be feme roots of 
the propofed equation impqfitbk, 

$ 1 3Q, 
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$ jsq. Let x* — Ax' 4 Bx — C — o he» 
cubic equation, and the equation of limits 
$x* — %Ax 4#^=o. If the two roots of this 
UR are imaginary, there are two imaginary roots 
of the given equation * J — Ax* 4, Bx — C ss o, 
by the laft Art. But, by the preceding Art . 
this happens as oft as is lefs than B •, and, 
in that cafe, the given equation has two imagi» 
nary roots. 

Again, multiplying the terms of the equa? 
tion by the terms of the progrefiion, o, — 1, 

2, — 3, we get another equation of the limits 
Ax* ■ — 2 Bx 4 3C — Q\ whofe two roots, and 
confequently two roots of the given equation, 
are imaginary when 4 -.B 1 1S lefs than A X C. 

Hence liltewife the biquadratic x* — Ax J 4 * 
Bx 1 — Cx 4 D s= o, will have -two imaginary 
roots, if two roots of the equation 4# 5 ' — 3 Ax.* 
+ 2 Bx — C = o be imaginary or if two roots 
of the .equation Ax i — - zBx* 4 3C# — 4 D = o 
be imaginary. Bat two roots of the equation 
4#* 3 Ax* 4 2jBa? — C =s o maft be imagi- 

nary, when - two roots of the quadratic 6x* — 
%Ax4rB = o, or of the quadratic 3 Ate* . — 4## 
4 3C z= o, are imaginary, becaufe the roots of 
thefe quadratic equations are the limits of the 
roots of that cubic j and for the fame reafon 
two roots of the cubic equation Ax 1 — 2 Bx* 4 
3 Cx — 4 D — o muft be imaginary, when the 
roots of the quadratic 3 Ax* —* 4 Bx 4 3C = o, 

T 4 or 
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or of the quadratic Bx* — 3 Cx + 6D = o are 
impoflible. Therefore two roots of the biqua* 
dratic x * — Ax % + J 3 x* — Cx -j- D = o muft be 
imaginary when the roots of any one of thefe 
three quadratic equations 6x* — 3 Ax + B = o, 
%Ax % — 4 Bx -f 3C = o, Bx % — 3CX + 62 ) = o 
become imaginary ; that is, when \A X is lefs 
than B , lefs than AC^ or -JC* lefs than jBZ). 

§ i^t. By proceeding in the fame manner, 
you may deduce from any equation x* — Ax *— 1 
+ Bx *~ 1 — Cx *—3 &c. = o, as many quadratic 
equations as there are terms excepting the firf^ 
and laft, whofe roots muft be all real quantities, 
if the propofed equation has nq imaginary roots. 
The quadratic deduced from the three firft terms 
x * — Ax*~ l + Bx*~ x will manifeftly have this 

form, » x ft — i X « — 2 X » — 3 &c. x #* — s 

n — 1 X n — 2 x » — 3 X ” — 4 &c. X . 4 * + 

n — 2 X » — 3 X *— 4 X »— 5 &c. X if = o, 
pontinuing the fa&ors in each till you have as 
many as there are units in a — 2,. Then dividr 
ing the equation by all the factors n-r~ 2, »—3, 
» -T- 4, &c. which are found in each coefficient, 

the equation will become n x » — 1 X*'-* 

f 1 1 1 - f 

n — 1 x 2 Ax + 2 x i X -S = °» whofe roots will 
be imaginary, by §118, when » x n — 1 x 2 x 45 
exceeds » — 1 1 * x 4^ s , or when B exceeds 

r- ~ -A l : fo that the prdpofed equation muft 

4ft ' 


1 
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1 ' 

have lotne imaginary roots when B exceeds 
-A *. ' The quadratic equation deduced in the 


in 


fame manner from the three firft terms of' the 
equation A*”— 1 — iBx*—* -f- 3Cv*~3 &c. = o, 

will have this form, n — 1 x n'—i x » — 3 &c. 

X Ax' — »-—2 x »— -3 X »—4 &c. x 2Bx -\- 

n — 3 X » — 4 X » — 5 &c. X 3C= o ; which 
■dividing by. the fa&ors common to all the terms. 


is reduced to » — 1 X n — 2 x Ax* — n — 2 x 
4 Bx + 6C = o, whole roots mull be imaginary 

when — x -—^■'X B 1 is lefs than AC\ and there- 
3 n—i 

fore in that cafe fome roots of the. propofed 
equation mull be imaginary. 

§ 12 %. In general, let Dx”— r + 1 — Ex*~ r t{- 
Fx n ~ r ~ t be any three terms of the equation, 
x" — Ax n ~ x + Bx n ~' 1 &c. ■= o,that immediately 
follow one another •, multiply the terms of this 
equation firft by the progreffion », n — i , »—2, 
&c. then by the progreffion n — -1, n — 2, » — 3, 
&c. then by # — 2> n — 5, # — 4, &c. till you 
have multiplied by as many progreffions as there 
are units in » — r — 1 : then multiply the terms 
of the equation that arifes, as often by the pro- 
greffion o, 1,- 2, 3, as there are units in 
r — 1, and you will at length arrive at a qua* 
dratic of this form ; 

1 

n — r-f- 1 X » — r X » — r — 1 x » -r - 2 &c. 
^ r-r- 1 % r — 2 % r — 3 x r— "4&C. xDx * 


I 
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n — r 


»— r x » — r— i x »— r— a x 

H* X r — 3 &c. x fi» 


-f.»— r— i X n—'r—z X n— r— 3 x»-r~+ 

fee. x r+i Ki'Xr- 1 Xr — 2 &C X fis»o; 
and dividing by the fa&ors » — r— j, — r— 2, 
Cjff. and r — 1, v — 2, which are fouod in 

each coefficient, this equation will he xeduccd to 

h— r+i X * — r X 2 X i X Dx* — n~~r X 2 xr 

xz£*+ 2 x t xr 4- i x rF=o, whole roots muft 

. • 

be imaginary, by 4 1 1 8 , when X X fi 1 

is leis than DF- From which kis maajfeft, that 
if you divide each term of this feries of fra&jons 

n h — 1 »— 2 - 3 n — r-4-i n — r 

I* 2* 3’ 4’ r ’ r-f I 

by that which precedes it, and place the quor 
dents above the terms of the equation x n — 
Ax*-" 1 + Bx m ~ % — Cx*‘-3 fee . = o, beginning with 
the lecQnd : then if the fquare of any term mul- 
tiplied by the fraftion over it be found lefs thap 
the product of the adjacent terms, fome of the 
roots of that equation muft be imaginary quan- 
tities. 

4 123- An equation may have impoffible roots 
although none are difeovered by the Rule : be-' 
caufe, “ though real roots in the given equation 
always give real roots in the equation of limits \ 
yet it does not follow, converfely , that when the 
yoots of the equation of limits are real, thofe 

of 
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pf the equation from whichit ^produced mufk 
he fitch likewife. Thus the tubic 

— ? 5 2QtR /XX — yX »»*+» = O, 

+ » J 

has two of its roots imaginary, m -f- 

w — v — », the third being -+ f : and yet in 

the equation of limits $x % — 41» + iq x x* + 

#»* 4- 2fw + #ao, if 4« — q]* exceeds 3», thfc. 
foots of the equation of limits will be real. Or 

If the other equation of limits zm + q x x* 

— 2 X *»* + H m + * X x 4* sq X m 1 -jf- n = o 
is found by multiplying by the progreffion o, 
— -s, *—2, —§-5 it will have its roots real as oft. 

as m^2qm+n\ exceeds 2tt>4*yX 3 yx *»*+*• 
And the like may be Ihewn of higher equa- 
tions. 

. i 

5 124. The rtafon why this Rule, and per- 
haps every other that depends on the compan- 
ion of the fquaje . of a term with the rectangles 
of the terms on either fide of it, mult fome- 
titnes fail to difeover the impofiible roots, may 
appear likewife from this coniideratioo ; that the 
' numb» of fuch compari fons being always left 
by unit than the number of the quantities y, 
m, », &c. in the general equation •, they cannot 
include and dx the relations of thefe quantities, 

on 
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on which the ratio of greater or leffer inequality 
of the fquares and rectangles depends no more 
than equations fewer in number than the quan- 
tities fought can furpifh a determinate folution 
of a problem. ' • 


CHAP. XII. 

• . • 

* * • . • ■ . • 

Containing a general demonftration 
of Sir Ifaac Newton & Rule for 
Ending the fums of the powers of 
the roots of an equation *. 

, - i, - . t r — j- * 

L ET the equation be x — ax x — b X 

x — cx x — d x See. = o, or, 
x » — Jx n —' -j- fix*-* — Or* — * 

... — Ix % -{- Kx * — ■ Lx + M S 

It is known that A — a + b + c + Sec. 
B ■=: ab ac '+ ad -J- be bd cd -f- Sec'. 
C s= abc + abd -f* bed + &c. D = abed + Sec. 
the farts or terms of the coefficients A y 2 ?, C, 
D, Sec. being of i, 2, 3, 4, £s?r. dimevfions i 
that is, containing as many roots or factors as 
there'are terms of the equation preceding them, 
refpe&ively. 

* • 

* See Aritb . Univerf. pag. 157. And Cbaf . II, 
*5 1 5 — ■ 1 7» of this Part, 

CASE 
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CASEI. 

, * f 

Let r be an index equal to », or greater- than 
n, then, multiplying the equation by # r — *, and 
fubftituting fucceffivcly a y b y c, d. Sac. for x, 
you obtain 



Act - 1 + Bar-*— Car-3 , . 

— Lar— H + t + Mar-" '■ 

Ab'— i r + Bit—* — Cjr-3 . . 

•— T.lr—»+* -J- Mb ’ — * 

At — 1 + Bc r ~ 2 — Ct—3 . . 

— L?—*+ t + Mt— 




o, 

O, 

» 

O, 


Whence, by tranlpofition and addition, this 
^Theorem refults, that, in this cafe, “ the fum 
of the powers of the roots, of the exponent r, 
is equal to the fum of their powers of the ex» 
ponent r — i multiplied by A y minus the fum 
of their powers, of the exponent r — 2 multi- 
plied by i?, + the Turn of thofe of the exponent 
r — 3 multiplied .by. C, and fo bn.” 

It remains to find the fums of the powers of 
the roots, when the exponents are lefs than n 
the exponent of the equation. 


CASE II. 

» 

If r is lefs than », and H be the coefficient, 

f 

in the equation, of the dimenjions r *, that is, if 
Hbe taken fo that the number of terms preCed- 
. ing it in the equation be equal to r p or the num- 
ber 


*8$ A TitiATisi tf PartO. 


bcr of faftors in its puts akcdefgb, abcdefgi, &c. 
equal co r, then the Theorem may be exprafled 
in the fallowing manner. 

a” + ^ + r + + fee.’ 

—b r ~»l +*—3 

= c4-^ -1 ?X A — < r ~* >x B + cr-i 

i+^~ , \ — (Hi +(H 

l-f dec. } — &c. J -j- See, 

— r X H. 



The cafe when r =r - 1 is tafily detnon- 
ft rated •, for, dividing the equation by x, we 
have 

M 

* **“*— Ax~~* + Ihc—i . . . . Z. + — ^ 

Whence 

JUT 

i 1 * 1 •“ 4* • • • ♦ ~ ■ L -f* — — Of 

1 a 

m b* 1 — * -f- Bb 9 * 3 • • • « X* 4 1 -j 1 “ Of 

f»— 1 — + 5r*~ 3 . . . . — = °r 

. ifs. &c. 


and (becaufe L = — 4* ^ +™“ + ^jr + 
we lhall have a*—* + b *- 1 — x + (Ac. 



When 


o into 


• • • 
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When r = n — 2, the demo nftration is de> 

rived from hettee, that «* + £*■+<* + ^+&V* 
= A* — 2B (Pag. 142^ as follows. 

By § 3«; transform the given equation, viz • 
x*-*- Ax*^ 1 - 1 *“ Bx”~ x --- Cx—z > . . ? = 

. , , — lx* -}- Kx* — Lx M $ 

\ 

the equation ' 

* — If" >=;0} 

* * ' lt % + ■ 30 **"'" + M 

the roots «, 0 , y, J, &c. of which new equa- 
tion (hall be refpe&ively equal to the recipro- 
cals 4 -» -7» &c * ^ thc 11)00 of the 

a at* 

original ' cquatiofr. 

Divide now the original equation by x% and 

in the quotient fubftitute for x the roots a, 

c, J, & c. fucceffively, fo lhall you have 

4*—» Aa n ~l -J- — Ca*~s . , . 

Jr jfc/ V se o, 

... -A + X-l+’y 

£*-* — Ab*~'* 4 - Bb*~~* — • • • 

_ It . 

— a» + X— y+^r 
— • ^*—3 — O - * • * • 

..,-JSr + r -4 + f 

&o. 

Add all thefe equations: together, and i 

* — 2 fubftitute its value r, and it will be 


• • • 



i 


V 
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But by the principle adduced from pag. 142« 
»* + P‘ + + &c. = : wherefore, 

by multiplication and tranfpofition, it will fol- 
low that 



S 

Which equation being fubtra&ed from the pre- 
ceding, there remains 




* —ar-n 

. +*■ —t'-'Lxj+^L 

+ c r — + 

+ &c. — &c. J -f &c. J 

7 

>X /+r X K = o'. 



XB 


" Which Was 


tti'be proved. 

a « 

•4 * 

But to Ihew it univerfally , we may life the 
following Lemma j. • 

* I • 1 » 

**l ’"***■• t 

* 1 *1'' 

« That 


I 
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' “ That if A is the coefficient of One dimen- 
lion, or the coefficient of the fecond term* in 
an equation* G any other coefficient* H the co- 
efficient next after it j the difference of the di- 
merifions of G and A being r — 2 : if likewife 
A x G' reprefent the fum of all thofe terms of 
the product Ax G in which the fquare of any 
root* as »*, or b x > or c\ &c. is found ; then 
will A'xG = AG — rtf” 

This is a particular cafe of Prop. VI. concern- 
ing the impoffible roots in Phil. Tranf. N° 408 *, 
which, by continuing the Table of Equations 
in pag. 140, and obferving how the coefficients 
are formed* may be thus demonftrated. - 

Let the coefficient of a term of the equation, 
as D (= abed + abce + abef, &c. -J- bedt + bedf 
&c.) be multiplied by A {=a-\-b-\-c-\-d-\-&c.) 
and, in the product Ax D, fetting afide all the 
terms* A' x in which a\ b x , c x , &c. are 
found, any one of the remaining terms will 
arife as often as there are fa&ors in the terms of 
the following coefficient E. Thus the term 
abede will arife five times : becaufc it is made up 
of any one of the five roots (or terms of A) 
a , b t Cy dy ty multiplied into the other four that 
make a term of D : the like is true of every 
other term, as abedfy bedef, &c. each of which 
will arife five times in the product Ax D. And 
the fum of thefe terms abede -f- abedf + £s?r. 
making up the coefficient E, it follows that 

U Ax 
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AxD—AxD'- S E, or AxD'=AD— 5 K 
And the fame holds of any two coefficients 
G, H y whole dimenfions are r — i and r re- 
fpe&ively. 

To apply this to the prelent purpole, it is to 
be obferved that» in each of the coefficients 
Ay By C, D t See. except the lafi. M, . which is 
the product of all the roots a t b> c, d. See. we 
may diftinguilh two feveral portions or mem- 
bus, in one of which any particular root, as <?, 
is contained, but in the whole remaining por- 
tion of the fame coefficient, that particular 
root (a) is wholly ablent. Now if, for bre- 
vity's fake, we denote that portion of any co- 
efficient wherein any root, as <r, is contained, 
by annexing the fymbol of the faid root with 
the iign + in an uncus to the fymbol,- as G, of 

that coefficient (thus G v ' ;) and if we denote 

the remaining portion of the fame coefficient, 
from which the fame root a is totally ablent 
by annexing the fymbol of the faid root with the 
fign — in an uncus to the fymbol G of the lame 

coefficient (thus G ^ a ) it will appear that (if 
G be any coefficient and H the following co- 
efficient) 

G = G ( +* + G (— * and H^ +a = aG ( ~*, 

G = G (+ * + G ( ~* and i/ + 1 = bG { ~ \ 
&c. &c. 


Divide- 
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Divide now the equation proposed by #*—% 
and it will become 


x r — Jx r ~ t 4- Bx t ~ x — 

X X 



=oj 


in which fubftituting a % £» c, £tc. fuccceffively 
for *, we obtain 


<* r — Jar- 1 + Bar-* — Cars . .... 

I C't H i ^ ^ i A . 

i 1 * — -f* ■— * 3 * . • • • 

4. (p3 //4. Z ^ i ^ M 

**• — «A'-* + ifc*— * — Cer-i 

1 r> ti 1 1 & 1 L M 

1 - Gr -#+-—— + ^-- r - 7 



But, by the notation here ufed, and explained 
as above, 


G*=*G (+tf + aG { ~ a 



V 2 


Whence 
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Whence 

c„-ff + '_4 + 4— "W+* 

. ’ a a* ' a 1 *« — ' 


Gb 


*+ 4 -$+£— =“ (+ * 


— r 


Cc -ff + i_4 + 4_^-= £ c(+' 

' c c 1 ' c J f— r 

See. 

And the fum of thefe = aG^ a + bQ^ * -j- 

& c - = (by this notation) A x G' = 
(by the lemma) 


+ a 1 

+ 1 [xG-rH. 

+ &C.J 


Compare this laft conclufion with that which 
followed from dividing the propoied equation 
by r , and fubftituting for x the roots a y b t 
c y Sec. and you will have 



X G — rH 


which was to be demonftrated. 



From 
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From thefe two Theorems Sir Ifaac Newtor ? s 
Rule manifeftly follows. 

But, to illuftrate the reafoning here ufcd by 
fome examples : fuppofe r = 3, then we are 
to take C for H, becaufe . three terms only pre- 
cede C in the equation x n — Ax"—* -f- Bx*~* — 
Cx” 3 -j_ &c. = o i and we are to prove that 

■) «* n — « y 

+ £» I + 4 ' I — * I 

+ c' \= + c x \xA—c }xB+3C. 
+ d* \ +d* \ —d I 

-J” &C. J -j- &C. J -- &c. J 

That this may appear, obferve that 
a * -f- b J -{- c 5 4- d* -f ■ = & * + b* -1- c ‘-f- d l -\- &V. 

X a -\-b-f-c-tf-d-\- &c. — a* X b-j-c-f-d -j- &V. 
— b % xa + c-\-d-\-(Sc . — c 1 X a -jh b^yd -f- 6fr. 
— d l xa-\-b~\-c-\- &c. — &c. — (becaufe ^'5'= 
ax ab + ac+ad-{-&c. -\-bxab-\-bc-\-bd+&c. 
+ cx#c-\-bc+dc+&c. + dxad+bd+cd-l‘&c. 

+ fc?r.) = a' + b'+c'+d* + &c. X A — Aff 

(by the Lemma) = a*+*£* -J- c*+d* + &V. 
X A — AB+ 3 C. 

In like manner, a + + c*+d* + = 

a % -f- b l + c 5 + d l + &c. x a+b-\-c+d-\-&c . — 
a 1 + b 1 + c 1 + d t + &c. X ab+ac+ad-\-bc+bd+cd 
+ &c. -\-a x xbc-\-bd-\-cd-\- &c. + b* xac+ad+cd 

U 3 + & fc. 
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4- t$c. + c * X ab+ad+bd + &V. + d'xab+ac+b'c 

4 - £s ?c. 4- & c ‘ = <*’ 4- 4 - ci 4-^4- fcfr- x ^ 
— ^ 4- 4- & C . X 5 4 - /f c = 

x ^ * X -M‘ 

x5+c + ^4-c + < i4-^. X C-4Z). 


£«</ ^ /£< Second Part, 



TREATISE 


O F 

A L G E B R A. 




PART III. 

Of die Application of Algebra and 
Geometry to each other. 



CHAP. I. 

Of the Relation between the equation* 
of Curve Lines and the figurp of thoft 
Curves, in general. 

r 

% ». the two firft parts we conGdered 

PS I « Algebra as independent of Geo* 
mctr y » and demonftrated its ope* 
rations from its own principles. 
It remains that we now explain the uie of Al* 
gebra in the refblution of geometrical problems $ 

U 4 or 
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or realqning about geometrical. figures $ and 
the ufe of geometrical lines and figures in the 
relolution of equations. The mutual inter- 
courle of thefe fciences has produced many ex- 
tenfive and beautiful Theories, the chief of 
which we fhall endeavour to explain, beginning 
with the relation betwixt curve lines and their 
equations. 

§ 2. We are now to confider quantities as 
reprefented by lines •, a known quantity by a 
given line, and an unknown by an undetermined 
line. 

But as it is fufficient that it be indetermined 

« 

on one fide, we may fuppole one extremity to 
be known. 

1 

b P A P P B 

« 1 — ■ — 1 ■ • 1 ■ 1 1 

Thus the line AB, whole extremities A and 
B are both determined, may repreient a given 
quantity : while AP, whole extremity P is un- 
determined,- may repreient an undetermined 
quantity. A leller undetermined quantity may 
be reprefented by AP, taking P nearer to A ; 
and, if you fuppofe P to move towards A, then 
will AP, fuccefiively, reprefent all quantities 
lefs than the fir ft AP ; and after P has coin- 
cided with A, 1 if it proceed in the lame direc- 
tion to the place f, then will A p repreient a ne- 
gative quantity,' if- AP was fuppoled pofitive. 

If 


I 


Chap. f. ALGEHR A. 299 

If AP reprefent x> and A p = AP, then will • 
A p reprefent — x ; and • for the lame reafon, if 
AB reprefent (•+■ a,) then will A b (= AB) re- 
prefent 

§ 3. After the fame manner, if PM repre- 
fent + and you take Pm, the continuation 



of PM on the other fide, equal to PM, then 
' will P m reprefent — y : for, by fuppofing M to 
move towards P, the line. PM decreafes ; when 
. M comes to P, .then PM vanilhes ; and after M 
has palled P, towards m , it becomes negative. 

§ 4. In Algebra, the root of an equation, 
when it is an impolfible quantity, has its ex- 
prdfion *, but in Geometry, it has none. In 
Algebra you obtain a general lolution, and 
there is an exprellion, in all cafes, of the thing 
required ; only, within certain bounds, that ex- 
prelfion reprefents an imaginary quantity, or 
rather, “ is the jymbol of an operation which , 
in that cafe t cannot he performed j” and ferves 

only 


« 
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only to fhew the genffis of the quantity, and 
the limiti within which it is pofiible. 

In the geometrical resolution of a queftion, 
the thing required is exhibited only in thole 
cafes when the queftion admits of a real Solu- 
tion j and, beyond thole limits, no folutioa 
appears. So in finding the interfeCtions of a 
given circle and a ftraight line, if you determine 
them by an equation, you will find two gene- 
ral exprefiions for the diftances of the points of 
interfeftion from the perpendicular drawn from 
the center on the given line. But, geometri- 
cally, thole interfeCtions will be exhibited only 
when the diftance of the ftraight line from the 
center is left than the radius of the giveh 
circle. 

| 5. ** When in an equation there are two 
undetermined quantities , ' x and y, then for each 
particular value of *, there may be as many 
values of y as it has dimenfions in that equa- 
tion.’* 
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So that, if AP (a part of the indefinite line 
/LE) reprefeht x, and the perpendicular* PM 
reprefen t the correfponding value* of y, then 
there will be as many points (M>) the extremi- 
ties of theft perpendiculars or ordinates, as there 
are dimenfions of y in the equation. And the 
values of PM will be the roots Of the equation 
«fifing by fubftituting for x its particular value 
AP in any caft. 

From which it appears, how* when an equati- 
on is given, you may determine as many of 
the points M as you pleafe, and draw the line 
that fhall pafs through ill theft points ; “ which 
is called die locus of the equation.** 

$ 6. When any equation involving two un- 
known quantities ( x and y) is propofed, then 
fubftituting for x any particular value AP, if the 
equation that arifes has all its roots pofitive, 
the points M will lie on one fide of AE •, but 
if any of them are found negative, then theft 
are to be fet oft 1 on the other fide of AE to- 
wards m. 

If, for x , Which is fuppofed undetermined, 
you fubftitute a negative quantity, as A p, then 
you will find the points M, », as before ; and the 
locus is not compleat till all the points M, m, 
are taken in, that it may Ihew all the values of 
. y correfponding to all the pofiible values of x. 

'* if, in any caft, one of the values of y 

vanifh, 
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vanifh, then the point M coincides with P, and 
the locus meets with AE in that point.” 

** If one of the values of y becomes infinite» 
then it (hews that the curve has an infinite arc : 
and» in that cafe, the line PM becomes an 
ajymptote to the curve, or touches it at an in- 
finite diftance,” if AP is itfelf finite. 

“ If, when x is fuppofed infinitely great, a 
value of y vanilh, then the curve approaches to 
AE produced as %n afymptote.” 

“ If any values of y become impoJfible> then 
fo many points M vanifh.” 

. § 7. From what has been faid it appears, that 
when an equation is propofed involving two un- 
determined quantities ( x and y,) “ there may be 
is many interfe&ions of the curve that is the lo- 
cus of the equation, and of the line PM as there 
are dimenfions of y in the equation ; and as 
many interfe&ions of the curve and the line AE 
as theie are dimenfions of x in the equation.” 

If you draw any other line LM meeting the 



given 

► < 
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given angle ALM. Suppofe LM = a, and 
AL = z i “ then the equation involving a and' 
Zy ihall not rife to more dimenfions than y and 
x had in the propofed equation, or, than the 
fum of their dimenfions in any of its terms.” 
For, fince the angles PLM, MPL, PML, 
are given, it follows that, the fines of thefe 
angles being fuppofed to one another as /, m, a, 
PM : ML (y : u) : : l : m\ and confequently 

y = — : and that PL : ML : : n : m; lo that 

m 


PL = — , and # = AP(=AL — PL)=z — — . 

m 'ni 

Subftitute, for y and #, in the propofed equation 


— , and it is obvious 


thefe values — and z — ™ 

m m 

(fince a and z are of one dimenfion only in the 
values of y and x ) that . in the equation which 
will arife, z and a will not have more dimen- 
fions than the highefi: dimenfion of x and y in 
the propofed equation, or the highefi; fum of 
their dimenfions taken together in the terms 
where they are both toandu and confequently, 
“ LM drawn any where in the plane of the 
curve will not meet it in moie points; than 
there are units in the highefi dimenfion . of x 
or y, or in the highefi fum of their, dimenfions, 
in the terms where both are found.” Novjr 
the dimenfion of the equation or curve being 
denominated from the highefi dimenfion. of x 
cry in it, or from the fum of their dimenfions 

where 
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where they are moft s we conclude, that «« the 
number of points in which the curve can meet 
with any ftraight line, is equal to the number 
th at exprefles the dimenfion of the curve." 

It appears alio from this article, how, when 
an equation of a curve is given exprefiing the 
relation of the ordinate PM and abfeifie AP, 
you may transform it, fo as to exprefs the rela- 
tion between any other ordinate ML and the 
a M r i ifr AL, by fubftituting for y its value 

— , and for * its value z — — . 
m m 

Or, if you would have the abfeifle begin at 
any other point B, fuppofing AB = r, fubftitut* 


nu 


for x not z but z 

m 


MM , 

— h *• 

m 


$ 8. Thole curve lines that can be deferibed 
by the refolution of equations, the relation of 
whole ordinates PM and ablcifies AP can be 
exprefleti by' an equation involving nothing but 
determined quantities betides thefe ordinates and 
abfeities, are called “ geometrical or algelraie 
curves." 

They are -divided into orders according t& 
the dimenfions of their equations, or number 
of points in which they can inter left a ftraight 
line. 

The ftraight litus themfelves conftititfe the 
ftrft order of lines ; and when the equation 
expreffing the relation of x and y . is of oats 

dimenfion 
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dimenfion only, the points M mult be all found 
in a ftraight line conftituting a given angle with 
AE- 

Suppofe, for example, that the equation given 
it ay — bx — ed — o, and that the locus is re- 
quired. 

Since y = ^ c ~ , it follows, that, APM be- 

ing a right angle, if you draw AN making the 



angle NAP fuch that its cofine be to its fine 
as a to b ; and drawing AD parallel to the or- 
dinates PM, and equal to — y through D you 

draw DF parallel to AN, DF will be the locus 
required. Where you are to take AD on the 
fame fide of the line AE, with PN, if bx and 
cd have the fame fign, but on the contrary fide 
of AE if they have contrary fignsi 

$ 9. Thole curves whofe equations are of 
two dimcnfions conftitute the fecond order of 
lines, and the firft kind of curves. Their in- 

tcrfe&ions 
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terfe&ions with a ftraight line can never exceed 
two, by S 7- 

The curves whole equations are of three di- 
menfions form the third order of lines, or fe- 
eond kind of curves : and their interfedions with 
a ftraight line can never exceed Three. And, 
after the. fame manner, the curves are deter- 
mined that belong to the higher orders, to in- 
finity. 

Some curves, if they were completely de- 
icribed, could cut a ftraight line in an infinite 
number of points •, but thefe belong to none 
of the orders. we have mentioned i they are not 
geometrical or algebraic curves, for the rela- 
tion betwixt their ordinates and abfcifies can- 
not be exprefied by a finite equation involving 
only ordinates and abfcifies with determined 
quantities. 

$ io. As “ the roots of an equation become 
impofiible always in pairs, fo the interfedions of 
the curve and its ordinate PM muft vanifh in 

pairs,** if any of them vanilh. 

♦ * / 

Let PM cut the curve in the points M and 

i», and by moving parallel to itfelf come to 
touch it in the point N ; then the two points 
of interfedion, M and w, go into one point 
of contad,N. If PM ftill move on parallel to 
itfelf, the points of interfedion will, beyond 

N 
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N, become imaginary ; as the two roots of 



ginary. 

§ 11. The curves of the 3d, 5th, 7th or- 
ders, and all whole dimenfions are odd numbers, 
mull have, at lead, two infinite arcs ; fincc 
equations whole dimenfions are odd numbers 
have always one real root at leajl\ and confe- 
qucntly, for every value of x, the equation by 
which y is determined mud, at leaft, have one 
real root : lb that as x (or A P) may be increafed 
in infinitum on both fides, it follows that M 
mud go off in. infinitum on both fides, without 
limit. 

Whereas, in the curves whofe dimenfions are 
even numbers, as the roots of their equations 
may become all impoflible, it follows that the 
figure of the curve may be like a circle or oval 

X that 


.v 
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that is limited within certain bounds, beyond 
which it cannot extend. 

§ 1 2. When two roots of the equation, by 
which y is determined become equal, either “ the 
ordinate PM touches the curve,” two points 
of interfe&ion, in that cafe, going into a point 
of contact } or, the point M is a punfium du- 
plex ■ in the curve two of its arcs interfering 
each other there : or, “ feme oval that belongs 
to that kind of curve becoming infinitely little 
' in M, it vanilhes into what is called a punfium 
conjugatum” 

If, in the equation, y be fuppofed — o, then 
“ the roots of the equation by which x is -deter- 
mined, will give the diflances of the points 
where the curve meets AE from A.’* And, 
if two of thofe roots be found equal, then either 
•* the curve touches the line AE or, “ AE 
pafles through a punciurn duplex in the curve.’* 
When y is fuppofed = o, if one of the values 
of x vanifh, “ the curve, in that cafe, paffes 
through A.” If two vanifh,, then either “ AE 
touches the curve in A or, “ A is a punfium 
duplex” 

“ As a punfium duplex is determined from the 
equality of two roots, fo is a punfium triplex de- 
termined from the equality of three roots. 

S 13 A few examples will make thefe obfer- 
vations very plain. Suppofe it is required to 
deferibe the line that is the locus of this equa* 

tion. 


I 
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tion , ■ y* = ax -f- ab, or y 1 — ax — eb=o. Since 

y — +^w ax ab, and lince a and b are given in 
variable quantities, if you affume AP (—xj of a 

known value, it will be eafy to find wax + ab\ 

and letting off 1 PM on one fide equal to *Jax + ab, 
and Pm on the other equal to PM, the points 
M and m will belong to the locus required. 
And for every pofitive value of AP you will 
thus obtain a point of the locus on each fide. 
The greater AP (—x) is taken, the greater does 

the 'd ax + ab become, and confequently PM and 
Pm become the greater. 

If AP be fuppofed infinitely great, PM and 
Pm will alfo become infinitely great ; and con- ' 
fequently the locus has two infinite arcs that 
go off to an infinite diftance from AE and from 
AD. If you fuppofe x to vanilh, y = + wab ; 
lb that y dqps not vanilh in that cale but pafles 
through D and d, taking AD and Ad = > J~ab 
a mean proportional betwixt a and b. 

If you now fuppofe that the point P moves 
to tbe other fide of A, then you mull, in the 
equation, foppofe x to become negative, and 

y = + *Jab — ax •, fo thaty will have two values 
as ’before, while x is lefs than b. But if AB = b, 
and you fuppofe the point P to -come to B, then 
ab = ax, and y~ ■j^'Jab — ax — o. That is; 
PM and Pm vanilh •, and the curve there meets 
the line AE. If you fuppofe P to move from 

X a A 
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A beyond B, then x becomes greater than b, 
and ax greater than ab, fo that ab — ax being 



negative, ^ ab — ax becomes imaginary, and 
the two values of y become imaginary ; that 
is, beyond B there are no ordinates that meet 
the curve, and confequently, on that fide, the 
curve is limited in B. 

All this agrees very well with what is known 
by other methods, that the curve whofe equar 
tion is y x = ax + ab, is a parabola whole vertex 
is B, axis BE, aod parameter equal to a. For 
fince BP= b^x, and PM —y, if BF be equal 
to a } then the rectangle BN (= ab +^ax) will 
be equal to PMj (= y 1 ■,) which is the known 
property of the parabola. And it is obvious, 
that the figure of the parabola is fuch as we 

have 


I 
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have determined this locus to be from the con- 
fideration of its equation. 

§ 14. Let it be required to deicribe the- line 
that is the locus of this equation, xy + ay + cy 


— be bx, or y = 


be bx 


Here, it is plain, the , ordinate PM can meet 
the curve in one point only, there being but 
one value of y correfponding to each value of x. 


When x — o, then y = , fo that the curve 

1 * + ‘ 

does not pafs through A. If x be fuppofed to 
increale, then y will increafe, but will never be- 

come equal to b, fince y — bx — r-^-i — * and 

* ' a c -p x 

a + c + x is always greater than c + x. If x 
be fuppofed infinite, then the terms a and c va« 
nilh compared with x, and conlequently y — b 


X-— — bi from which it appears, that taking 


AD —b, and drawing GD parallel to AE, it 
will be an afymptote y and - touch the curve at an 
infinite diltance. 

If x be now fuppoled negative, and AP 
be taken on the other fide of A, then fhall 

y — bx — ; ; and if x be taken, on that 

* a + c — x 

fide, = c, then fhall y = bx — — = o -, fo that 

the curve muft pafs through B, if AB = c. 

If x be fuppofed greater than c, then will c — x 
become negative, and the ordinate will become 

X 3 negative 
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negative and lie on the other fide of AE, till * 

becomes equal to a + c, and then y — b x — 

o 



If x be taken greater than a+c, or AP greater 
than AK, then both c — x and a + c — x become 

negative j and conlequently y (= b x — ) 

becomes pofitive ; and fince x — c is always 

greater 


I 
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greater than x — a — c, it follows that y will be 
always greater than b or KG, and confequently 
the reft oT the curve lies in the angle FGH. 
And, as x increafes, lince the ratitf of x — c to 
X-~ 4+—c approaches ftilj nearer to a ratio of 
equality, it follows that PM approaches to an 
equality with PN, and the curve to its afymptot* 
GH on that fide alfo. 

This curve i§ the common hyperbola for 
fince + + f + by adding ub 

to both fides b x d-\-c+x =y x a -{- c x 4- ab\ 

and b — y x a + c + x — ab\ that is, NMxGN 
= GC X BC, which is the property of the com- 
mon hyperbola. And it is eafy to fee how the 
figure of the locus we have been confidering 
agrees with the figure of the hyperbola. 

§ 1 5. Let it be required to deferibe the locus 
of the equation cy 1 — xy l = x* bx*. Where, 


fince v* =s and y = •+■ it fol- 

' c — x J ^ C X 


lows that PM alnd Pm mu ft be taken equal, on 
both fides, to But that when x is 

t C X 

m 

taken equal to c } if A B = c, and BK be perpen- 
dicular to A$, then BK jpuft be an afymptote 
to the curve. : If x be fuppofed greater than r, 

or AP greater than AB, then c — x heing nega- 

x^ | hx^ 

tive, the fradtiqn ■ — will become negative, 

and its fquare root impoffible. So that no part 

X 4 of 


314 -A Treatise of Part III. 

of the locus can be found beyond B. If x be 
fuppofed negative, or P taken on the other fide 

of A, then y = + »J ■, the fign of x 1 

and x being changed, but not the fign of bx * ; 
becaule the fquare of a negative is the lame as 
the fquare of a pofitive, but its cube is negative : 
while x is lels than £, the values of y will be 
real and equal j but if x = b, then the values 
of y vanilh, becaufe, in that cafe, 

, =± yE555 =v /EE+Z =0i 

— ^ c—x c — x 

confequently, if AD be taken = b, the curve 
will pals through D, and there touch the or- 
dinate. 

If x be taken greater than b, then + 

will become imaginary , lo that no part of the 
curve is found beyond D. 

If you fuppofe y = o> then will x 5 + bx % = o 

B 


be 





I 


V 
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be an equation whole roots are — h, o, o, from 
which it appears that the curve palles twice 
through the point A, and has, in A, a punHum 
duplex. This locus is a line of the third order, 
BK is its afymptote, and it has a nodus betwixt 
A and D. 

If you fuppole b to vanilh in the equation, 
fo that <y * — xy 1 = x\ then will A and D coin* 



ride, and the nodus vanilh, and the curve will 
have in the point A a cufpis , the two arcs AM 

and 



1 


3 ** 
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and Aw touching ooe another in that point. 
And this is the fame curve which by the an* 
dents was called the cijfoid of DiocUs, the line 
AB being the diameter of the generating circle, 
and BK the sfymptote. 

For, if BR be equal to AP, and the ordi- 
Ottt RN be raifed meeting the cirde in N, and 
AN be drawn, it will cut the perpendicular PM 
in M a point of the ciilbid. So that if M be a 
point in the cifloid, AP : PM : : AR : RN : : 
VAR : VBR : : VBP : VAP, and coniequendy, 

BP x PMj = AP cub. that is, c — 
which is die equation the locus of which was re- 
quired. 

If, inftead of fuppofing b pofitive, or equal 
to nothing, we now fuppofe i{ negative, the 
equation will be cy % — bx* t the curve 
will pafs through D, as before, and taking 

AB =; c, ,BK will be its a- 
fymptote; it will have a 
punfium conjugatum in A, 
becaufe when y vaniihes, 
two values of x vanilh, 
and the third becomes e- 
qual to b or AD. The 
whole curve, beiides this 
point A, lies between DQ_ 
and BK. Thefe are demon- 
ftfated after the ftme tn*n* 
ner as in the firft cafe. 

$ 1 6 . 



,K 


B 
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$ 1 6 . If an equation is proposed, as y s; 

•+• bx** 1 -+■ ex*— 1 , &c. and » is an even nutn-* 
ber, then 'will the locus of tKe equation have 
two infinite -arcs lying on the lame fide of AE. 
For, if x become infinite, whether pofitive or 
negative, x" will be pofitive, and ax’ have the 
lame fign in either cafe; and as ax’ becomes 
infinitely greater than the other terms £x*— % 
ex’—*, &c. it follows that the infinite values of 
y will have the fame fign in thefe cafes *, and 
confequently, the two infinite area of the curve 
will lie on the fame fide of AE. 

But if n be an odd number, then, when x is 
negative, x" will be negative, and ax’ will have 
the contrary fign to what it has when x is pofi* 
tive ;■ and therefore the two infinite arcs, in this 

cafe, will lie on different fides of AE, and tend 

» 

towards parts diredlly oppofite. 

Thus the locus of the equation ay = #* is 
the parabola. A is the vertex, AE is the tan* 



gent at the vertex *, and the two infinite arcs 
lie manifeftly on the fame fide of AE. 


But 


f 


k 
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But the locus of the equation a*y == x\ where 
the index of x is an odd number, has its two 



arcs on different fides of AE, tending towards 
oppofite parts, as AMK, and A mk. This curve 
is called the cubical parabola, and is a line of 
the third order. 

The locus of the equation a'y = *♦ is of a 
figure like the common parabola ♦, and “ all 
thofe loci, in whofe equations y is of one di- 
menfion, x of an even number of dimenfions : 
But thofe loci are like the cubical parabola, in 
whofe equations y is of one dimeniion only, and 
x of an odd number of dimenfions.’* And this 
Rule is even true of the locus of the equation 
y = x, which is a ftraight line cutting AE in 
an angle of 45 0 ; which manifeftly goes off as 
the cubical parabola does to infinity, towards op- 
pofite parts, and on different fides of AE. 

§ ' 7 - 
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$ 17. If the locus of the equation yx*z s«*+* 
is required} 



If n is an odd number, then when x is pofi- 




tive, y = i but when x is negative, then 


**+* 

y — — } fo that this curve muft all lie in 

X 

the vertically oppofite angles KAE, FAE, (as 
the common hyperbola ;) FK, E#, being afymp- 
totes. 


But if n is an even number, then y is always 
pofitive, whether x be pofitive or negative, be* 
caule in this cafe, is always pofitive ; and 

* • there- 
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therefore the carve muft all lie in the two ad- 



jacent angles KAG and KA<r, and have AK and 
AE for its two afymptotes. 


$ 18. Let the equation given be a* — x l X 


x — A|* = x*y % i lb that jr 



s 4 - */a*-x* x — — -• 
_ x 

If x s= o, then y 
becomes infinite, and 
therefore the ordi- 
nate at A is an afym- 
ptote to the curve. 
If AB = A, and Pbe 
taken betwixt A and 
B, then ihall PM and 
Pm be equal, and lie 
on different fides of 
the abfeifle AP. If 
x—b, then the two 
values of y vanift, 

becaufe 
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becaufe x — b as o; and eonfequently, the 'Gttrve 
pafib through 6, and ha^ there a punitum du- 
plex. If A P be taken greater than AB, then 
Ihall there be two values' cfy, as* before, having • 
contrary fighs, that value which was pofitive 
before being rto# become- negative, and the net 
gative value being become pofitive. But if 
AD be taken nx -a , and P 'Comes to D, then the 

two values' of y vanilh, beCaufe — x* == O. 

And if AF is taken greater than AD, then 
a * — x* becomes negative, and the value of y 

4 \ • 

ihtpojfibte : and therefore, the' curve does not go 
beyond D. . 

If x now be fuppoied negative, we Ihall find 

y — p^^/d 1 — x l y. b x-t x. If x vanilh, both 
thefe values of y become infinite,' and conse- 
quently, the curve has two infinite arcs, on 
each fide of the afymptote AfC. If x increafe, 
it is plain y diminishes, and if x becomes = a, 
y vanifhes, and eonfequently 'the curve pafies 
through E, if AE be taken = AD, on the op- 
pofite fide. If x be fuppofed greater than a, then 
y becomes ithpojftbk ; and no part of the curve 
can be found beyond E. This curve is the con- 
choid of the ancients. ■ 

If a = by it will have a nufpis in B, the nodus 
betwixt B and D vanifiung. And if « is lefs 
than by the point B will become a punitum con- 
jugatum. 


From 
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From what has been laid an error may be 
corrected of an Author in the Memohres de P Acad. 
Rtyale dts Sciences, who gives this curve no 
infinite arcs, but only a double nodus. Some 
other errors .of the lame kind may be cor- 
rected in that Treatife, from what we. have 
laid. 

$ 19. If the propoled equation can be reviv- 
ed into two equations of lower dimenfions, 
without affeCting either y or » with any radical 
lign, then the locus ffiall confift of the two led 
of thofe inferior equations. Thus the locus of 
the equation y x — 2xj r + by + x* — bx = ois 
found to be two itraight lines cutting the ab» 



fdfie AE in angles of 45% in the points A and 
B, whole diftance AB = b, becaufc that equa- 
tion is refolved into thefe two y — x = o, and 
y — *4-^ = 0. 

After the fame manner, fotne cubic equations 
can be refolved into three limple equations, 
and then the locus is three ftraight lines ; or 
may be refolved into a quadratic and fimpte 

equation. 
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eqiiadon, and then the lorn is a come feflbn and 
a ftraight line. 

In general , “ the curves of the fuperior or* 
dfcrs include all the curves of the inferior or- 
ders and whatever is demonftrated generally 
of any one Order; is alio . true of the inferior 
orders." 80, for example; any general proper- 
ty of the conic fe&ions holds true of two ftraight 
lines as well as of a conic feCtion. .Particularly 
that M the rectangles of the fegments of paral- 
lels bounded by them, will be always to one 
another in a given ratio.*' . The general proper** 
■ties of the lines of the third order are true of 
three ftraight lines, or of any. one ftraight line 
and a conic fedtion. And, as the general pro- 
perties of' the higher orders of lines defeend 
alio to thofe of the inferior orders; lo there is 
Icarce any property of the inferior orders, but 
has an analogy to iome property of the higher 
orders % of which it is but a particular cale or 
inftance. - And hence; the properties of the in- 
ferior orders lead to the difeovery of thofe of 
the fuperior orders *. 

§ 20. We have lhewed how to judge of the 
figure of a locus from the conlideration of its- 
equatiom And when a locus is to be deferibed 
exaCily, for every value of x you muft, by the 
tefolution of equations, according to the Rules 


# See the Appendix* 

y 


in 
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in Part II. find the correfpondiog values of y, 
and determine from thefe values the points of 
the locus. 

But there are geometrical conjtruSious by 
Which the roots of equations can be determined 
more commodioufly for this purpofe. And, as 
by thefe conftru&ic ns we defcribe the loci of the 
equations, fo reciprocally when loci are drfcritv 
td, they are ufeful in determining the roots of 
equations v both which (hall be explained in the 
following Chapter. Then we (hall give an ac- 
count of the moft general and fimple methods 
of defcribing thefe loci by the mechanical mo- 
tion of angles and lines, whofc interinSkms 
trace the curve*, or of conftrufiing therh by 
fending geometrically any number of their 
points. 



CHAP. 
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CHAP. II. 

• t • 

*! * • 

Of the Conftrudion of Quadratic 

Equations ; aiid of the Properties 

of the Lines, of the fecond order. 

• 4 ' * «. * 

t 2i; t ■ AHE genera] equation exprelfing the 
; ' X nature of the lines, of the iecond 
Order, having alt its terms ana coefficients* 
Witt be of this form ) 

f 1 

i* + axy 4 - cx x l 

+ *>+*{»<>. 

+ < J 

Whert a, b, rj </, e, reprelent any given quan- 
tities with their proper figns prefixed to them. 

If a quadratic equation is given, as y x -f- py 
+ j = o, and, by comparing it with the preced- 
ing, if you take the quantities a, b t r, d, e, and 
x fuch that ax -{• b —py and cx* + dx + * — ?, 
then wilt the values of y in the firft equation be 
equal to the values of it in the fecond * and 
if the locus be deicribed belonging to the firft 
equation, the two values of the ordinate when 
ax + b — p and cx x + dx + e — q , will be the 
two roots of the equation y x + py + i — o.' 

And - as four of the given quantities a, b, r, 
i, e, may be taken at pleafure, and the fifth* 

Y 2 with 


4 
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with the abfdfle r, determined* lo that ax + 1 
may be Hill equal to f , and ex* + dx + e = q ; 
hence there are innumerable ways of conftruft- 
ing the lame equation. But thole loci are to 
be preferred which are defcribed moft eafily; 
and therefore* the circle of all conic fedions, 
is to be preferred for the refoludon of quadratic 
equations. 

% 

; § 22. Let AB be perpendicular to AE, and 
ppon AB defcribe the femicircle BMMA. If 
AP be fuppofed equal to x, AB =0, and PM —y, 
then making MR, MR, perpendiculars to the 
diameter AB, fince AR x RB = RMy, and 
AR =y, RB = a — y, RM = x, it follows that 

a — yxy = x*, and y*— 
ay + x* — o. And* if an 
equation y* — py+q = o, 
be propolcd to be refblv- 
ed, its roots will be die 
ordinate to the circle* PM 
and PM, to its tangent 
AE, if a—p, and x* = q : 
- becaufe then the equation 
of the circle y* — ay -+■ x* 
3= o, will be changed into the propofed equa- 
tion y* — py - q — O. 

We have therefore this conftrudion for find- 
yig the- roots of the quadratic equation y* — py 
4- q:zs 0 ; take AB = p, and on AB dcfcribe a 

. - fcmi- 
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fcmicircle ; then raifc AE perpendicular to. AB, 
and 00 it take AP = <iq , that is, a mean pro* 
portional between 1 and q (by 13 El. 6 .) then 
draw PM parallel to AB, meeting the femi- 
circle in M, M, and the lines PM, PM fhall be 
the roots of the propofed equation. 

It appears from the conftruftion that if 

A* 

q = — , or </q = ip, then AP= ^AB, and the 
4 

ordinate PN touches the curve in N, the two 
roots PM, PM, in that cafe, becoming equal 
to one another and to PN. 

If AP be taken greater than ' £AB, that is, 
when i/q is greater than ip, or q greater than 
ip x , the ordinates do not meet the circle, and 
the roots of the equation become imaginary i 
as we demonftrated, in another manner, in 
Part II. 

§ 33. The roots of the fame equation may 
be otherwife thus determined. 

Take AB = Jq, and raife BD perpendicular 
to AB ; from A as a center with a radius equal 
to ip, delbribe a circle meeting BD in C, then 
the two roots of the equation y x — py ■+• q — o, 
Ihall be AC +. CB, and AC — CB. 

For thefe. roots are ip 4- V ip x — q, and 
ip-^ip'-q-, and AC= 4 p, CB= VAC*-CB* 

^ rP* ~ ’ • i* and confcquently thefe roots are 
AC + CB. 

Y 3 ' The 


( 
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The roots of die equation p +p + q = o a*e 



<— AC + CBi aa is demonftraced in the {jraip 
manner. 

i * • * 

§ 24. The roots of the equation jr*-— £y— 
j = o are determined by this contraction. 

Take AB = BC = *Jq, draw AC ; and 
the two roots {hail be AB + AC. If the fe? 



pond» term is pofitive, then die roots {half be 

r-AB + AC. 

1 * ^ 
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And aB quadratic equations, being fedncjbft 
to theft four forms, 

y % — ff'V i — °» 

.?*+#•*-*= o, 

y x -fy-*q = o, 

.?*+# + ? = o» 

\ 

t 

it follows, that they may be all conftruded by 
this and the laft two articles. 

§ 25. By theft geometrical oonftru&ions, the 
locus of any equation of two, dimenfions may 
be deftribed ; fince* by their means, the values 
of y that correfpond to any given value of x 
may be determined. But if we demonftrate 
that theft loci are always conic feSions , then 
they may more eafily be deferibed by the me- 
thod» that are already known for dtfcribing 
theft curves. 

In order to prove this, we (hall enquire what 
equations belong to the different conic jeSions ; 
and, a» k will appear that there is no equation 
of two dimenfions but mud belong to one or 
other of them, k will follow that they are lost 
of all equations of two dimenfions. ' 

• • § 26. Let CML be a parabola ; AE any 
line drawn in the fame plane *, and let it be re- 
quired to find the equation expreffing the re- 
lation betwixt, the ordinate PM forming any 
given angle with AE, and the abfeifie AP 

Y 4 begin- 
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beginning at A any given point in the line AE« 

. % * 

. .1 



Let CF be the diameter of the parabola 
whole ordinates are parallel to PM. Draw 
AH parallel to CF meeting PM in N; and 
AD parallel to PM meeting CF in D. Becaufe 
the angles HAE, APN, ANP, are given, the 
lines AP, PN, AN, will be in a given ratio to 
each other : fuppofe them to be always as «, 
c i let AD = d, DC = t v and feeing AP (= x) 

PN xiaxby PN = — x\ likewife AP : AN : ; 

a * 

die, pr AN == ^ Apd GM = PM r- PN 
— NG =y — i» — i. Bu(CG = DG^ 

* PC 
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PC = AN —DC =; — x — e. . If now the pel - 

^ 4 

fatijefer of the diameter CF be called p y then, 
from the nature of the parabola, p x CG=GM q ; 

~e - b 

2nd confequently, p x — * — 9 —? — — # 

1 » 

from which this equation follows. 



Whence - , if ahy equation is propofed, and fuch 
values of a, by c, & y e y p can be aiTumed as to 
make that equation and this coincide, then the 
locus of that equation will be a parabola . The 
•conftru&ion of ‘Which. may be deduced from 
this article, 

§ 27. In this general equation for the para- 
bola, the coefficient of x z is the fquare of half 
the coefficient of xy ; and,’ when any equa» 
fron is prppofed that has this property, the locus 
of it is a parabola .” For, whatever coefficients 
jaffe& the three lad terms, they may be made to 
agree with the coefficients of the lad terms of 
the general equation, by afiuming proper values 
pf p y Cy and e. 

It appears alfo, that ** if the locus be a pa- 
rabola, and the term xy be wanting, the term 
>f x mud alfo be wanting.” And, ” if any 
equation pf jwq dimenfions Ipe propofed that 

wants 



I 


i 
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wants both the terms, xy and x l , k may be 
always accommodated to a parabola. ~ 

$ 28. The general equation for the eftipfe is 
deduced from the property of the ordinates of 
any diameter, in the fame manner ; the con- 
ftru&ion of the figure being' the fame as in 
$ 26. Only, in place of the paraMa , 

Let KML be an elUpfe whole diameter is 
JCL, having its ordinates parallel to PM, and 



Jtt C be the center of the d&pfr* Suppo6 
CL 3= t y and the* paramtttr of that diammf 

— p, then GMf : CLf' — CGy s : p ? it. But, as 

in § 26, GM = j — — x — d, and CG=3— * — e- 
' a a 

therefore, y — ±x — dl x ^ = /* — 4r* -f, 
-r-x — e : whence this equation j 



1 


I 
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And if any equation is propoied that can be 
fnade to agree with this general equation» by af- 
firming proper values of a, b, c, d, p and e ; 
then the loefes of that equation will be an ellipfe. 

$ 29. * In the general equation for the el- 
lipfe, the tehra x* and y x have the fame fign : and 
the coefficient of ** is always greater than the 
fquare of half the coefficient of xy, becaufe 

— + is greater than **—. And although the 

term xy be wanting, yet the term x* muft re- 


main, its coefficient, in that -cafe, being — , 

which muft be always real and pofitive. On 
the other hand, if an equation is propoied in 
which the coefficient of x % exceeds the fquare of 
half the coefficient of xy j oiy an equation that 
wants xy, but has x z and y*± of the fame fign, . 
its locus muft be an elHpfe.** 

$ 30. In the hyperbola, as GMy : CGy — 
CLy : : p : it’, when t is a firfi diameter, the 
equation that arifes will differ from the equation 
of the dltpfe only in the figns of the values 
pf CGy and CLy, and consequently will have 
this form, 

.y* ■— ~xy -p —x^ — idy d x 1 


pc' 

— • £ —;X 


*■ 
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If / be a fecond diameter» then £ will be 
negative. 



A P E 


* ♦ * 

. In this equation, it is manifeft that the coef- 
ficient of the term x* is lefs than the fquare of 
half the coefficient of xy y and, -that when the 
term xy is wanting, the term x x mult be ne- 
gative. And, reciprocally, “ if an equation is 
propofed where the coefficient -of x* is lefs than 
the fquare of half , the coefficient of xy ; or 
where xy is. wanting and y* and x z have con- 
trary figns, the locus of that aquation mull be 
an byperhla ,? 

U 1 ' 



Chap. 2. A L G E B R AY. 335 

- $31. The equation of the hyperbola when its 
ordinates PM are parallel to an afymptote does 
not come under the general equation of the 
laft article. Let CF and CL be the afymptotes 
pf the hyperbola , and let PM be parallel to CL. 



gle (which fuppofe ga). Then, CG = DG — 

DC = —x — e, GMs? — —x — d-, and con- 
a a 

fcquently y~~—* — ^ X — # — ees.gx.ax whence 
this equation. 



Where only one of the terms y* t #*, can be 
found with xy \ and where xy will be found with- 
out either of thefe terms, if AE and AH coin-, 
eide, that is, if AE is parallel to the afymptote 
DF. 

0 


It 
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It appears from this, that “ if an equation 
Is propofed that either has sty the only term of 
two dimenfions t or, has xy and either x* or y* 
befides, but not both of diem, the locus of the 
equation ihalL be an hyperbola^ one of whofe 
afymptotes lhall be parallel to y or x according 
as it is y l or x l that is wanting in the equa- 
tion.” 

§ 3 1. From all thefe compared together, it 
follows, that “ the locus of any equation of twei 
dimenfions is a conic fed! ion.” 

For if the term xy is wanting hi the' equation^ 
and but one of the terms y* t x* is found in it, 
the locus (hall be a parabola $ by % 27. 

If xy is wanting, and x\ y\ have the fame 
fign, then the locus is an elHpfe. $ 29. — -But, 
when they have different iigns, it is an hyperbola. 

$ 3 °\ • 

If xy is found in the equation, .and x\ 
are both wanting, or either of them, the loots b 

an hyperbola . . § 31. 

If both x* and y\ are found in it, having con- 
trary figns, the loots is ftill an hyperbola. 

If y 1 and x* have the fame figns, then, accord-» 
ing as the coefficient of x* is greater , equal, or 
kfs than the-iquare of half the coefficient of xy* 
the locus Audi be an elBpft, parabola , o t by ■» 
perbola . § 27, 29, 30. 

In any cafe therefore the locus of the equa- 
tion is ibme conic feSlion. 


§ 33 - 
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• $ 33- Thefe may ;aU be demooftrated more 
dire&ly from the. confideration of the general 
equation of the lines of .the fuond order ia 
$ 21. For k is obvious that, by % 25. Port IL 



exterminated by afluming z = y + ** ~j~ ■« , and 
it will be transformed into 



which, by tranipofing the laft term, is 

' >\ 

. a 1 _ - ob * - y , 

Z 1 = — — f X * + T — 4 + * * 

4 2 

1 

— e 


Let 



» 
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" Let MK be the locus of the equation : and 
if AH be drawn fb that HE be to AE as ia to 
unit* and AD, parallel to PM, be = 4^» and 
through D the line DF be drawn parallel to 
AH, meeting PM in G, then fliall GM (= PM 
+ PN + NG = y + iax + ±b) sx zs . And if 
AH =/, then DG = AN = fxt 

fi 

Suppofe DG = ti, and x = — . v Inftead of x 

fubftitute and the equation, that refaks 

will exprels the relation of GM and DG, of 
this Torm, 

gf _ as ab—ld , 

2* = X «*+ — X » + — t = 0, 

"Which will be an hyperbola , parabola , or eUipfisi 

™ AC ■ 

according as the term v --is pqfitive, nothing!, 

or negative. That is, according as — is greater, 

4 . 

equal to, or lefs than c. But a was the Coeffi- 
cient of xy \ from which it appears, that “ the 
locus is an ellipje, parabola , or hyperbola , ao* 
cording as the coefficient of x* is greater, equal 
to, or kfs than the (quare of half the coeffi- 1 
dent of xy.” 

• • • » * 

It appears alfo, that ** if the term xy be want- 
ing, or a s= o, then the locus will be an eUipfe , 
parabola , or hyperbola , according as the term cx l 
is pofitive , . nothing , or negative 

Hence 
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- Hence likeyife, if the term x* be wanting, 
and the term xy not wanting, then the term 

% A 1 

-— — ■- a 1 being pdfitive (becaufe is always 

"C/ T 1/ 

pofitive, whatever a or f be) ‘‘ /Z* /<?«« muji be 

an hyperbola.”- 

• * » • 

That part of the figure, on the other 
fide of AE, which is marked with fmall letters, 
anfwers to the cafe when the coefficient of y, in 
the general equation, viz. ax + b t is negative.. 


• $ 34. The lines of the ftcond order have fome 
general properties which may be demonftrated 
from the confederation of the general equation 
reprefenting them. 

The general equation of § 21. by extermi- 
nating the fecond term can be transformed into 
the equation. 


r ab—id , b* 

* = «* + -y- X « + 


Trom which we have 


. /**— 4 / ab— 2d 

±V^X»> + — + 7 -«. 


Where the two values of 2 are always equal, and 
have contrary figns, fo that the line DF, on 
which the abfcifles are taken, muff bife& the 

w s 

ordinates, and confequently, is a diameter of 
the conic fe&ion. And, as this has been de- 
monftrated generally, in any fituation of the 
lines PM, it follows that if any parallels, as 

Z M /», 
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Mm, Mm, be drawn meeting a conk fe&ion *, 
dim b a line DF which can bifc& aH thefc pa- 
rallels, And confequently if any two 
Mm, Mm, are bifefted in G and g, the line 
that bife&s thefe two, will bifefit all the other 
lines parallel to them, terminated by the curve. 
“ Which Is a general property of all the conic 
feftions.** 

There b one cafe which mult be e x ce p ted, 
when PM b parallel to an afymptote, becaufe 
in that cafe it meets with the conk fe&ion only 
in one point 

$ 35* I n the general equation of 4 21 , if you 
fuppofe = o, there will remain a, 

by which the points are determined where the 
curve meets the abfeide AE. 

Suppofe it meets it in B and D, and that 
AB = A, and AD = B. Then (hall — A and 


B be .the two roots of the equation x* + 



# 


+ — =t<H and therefore + £ = *‘ 

C 



* Supply the figure. 

therefore 




1 
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tfttrfcftfrt BP # 0P — & -f ^ + ■”• l^>w, it h 

inanifeft from the nature of equations, chat if 
Phi meet the curve in M and m, the rectangle 
of the roots fM and Pm (Hall be equal to 
cx* + dx + e shdlaft term of the equation 



We have therefore PM Jl^ Pin =: ex* + dx + e ; 
ahd feP Kftfaa* + — X + — j fo that PM x 

c e 

Pm : BP&DP' i i c&^dx+e : x*-f — x +— :: c 

e e 

i i. That hi the fedtarrgle of the ordinates 
PMi Pm is to the rectangle of the fegments of 
the abfeiiles, as, in a given ratio, c is to i.” 
Which is another general property of the lines 
of the fieond trier. 

lit a fimilar ihanner the analogous properties 
of the lines of the higher orders are demon* 

ftrated *. 

, » 

§ 36. There are many different ways of de* 

fcriibtng the lines of the fecund order, by. mo* 
tion» The following is Sir Ifaat Newton's. 

■f Let the two points C and S be given, and 
the ftraight line AE in the fame plane. Let the 

** SWe-tBe Avrtvmt. 
f Sea QnOUtriO Qrgdeiet, Prop. I. 

Z 2 


given. 
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given angles FCO, KSH, revolve about the 
points C and S as poles, and let the interfe&i- 
On of the fides CF, SK, be carried along the 



ftraight line AE, and the interfedion of the 
fides CO, SH, will deferibe a line of the fecond 
order. 

Let the fides CF, SK interfed each- other in 
Q, and the fides CO, SH, in P: let PM and 
QN be perpendicular oh CS. Then draw PR, 
QU; PT, QL 5 fothatCUQ = CRP=FCGi 
and SLQj= STP = KSD. 

The angle RCP = CQU, fince RCP makes 
two -right ones with RCQjtnd QUC. So that 
the triangles CUQ_ and CRP will be funilar. 
And after the fame manner you may demon- 
.. ... ftrate 
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Urate that the triangles SLQ, STF are fimilar 5 
whence» 

- - CR : PR QU : CU, 
and ST : PT : : QL : SL. 

Suppofe CS = a, C A — the fine of the 
angle FCO to its cofine as d to o\ fin. angle 
CAE to cofin. as c to a y and fin. KSH to cofin. 
as eto a. ' Put alfo PM zzy y CM = x, QN = z. 


ThenRM : PM::<s: d. PR : PM : : .vV + d x \ d. 
AN ; QN :: a : c. Sothat RM = CR(=CM 

-8M)=,_f.PR=^Z±£. 


. I-ifcewife QU = and CU (= CA 

— AN — NU) —b — ~z — 4 ^. And it be- 
ing CR : PR : : QU-: CU, it follows that 

dxr-ay : y'Jp' + d 1 : : 2 ^ a L -\-d x : b — ■>- + -j2. 


be Xdx — ay 


% 

$0 that 2 == — 

dc tf X y d eX ax 

In like manner you will find ST = a — x— 

PT-££±? 


a 


, QL = and SL 

£ f 


AN — AS— NL) —a — <• £ + But 


^ 3 


It 


~ ec 
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U w« ST : PT ; : QL : AW fc* *— 

* .7^«*+'*.. *✓«* + /*. , 

r e 4 « 

Whence ON = «= ,. 

?c+ 4 *W+ a4 p X#— ^ 
And from the equation pf tbffc pro valua of 
a this equation fff«lt* i 

a — bxce 7 t +<»*x^+r-*7 +«x-<j‘+<£* 

+ oe-bcxd\ 4 -dee \ — be x J 

+ ^x£-fi 7 -^- Acx a 1 — ^ 7 

-r «**><</ 4?) t 

where fine? * and j» are only of two dimenfions, 
it appears t)iat the curve deferibed muft be' a 
line of the fecond order* or a conic feftion, ac- 
cording tp wbtf has been already dpiiHwftutted. 

4 3 7- As the angles FCQ» KSH revolve about 
the pqles C and S, if the angle CQS becomes 
equal to the fiipplement pf thefo given angles 
to four right ones, then the a ngje CPS muft 
vaaifh, that is, the lines CO and SH muft be- 
come parallel: agd the iqterfeftion P muft go 
off to an it^inite diftance, Aad the lines CO 
and SH become, in that cafe, parallel to one 
•f the ajymptotes. 

In order to determine if this may b 8 * deicribe 
pn CS an arc of a circle that can have tnferibed 
in it ah angle equal to the fupplement of the 
angles FCO, KSH, to four right angles. It 

V ' w "> , • 

this 

l i si* 


f 
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this arc meet the line AE in two points N, «, 
then when the interfe&ion of the Udes CF, 
SK comes go either of thefc points, as it is car- 



ried along the line AE, the point P wHl go off 
to infinity, and the lines SH, CO, become pa- 
rallel to each other and to an afymptote of the 
curve. 

If that arc only touch the line AE, the point 
P will go off to infinity but once. If the arc 
neither cut the line AE nor touch it, the point 
P cannot go .off to infinity. In the firft cafe 
the conic fe&ion is an hyperbola* in' the fecond 
a parabola, in the third an ellipfe. 

The afymptotes , when the curve has any, are 
determined by the following conftruttion. 

Draw NT constituting the angle CNT = 
SNA, meeting SC in T ) then take SI = CT, 
and always towards oppofite parts, and through 
I draw JP parallel to SH or CO, and IP will 
be one afyojprote of the curve. The other is 
determined h> like manner, by bringing Qjto n. 

£ 4 And 


l 
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And the two afymptotes meet in the center, 
conftituting there an angle = NS*. 

From this conftru&ion it is obvious, that 
when the circular arc CNaS touches the line 
AE, the angle SNA being then = SCN, the 
line NT will becopie parallel to CS ; and there- 
fore CT and SI become infinite, that is, the 
afymptete IP gping off tp infinity, the curve be- 
comes a parabola. 

§ 38. There is another general method of de- 
fcribing the lines of die fecond order, that de- 
ferves our confideratiqn. 

* ' » 1 » » ■ * M S 



Inftead of angles we now ufe three rulers; 

_ ♦ • 

DQ, CN, SP, which we fuppoie to revolve 
about the poles D, C, S, and cut one another 
always in three points N, Q_and P ; and carry- 
ing any two of thefe interiedions, as N and Q, 
along the given ftraight lines AE, BE, the third 
interfe&ion P will defcribe a conic ie&ion. 

I * > » ♦ j J • s • «.« * 

Through 
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Through the points • D, P, Q, draw DF, 
PM, QR, parallel to AE, meeting CS in F, 
M, .R; allb through P draw , PH parallel to 
BE meeting .CS in H. 

Then putting PM=jr, CM=x,.CS=«, CA 
=b, SB=r, DF=*, AF=/, AE=i, BE=c, 
AB (= a — b + c) =/i fincc the triangles 

PMH, AEB are fimilar, therefore PH = 

A 

MH — 4, SH = d f - Ar - fy ^ . And fincc 

a a .. 

CA ? AN : : CM : PM,. . . AN=— *, and fincc 

X 


SB : BQ.: : SH : PH, . . . BCL= 

But, 


£Qj QR ; : BE : AE , . . QR = 


and . . . BR = 


edy ' ■ 

dx+fy—adf 

c Jy 

d*+fy — 


Now AN-r-DF : RQj— AI? :: AF : AR$ 
that is, 

h l. _ h ..?./• c fy 

x " dx fy-r-ad’ x ** dx-\-fy~a£ 


And multiplying the extremes and means, 
and ordering the terms, it is, 

bfxc-l-f xy 1 + cxld-kf-bdxl+f-\- kffxxy 

4 - bad x l + / xy - adfk x x + dfk x x* 

In which equation, the figns of lome terms 
piay vary by varying the fituation qf the pole^ 

and 
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and lines % but tc and y not fifing to more than 
two dimenfions, it appears that the point P al- 
ways defcribes a tonic fcBim* Only in iome 
particular cafes the conic fe£Hon becomes a 
ftraight line. As for example, when D is found 
in the ftraight line CS * for then DF vaniflung 
the terms dfkx^ — adfkx vanifb, and the remain- 
ing tern» being divisible by y t the equation be- 

comes, 

* \ 

bfx c-l-fxy 4- cld-bixl-\- /xr+ badxl+ f—O. 

% 

Which is a bats of the firft ordtr % and (hews, 
that, in this cafe, P muft deferibe a ftraight 

tine. 

After the fame manner it appears that if the 

point £ the interfe&ion of the lines AE, BE, 
fails in CS, then will P deferibe a ftraight line. 
For in that cafe 4 vanifhes, and the equation 
becomes* 

i 

a • 

0 

b x C—L — fxy — fx c — k X x — O. 

■ - f 39. Thefe two - deferiptions furnilh, each, 
a general method of “ defer ibing a line of the 
tecond order through any five given points where- 
of three are not in the fame ftraight line.’* 
Suppofe the five given points are C, S, M, K* 
N ) join any three of them, as C, S, K, and 
let angles revolve about C and S equal to the 
angles KCS, KSC. Apply the interfe&ioi» of 
the legs CK, SK firft to the point N, and let the 

inter* 
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I mer&fttoft of tbo lag? CO and SH bt Qi 
fecondly apply die interfcftion of the fiuni. legs 
CK» $Kf to the remaining point M, and let the 



intcrfe&iw of the leg$ CO, SH bo L. P?aw 
a line joining Q and L* a®d it will be the line 
AE along wtycfc if ? yqu carry the interfeiUon of 
the legs CQ, SH, lie interferon of tfep othef 
legs will deferre a conic feAion paffing through 
thefive ^ven.poifttSj C» Si M, £, N. 

It mwft pafs through 0 and S from the «uh 
ftruftion; when the interferon of CO, SH 

4 

Wipe* t^ a, the e,urv$ will pala throu^i K, 

And 
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And when it comes to Qtnd L, itpafies through 
N, M. 



this folution of the fertie problem. 

* * ' 

Let. C, S, 'M, K, N be the five given points : 
draw lines joining them ; produce- 1 two of the 
lines NC, MS, till they meet ihD. ' Let three 
rulers revolve about the three poles C, S,‘ D, 
viz. CP, SQ, DR. .Let the interle&ion of 
the rujers CP, DR,' be carried over the given 
line MIC," and the interieclion ' of the rulers 
$Q, DR be carried through the line NK; 
jmd the point P, the interfedion of the rulers 

that 


Chap. a. ALG E B R A. 351 

that revolve about C and S, will defcribe a conic, 
fedtion that pafies through the five points C, 
S, M, K, N. 

§41. It is a remarkable property of the co- 
nic fe&ions, that “ if you afiiime any number 
of poles whatfoever, and make rulers revolve 
about each of them, and all the interfedions 
but one, be carried along given right lines, that 
one fhall never defcribe a line above a conic 
fedtion j” if, inftead of rulers you fubftitute 
given angles which you move on the fame 
poles, the curve defcribed will ft ill be no more 
than a conic fedtion. 

By carrying one'of the interfedhons necefiary 
in the defcription over a conic fedtion, lines of 
higher orders may be defcribed. 



A TlUflti bf 


J5* 


CHAP. III. 

Of the Conftrudion of tittnc arid 
biquctdr&fic Equstidfi*. 

rooto of tty «jtiaddfr may 
A he determined by the hrterfeftkws 
of a ftadght Hoe a cm-te of the feme dfc 
rwenfidnd a# Ae equation- i* or, " by rite inter- 
fbSHond of tty t#0 ' curved ♦Hdfe iddicek ftftri th 
jpfied by eaeh ofter give a predtt£!^tol tv tin 
biktac of thd propofcd equito».** 

Thus the roots of a VkpudhfatW dqf OAti o n 
may be determined by the iftteritftior# of two 
conic &&ton»; for the eqttttkyr by tfftieft the 
ordinates from the few points 1 irf aAfeft tfefe 
conic le&ions may cut one another can be de- 
termined will arile to four dimenfions : and the 
conic -fe&ions may be affumed in fuch a man-* 
ner, as to make this equation coincide with any 
propofed biquadratic: far that «flit ordinates 
from thda (oat .ufeerf&tioNf wffi be equal to 
the roots of the pftps&d biquadratic. 

If one of the intevftdiom of the conic fc&ion 
falls upon the axis , then “ one of the ordinates 
vanilhes, and the equation by which thefe ordl* 
nates are determined will then be of three di- 
menfions only, or a cubic” to which any pro- 
pofed cubic equation may be accommodated- 

%9 
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So that the three remaining ordinates will be 
the three roots of that ptopofcd cubic. 

$ 43. Thole conic ledions ought to be pre- 
ferred lor this purpofe that are moft eafily de- 
icribed. They muft not however be both cir- 
cles v for their interfc&lons are only two, and 
can ferve only for the rdbkition of quadratic 
equations. 

. Yet the circle ought to be one, as being moft 
eafily defcribcd ; and the parabola is commonly 
afiiimed for the other. Their interfedions are 
determined in the following manner. 



Let 
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Let APE be the common Apollonian part* 
bola. Take on its axis the line AB = half of 
its parameter. Let C be any point in the plane 
of the parabola, and from it as a center defcribe, 
with any radius CP, a circle meeting the para- 
bola in P. Let PM, CD, be perpendiculari 
on the axis in M and D, and let CN, parallel 
to the axis, meet PM iii N. 

Then will always CPy=CNy+NPy. (47 ( i.J 
Put CP =0, die parameter of the parabola 
= b, AD — c y DC = </, AMs x, PM 

Then CNy = x + r|\ NPy ==y + d\* and 

TfTT + JJJ\' = a x •. That is# 

x * + 2cx + c x +y* + 2 dy + d* = a*. 

But, from the nature of the parabola, y l — bx y 

y4 

and x* — - *5- ; fubftituting therefore thefe va- 
lues for x* and x, it will be* 

jz + ~ + y % + idy + c 1 + — d x ss o. 

Or, multiplying by A*, 

y^Aribc + b % xy*+ 2db x xy + c x + d x — a t xb x = a. 
Which may reprefent any biquadratic equation 
that wants die fecond term ; fince fuch values 
may be found for a y b, c y and d, by comparing 
this with any propofed biquadratic, as to make 
them coincide. And then the ordinates from 
the points P, P, P, P, on the axis will be equal 
to the roots of that propofed biquadratic. And 

9 x v.c is the differences of « and c indefinitely, which- 
ever of the two is greateff. 


this 
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this may be done, though the parameter of the 
parabola (viz. b ) be given : that is, if you hare 
a parabola already made or given, by it alone 
you may reiolve all biquadratic equations, and 
you will only need to vary the center of your 
circle and its radius; 

. § 44. If the circle defcribed from the center 
C pafs through the vertex A, then CPq=CAq 
CDf + ADf, that is* e*= d*-\- and the 

A 



laft term of the ^quadratic (c 1 +d l — a *) will 
Vanilh ; therefore, dividing the reft by y t there 
arifes the cubic, 

y } * +, 2 be + b* y y + 2 db 1 = 0 . 

Let the cubic equation propofed to be reiblved 
be y** +.fy + rao. Compare the terms of 

A a theft 










I 


4 
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thefe two equations, and you will have + 4. 

£*=+/> and + idb x = + r, or, +’c = — + ^r» 

and de=.±_-~£. From which you have this 

conftru&ion of the cubic y^-frpy ;+ r = o, by 
means of any given parabola APE. 

“ From the point. B take in the axis ( forward if the 
equation has — p, hut backwards if p is pofi- 

A* 

five) the line BD — ; then reife the perpen- 

dicular DC = and from C, defcrihe a 

circle paffing through the vertex A y meeting 
the parabola in P, fo fhall the ordinate PM 
be one of the roots of the cubic y } *+ py + r 


The ordinates that Hand on the fame fide of 

a* 

the axis with the center C are negative or af- 
firmative, according as the laft term r is nega- 
tive or affirmative •, and thole ordinates have 
always contrary figns that ftand on different 
fides of the axis. The roots are found of the 
fame value, only they have contrary figns, when 
r is pofitive as when it is i$gative *, the ferond 
term, of the equation being wanting.; which 
agrees with what has been demonfbated else- 
where. . 


§ 45. In refolviog numerical equations, you 
may fuppofe the parameter b to be unit ; then 

AD 
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AD = — + 4 p> and DC = 4 r j and the ordinate 

PM mufti then be meafured on a fcale where 
the parameter , or 2AB is unit. Or, if it be 
more convenient, the parameter may be fuppofed 
to exprefs 10, ' 100, &c. or any other number, 
and PM will be found by meafuring it on a 
fcale where the parameter is 10, joo, &c. or 
that other number. 

§ 4 6. “ When the circle meets the parabola 
in one point only betides the vertex, the equati- 
on has only , one real root, and the other two 
imaginary. * . 

Thus, if the equation has + pi or if D falls 
on the lame fide of B as A does, the circle can 
meet the parabola in two points only, whereof 
A is one-} and therefore the equation mull 
have two imaginary roots ; as we demon (1 rated 
ellewhere. If the circle touch the parabola , then 
two roots of the equation are equal. 

' It is alfoi obvious, that the equation muft ne- 
cefihrily have one real root ; becaufe, fince the 
circie meets the parabola in the vertex A, it muft 
meet it in one other point, at leaft, befides A. 

47. Inftead of making the circle pafs thro* 
the vertex A, you may fuppofe it to pafs through 
iome other given point in the parabola, and that 
interfe&ion being given, the biquadratic found 
for determining the interferons, in § 43, may 
be reduced , to a cubic. 

A a 2 


Let 
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Let the ordinate belonging to that given 



interfe&ion be g, then one of the values of y 
being g, it follows that the biquadratic 

% b* \ ? ± + d*+f—a* xi*=o 

will be divifible by y — g, which will reduce it 
to a cubic that (hall have the fecond term. And 
thus we have a conftruftion for cubic equati- 
ons that have all their terms. 

For example, let us fuppofe that the para- 
meter is AG, and the ordinate at G is GF meet* 
ing the curve in F. Suppoie now that the 
circle is always to pafs through F ; then lhall 

CF q (= a % ) '== CHy + HFy = c + bV + b + 4* 

= c* + d* + %cb + zdb + zb*, and fubftituting 

in 
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in the equation of § 43 this value of a\ it 
becomes 

> 

y**+_tcb' 7 y x + 2 db x xy — 2b* i 
+ b x 3 + 2 cb* > = o. 

+ 2 db* J 

Where c in the laft term has a contrary fign 
to what it has in the third* and d a contrary fign 
to what it haS in the fourth. 

This biquadratic has FG, or b, for one of 
its roots ; and being divided by y — b % there 
arifes this cubic* 

y* \ by x +_%cbl +2 db x j 

+ ib x 5 * + a cb x > = o, 

+ a** J 


having all its terms compleat. If C had been 
taken on the other fide of the axis, the fecond 
term by 1 had been negative. 

Let now any cubic equation be propofed to 
be refolved, y* py* qy — r=o. And, by 
comparing it with the preceding, you will find 


p= b 
qx=i2b x + m 2bc 

— r = 2b 1 + 2 cb x + 2 db x 



Whence < 


+ « = p 


± 

2pr' 




Therefore, to confiruSt the propofed cubic equation 
y' + py x + qy — r s= 0, let the parameter of your 
parabola be equal to p+ take , on the axis from 

A a 3 the 
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the vertex A, the Vine AD — f — -f-, and raife 

the perpendicular DC = ^ + and from C 

defcribe a circle through F, meting the parabola 
in P , fo Jhall the ordinate PM be a root of the 
equation. 

If the equation propofed is a literal «quad* 
on of this form y 1 + fy x -{-pqy — p x r =r ©, having 
all the terms of three dimen Sons, then this con- 
ftruftion will only require AD = i — -if » and 
DC = 4 * + ir- 


§ 48. If you fuppole the parabola to pafs 
through any point F taken any where in the 
parabola ( vid. Fig. preced.) and call the ordinate 

* 1 * , 

FG s= e, then c — ~r e — A — a% * ^ the 


general biquadratic may have this form, 

y**+ zcb 1 ay + 2f ^ 1 

+ • • J + 2 deb* / , 


But fince FG = e is qne of the values of y, 
the equation will be divifible by y — e, and the 
quotient is found to be this cubic. 



Which 


CHap* 3. ALGEBRA. 361 

Which compared with y* -f py x +p< 0 -r-p x r = 0» 
gives FG (or e) ~p t AD{~c) 

and DC = d = ^ And by this con- 

ftru< 5 tkm the roots of a compleat cubic equation 
may be found by any parabola whatfoever. 

§49. It is eafy to fee from § 43. how to 
eonftruft the roots of a biquadratic by any pa- 
rabola» after the fecond term is taken away. 
But “ the roots of a biquadratic may be. deter- 
mined by any parabola only they cannot be 
the ordinates on the axis» but u may be equal 
to the perpendiculars on a line parallel to the 
axis, meeting the parabola in F, CD in H, and 
PM in L.” 

Let FG be an ordinate to the axis in G t and 

♦ 



the reft remaining as before, let FL =*, PL= y t 

A a 4 the 
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the parameter = b, CP=x, FH=f, CH=d> 

FG = e. 

And fince PMj (= PL -|- HD| r ) rr AM x b, 
therefore y* + 2<jy + e* ss, AG + FL X i = 


f* 


L- + * X b » and confequently y x + icy — bx, 

* 

But CNj NPj s= CPj ; that is, x — r|* + 
y — ffl* = a x . And fubftituting for x* and x their 

values and — j you will find 




< y 4 4-4*y , +4*' 1 _ 


.which is a complete biquadratic equation. And 
by comparing with it the equation 
y*^-fy t + Hy* — b^ry — b's = o, you will fimj 

FG (= ,) = if, FH (= ,) = 

HC (= dj = and CP (=*) = 


V £ } j + c* + d * : which gives a general conftruc- 
tion for any fuch biquadratic equation by any 
parabola whatioever. If the figns of p, y, 
or s t are different, it is eafy to make the ne- 
cefiary alterations in the conftruftion. Ex.gr. 
If p is negative, then FG muff be taken on the 
Other fide of the axis. 


If you fuppofe the circle to pafs through F, 
the equation will become a cubic having all its 

terms : 

\ • v 
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terms : the laft term c x + d x — a 1 x b* vanifti- 
ing, becaufe then c* 4* = a*. It will have 

thi? form. 


^ + 4 ^ + 4 **? _ ¥ch 

-a db 


.|=fO; 


— a cb ^y 
+ b ' 

and then ** the conftru&ion will give the roots 
of a compleat cubic equation.'* 


§ 50. We have fpfficiently (hewed, how the 
roots of cubic and biquadratic equations may be 
conftru&ed by the parabola and circle ; we (hall 
now (hew how other conic (e&ions may be de- 
termined by whqfc interlcftions the fame roots 
may be difcovered. 


Let the equation propofed be y** + bpy x 4. 
b*qy — b % r — o % and let us (uppofe, that, 
i°. bxz=y*’ t then (hall we have by fubfti* 
tution. of b x x x for y\ and dividing by bp , 


a®, y 1 + —x x + —y — — ■ = o, which has 

. * t r t 

its locus an ellipfe. Then by fubftituting (in 
this laft) bx for y x , and multiplying all the 


terms by -£> you find. 


3°. x x -f- px + qy — br = o, an equation to 
a parabola. Then, adding to this equation 
y % — bx = o, you will have, ' 1 , 


*• +J* it 0 — ;fr = P> 


tion to a circle. 


an eqint' 


• a 


The 
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The roots of the equation y + * + bpy* + £*jjr 
— i>rs o may be determined by the interior- ' 
tion of any two of theft loci ; as for cxampki 



by the interfedions of the tUipfe that is the locus 
of the equation y* -jx* -f* ~j~ — •» 

and of the circle which is the locus of 

+ qy — = o> from which we 
deduce this conftru&ion. 


Ltt 
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Let AB be the axis of ax edipfis, equal to 
\J br -f — , let G be the center of the ellipfe, 

V 

and the axis to the parameter as p to b. At G, 
ratfe a perpendicular to the axis, and on it toko 

GD = — , and on the other fide in the perpendicular 

continued take GK = iq x £- ?■-. Let DE And 

P 

KC be parallel to the axis : take KC c= ib — - ip, 

and from C as a center, with the radius */ DCq + br 
defcribe a circle meeting the ellipfe in P, and the 
ordinate PM, on the line DE, Jbatt be one of the 
roots of the propofed equation. 

Let PM (=y) produced meet AB in R, and 
KC in N ; and calling DM = x, then CP} — 
NPg 4 - NCg, tha t is, if + lM — ipb+ip*. 
+br-=-ib — ip — and therefore, 

i°. >*+#*4 — br z=.o, the equa- 

tion to the circle, which was to be conftruded. 
A nd fince PRg- : GB} — GR} : : b : p, there- 

I 1 4 jKj . 

fore y + — : br + — L — x % : : b : p % and con- 
ap ep 

fequendy, 

2®. y % 4* —x 1 4. — y — i-L = o ; which is 

the equation that was to be conftrufted. 

Now that their interfe&ions will give the 
roots required, appears thus. 


For 
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■ For in the firft equation fubftitute die va- 
lue you deduce for it from the fecond, viz. 
br — -£7* — qy y and there will arife 

y' — i? + p \ * =' °> <* : >v = ^ x *, 

that is, -y = x, and x* = ^ •, which fubftitut- 
ed for #* and # in the firft equation, gives 
£ 4 - J' + P— * Xj + {;- Jr = o j that 
is, y 4 * 4- %* — . b'r = o. 

And if you fubftitute them in the fecond 
equation, there will arife 
b bq b'r . 

pi&*+y + -p — j - °» that is, y 4* 4. 
Hf + b'qy — b'r = o, the very fame as before j 
and thus it appears that the roots of the equation 
y** — bfy' 4 - b l qy — b'r — o are the ordinates 
that are common to the circle and tUipfe , or that 
are drawn from their interfediion. 

End of the Third Part, 
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Linearum Geometricarum 

% 

Proprietatibus generalibus. 


e E lineis fecundi ordinis, five feCtionibus co- 
nicis, fcripferunt uberrime geometrae ve- 
teres & recentiores ; de figuris quae ad fu- 
periores linearum ordines referuntur pauca 
& exilia tantum ante Newtonum tradiderunt. Vir 
illuftriffimus, in Tra&atu de Enumerationi Linearum 
tertii Ordinis , do&rinam hanc, cum diu jacuifiet, ex- 
citavit, dignamque efle in qua elaborarent geometris 
oftendit. Expolitis enim harum linearum proprietati- 
bus generalibus, quae vulgatis feCtionum conicarum af- 
fectionibus funt adeo affines ut vel ut ad eandem nor- 
mam compofitae videantur, alios fuo exemplo impulit 
ut analogiam hanc five fimilttudinem quae tam di- 
verfis intercedit figurarum generibus bene cognitam 
& latis firme animo conceptam atque comprehenfam 
habere ftuderent. In qua illuftranda & ulterius inda- 
ganda curam operamque merito pefuerunt ; cum nihil 
fit omnium quae in difciplinis pure mathematicis. tra- 
dantur quod pulchrius dicatur, aut ad animum veri in- 
veftigandi cupidum oble&andum aptius, quam rerum 
tam diverfarum confenfus five harmonia, ipfiufque do- 
Cfarinse compofitio & nexus admirabilis, quo pofterius 
priori convenit, quod fequitur fuperiori refpondct, 

quaeque 
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Quaeque fimplieiora funt ad magis arda* viam conftant# 
aperiunt. 

Linearum tertij ordinis proprietates generales a Nav- 
tono traditae parallelarum Tegmenta & afymptotos ple- 
raeque fpe&ant. Alias harum affediones quafdam di- 
Verfi gerieris breviter indicavimus in tra&atu de fluxio 
onibus nuper edito. Art. 324, & 401. Celeberrimus 
Cotejius pulcherrimam olim detexit linearum geometri- 
carum proprietatem, hucufque ineditam, quam abfque 
demonAratione nobis communicavit vir Reverendus 
Robertas Smithy Collegi i S. S. Trinitatis apud Cantabrigw 
enfes Praefe&us, do&rina operibufque fuis pariter ac fide 

& Audio in amicos clarus. De -his meditantibus nobis 
alia quoque fe obtulerunt theoremata generalia; quae cum 

ad arduam hanc geometriae partem augendam & illu- 
Arandam conducere viderentur, ipfa quafi in fafcicuhrat 
congerenda & una ferie breviter exponenda Sc demori-» 
Aranda putavimus. 

SECTIO L 

De Lineis Geometricis in genere . 

$ I. T Ineae fecundi ordinis fe&ione folidi geometric?* 
JL/ coni fcilicet, definiuntur, unde earum proprie- 
tates per vulgarem geometriam optime derivantur. Ve-» 
rum diverfa e A ratio figurarum quae ad fuperiores line-* 
arum ordines referuntur. Ad has definiendas, eartimque 
proprietates eruendas, adhibendae funt aequationes gene-» 
tales co-ordinatarum relationem exprimentes. Repfae- 
Fig. 1. fentet x abfeiflam AP, y ordinatam PM figurae FMH* 
denotentque a 9 b 9 c 9 d 9 e, &c. coefficientes quafcunquo 

inva- 


/ 
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Invariabiles ; & dato angulo APM fi relatio co- ordina- 
tarum x & y definiatur aequatione quae, praeter ipfas co- 
ordinatas, folas involvat Coefficientes invariabiles, linea 
FMH georhetrica appellatur ; quae quidem audoribus 
tjuibufdam linea algebraica, aliis liriea rationalis dicitur. 
Ordo autem lineae pendet ab indice altiffimo ipfius x vel 
y in terminis aequationis a fradionibus & furdis libefatae, 
vel a fumma indicis utriufque in termino ubi haec fumma 
prodit maxima; Termini enim x\ xy, y % ad fecundum 
ordinem pariter referuntur ; termini **, x*y, xy % i y* ad 
terti um . Itaque aequatio y = five y-—ax — £=6, 
eft prinii ordinis & defignat lineam five locum primi 
ordinis, quae quidem Temper reda eft. Sumatur enim Fig. 
in ordinata PM reda PN ita ut PN fit ad AP ut + a 
ad unitatem $ conftituatur AD parallela ordinatae PM 
aequalis ipfi + h & dudaDM parallela redae AN erit 
locus cui aequatio propofita refpondebih Nam PM = 

PN -f- NM = (a X AP -fi AD) dx -j- b. Quod fi 
aequatio fit formae y =: dx ~~ b vel y == — dx -|- b, reda 
AD, vel PN, fumenda eft ad alteram partem abfcifiae 
AP j contrarius enim redarum fitus contrariis coeffici- 
entium fignis refpondet. Si valores affirmativi ipfius x 
defignent redas ad dextram dudas a principio abfcifiae A, 
Valores negativi denotabunt tedas ab eodem principio ad 

fmiftram dudas * & fimiliter fi valores affirmativi ipfius 

% » 

y ordinatas reprsefentent fupra abfciflam conftitutas, ne- 
gativi defignabiint ordinatas infra abfciflam ad oppofitas 
partes dudas. 

ASquatio generalis ad lineam fecundi ordinis eft hujus 
form» 

yy — axy + cx % ss 0 


% 
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ic zquatio generalis ad lineas tertii ordinis eft j 5 — 

ax + *x/- f- cxx — d/jr -}- e Xy — /Sr* 

~ o. Et fimilibus aequationibus definiuntur linee geo- 
metrice fuperiorum ordinum. 

§ 2. Linea geqmetrica occurrere poteft re£fae in tot 
pun&is quot funt unitates in numero qui aequationis vd 
linee ordinem defignat, & nunquam in pluribus. Oc- 
curfus curve & abfciflae AP definiuntur ponendo 
quo in cafu reflat tantum ultimus equation is terminus 
quem y non ingreditur. Linea tertii ordinis ex. gr. oc- 
currit abfcifle AP cum fx*— g^-^hx — i=o, cujus 
equationis fi tres radices fint reales abfcifla fecabit cur- 
vam in tribus pundis. Similiter in aequatione generali 
clijufcunque ordinis index altiffimus abfcifle x equalis eft 
numero qui linee ordinem defignat, fed nunquam ma- 
jor, adeoque is eft numerus maximus occurfuum curve 
cum abfcifla vel alia quavis reda. Cum autem equa- 
tionis cubice unica faltem radix fit femper realis, idem- 
que conflet de equatione quavis quinti aut imparis cu- 
jufvis ordinis (quoniam radix quevis imaginaria aliam 
neceflario femper habet comitem), fequitur lineam tertii 
aut Imparis cujufcunque ordinis redam quamvis afymp- 
toto non parallelam in eodem plano dudam in uno fal- 
tem pundo neceflario fecare. Si vero reda fit afymp- 
toto parallela, in hoc cafu vulgo dicitur curve occur- 
rere ad diftantiam infinitam. Linea igitur imparis cujuf- 
cunque ordinis duo faltem habet crura in infinitum pro- 
gredientia. -/Equationis autem quadratice vel paris cu- 
jufvis ordinis radices omnes nonnunquam fiunt imagina- 
rie, adeoque fieri poteft ut reda in plano linee paris 
ordinis duda eidem nullibi occurrat. 


§ 3 * 


$ 3* <®quajtio fecundi aut fuperioris cujufctinque or- 
dinis quandoque componitur ek tot fimplicibus, a furdis 
& fradis liberatis, in fe mutuo dtrdis quot funt ipiius 
aequationis propofitafe dimenifiones j quo in cafu figura 
FMH non eft curvilinea fed conflatur ex totidem redis, 
quae per firnplices has aequationes definiuntur ut in Aru j» 
Similiter fi aequatio cubica componatur ex aequationibus 
duabus in fe mutuo dudis* quatum altera fit quadratica 
altera fimplex, locus non erit linea tertii ordinis pro- 
prie fic dida, fed fedio conica cUm reda adjunda. 
Proprietates autem quae de lineis geometricis fiiperiorum 
ordinum generaliter demonftrantur, affirmandae funt 
quoque de lineis inferiorum ordinum, modo numeri 
harum ordines defignantes fimul fumpti numerum com- 
pleant qui ordinem fuperioris lineae denotat. 

Qpae de lineis tertij ordinis (**. £r.) generaliter demon- 
ftrantur affirmanda quoque funt de tribus redis in eodem 
plano dudis* vel de fedione conica cum unica quavis 
reda fimul in eodem plano deferiptis. Ex altera parte, 
vix ullaaffignari poteft proprietas lineae ordinis inferioris 
iatis generatis cui nqn refpondeat affedio aliqua linearum 
Ordinum fuperibrupi. Has autem ex illis derivare non 
eft cujufvis diligentiae. Pendet haec dodrina magna ex 
parte a proprietatibus aequationum generalium, quas hic 
memorare tantum convenit. 

% 

§ 4. tn aequatione quacunque coefficien 9 fecundi ter- 
jfnini aequalis eft exceffui quo fumma radicum affirmati- 
varum fuperat fummam negativarum ; & fi defit hic ter- 
minus* indicio eft /ummas radicum affirmativarum & 
negativarum. Vel fummas ordinatarum ad diverfas partes 
abfeiflae conftitutarum, aequales efle. Sit aequatio ge- 
neralis ad lineam ordinis », 



374 -Z^Linearum Geometricarum 


y'—ax + bX /”* + cxx — dx + <X/~ * — {*.= 0, 
fupponatur u zzy — , pro jr fuWBtuatur ipfius va- 

lor u + & in aequatione transformata deerit ft- 


/ 

Cundus terminus ; ut ex calculo, vel ex doflrind 
aequationum paffim tradita facile patet : & hinc quo- 
que conftat, quod per hypothefin valor quifque ipfius 
u minor fit valore correfpondente ipfius y differentia 


ax -f- 
n 


6 

> 


unde fequitur fummam valorum ipfius u (quo- 


rum numerus eft n) deficere a fumma valorum ipfius 

ax "4“ b 

y (quae fumma eft ax -J- b) differentia -■ » Xn^zax 

ft 


-f-i, adeoque priorem fummam evanelcere & fecun- 
dum terminum deefle in aequatione qua u definitur, vel 
affirmativos & negativos valores ipfius u aequales fum- 

mas conficere. Si itaque fumatur PQ^iz: ut fit 

QM = i/, reflae ex utraque parte punfli Q^ad curvam 
terminatae eandem conficient fummam. Locus autem 
fi* 3« punfli Q^eft refla BD quae abfeiflam ultra principium A 

produflam fecat in B ita ut AB = — , & ordinatam AD 


ipfi PM parallelam in D ita ut fit AD = x b ; fi enim 

haec refla ordinatae PM occurrat in punflo erit 
PQad PB (feu + *) ut AD ad AB vel a ad n 9 adeo- 

queP(^==2li-^, ut oportebat. Atque hinc conftat 

reflam femper duci pofle quae parallelas quafvis lineae 
geometricae occurrentes in tot punftis quot font figurae 
dimenfiones ita fecabit ut fumma fegmentorum cujufvis 
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parallelae ex una fecantis parte ad curvam terminatorum 
femper squalis fit fummae Tegmentorum ejufdem ex al- 
tera fecantis parte. Manifeftum autem eft redam quae 
duas quafvis parallelas hac ratione fecat ipfam neceflaria 
efie quae fimiliter alias omnes parallelas fecabit. ' Atque 
hinc patet veritas theorematis jV*u//Wa «/, quo continetur 
proprietas linearum geometricarum generalis, notiflims 
fedionum conicarum proprietati analoga. In his enim 
reda quae duas quafvis parallelas ad fedionem termi- 
natas bifecat diameter eft, & bifecat alias omnes hifce 
parallelas ad fedionem terminatas. Et fimiliter reda 
quae duas quafvis parallelas lines geometries occur- 
rentes in tot pundis quot ipfa eft dimenfionum ita fecat 
ut fumma partium ex uno fecantis latere confiftentium 
& ad. curvam terminatarum squalis fit fumms partium 
ejufdem parallels ex altero fecantis latere copfiftentium 
ad curvam terminatarum, eodem modo fecabit alias quaf- 
vis redas his parallelas. 


§ 5« In squatione quavis terminus ultimus, five is 
quem radix y non ingreditur, squalis eft fado ex radici- 
bus omnibus in fe mutuo dudis ; unde ad aliam ducimur 
non minus generalem linearum geometricarum proprie- 
tatem. Occurrat reda PM lines tertii ordinis in M, Fig. 
m & fi, eritque PM X Pm X P p—fx' — gx % 

Secet abfeiffa AP curvam in tribus pundis I, K, L ; & 

AI, AK, AL erunt valores abfciils x, pofita ordinata 
y = 0, quo in cafu aequatio generalis dat fx* — gx % -f- 
bx—k = o pro his valoribus determinandis, ut in Art. 2. 


ttjf* hjc h 

expofuimus. Aquationis igitur x 1 — — + — - -y=L o 


tres radices funt AI, AK, AL ; adeoque hsc squatio 
componitur ex tribus x «r— AI, x-— AK, x~ALin 

Bb 3 fc 



0 
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fe mutuo du&is; cftquc x* 


gx* , &x 
/ + / 


k 



X — AI XX — AK XX — aE = Ap; — AI X AP- Al<£ 


X AP — AL = IP X KP X LP ss -^r X PM x P» 

X P/x-» Fadum igitur ex ordinatife PM, Pjw, P/x ad 
pundum P & curvam terminatis eft ad fadum ex Teg- 
mentis IP, KP, LP, red* AP, eodem pundo & cur- 
va terminatis in ratione invariabili coefficient» f ad 
unitatem. Simili ratione demonftratur, dato angulo 
APM, ft redae AP, PM, lineam geometricam cujuf- 
vis ordinis fecent in tot pundis quot ip(a eft dimenfio 
num, fore Temper fadum ex iegmentis* prioris ad pun- 
dum P & curvam terminatis id fadum ex Tegmentis 
pofterioris eodem pundo & curva terminatis in ratione 
invariabili. 


§ 6. In articulo praecedente fiippofuimus, cum Afcw- 
toriO) redam AP lineam tertii ordinis fecare in tribus 
pundis I, K, L ; verum ut theorema egregium red- 
datur generalius, fupponamus abfciflam AP in unicq 
tantum pundo curvam fecare ; fitque id pundum A» 
Fig. 4. Quoniam igitur evanefcente y evanefcit quoque *, ul- 
timus aequationis terminus, in hoc cafu, erit fx 3 — gx*- f- 

bx=:fxxxx — -f j =/* x L + L _ JL 


(fi firmatur A a verfus P aequalis & ad pundum 4 
erigatur perpendicularis ab = gs / X 

v ' 

AP X aP x -j- ab 7, =/x AP X SP* ; unde cum PM X 
Vm X P/x, fit aequalis ultimo termino -f- bx, 


ut 


/ 
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ut in articulo praecedente $ erit PM x P m x Pju ad 
AP x bP z in ratione conflante coefficients f ad unita- 
tem. Valor autem redae perpendicularis ab eft femper 
realis quoties reda AP curvam in unico pundo fecat ; 
in hoc enim cafp radices aequationis quadraticae fx z — gx 
-f- h funt neceflario imaginariae, adeoque 4 fh mkjor 

quam gg 9 & quantitas V 4 fh—gg realis. Cum igitur 
reda quaevis in unico pundo A fecat lineam tertii or- 
dinis, eft folidum fub ordinatis PM, Pm 9 P p, ad foli- 
duito fub abicifla AP & quadrato diftantiae pundi P a 
pundo dato b in ratione conflanti. Junda Ab eft ad 

A a 9 five radius ad cofinum anguli bAP 9 ut s/ 4 fh ad 

g 9 & Ab zz \J Idem vero pundum b femper con- 
venit eidem redae AP, qualifcunque fit angulus qui 
abfcifla & ordinati continetur. 

i 

§ 7. Sit figura fedio conica, cujus aequatio generalis 

fit yy — ax — b x y + cxx*— dx - |- 1 = o ut fupra; & Fig. 5. 
fi aequationis cxx — dx -}- e = 0 radices fint imaginariae, 
reda AP fedioiii non occurret. In hoc autem cafa 
quantitas 4 ec femper fuperat ipfam dd\ unde cum fit 

cxx — dx-\-ez=:cXx+— — - 4 - e — — (fi fumatur 

T 2C 1 4f v 

A* = & erigatur ab perpendicularis abfcifTae in a 

ita ut ab = — ^ ^ )=fX aP l -J - ab* z^cx bP\ fit- 

zc J 

que PM x P m =: cxx — <£*-}- 4, erit PM X P m ad JP* 
ut c ad unitatem. Itaque in fedione quavis conica 
fi reda AP fedioni non. occurrat, erit, dato angulo 
APM, redangulum. contentum fub redis ad pundum 
B confiftentibus & ad curvam terminatis ad quadra- 

B b 4 tum 
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tum diftantiae pun&i P a pun&o dato b in ratione con* 
ftanti, quae in circulo eft ratio aequalitatis. Manifeftum 
autem eft eandem methodum adhiberi pofle lineae quarti 
ordinis quam abfcifta fecat in duobus tantum piin&is, 
vel lineae ordinis cujufcunque quam attfeifla fecat ia 
pun&is binario paucioribus numero qui figurae ordinem 
defignat. 


§ 8« Hifce praemiflis, procedimur ad linearum geo* 
metricarum proprietates minus obvias exponendas eo? 
dem fete ordine quo fe nobis obtulerunt. Utebamur 

i 

autem lemmate fequenfi ex fluxionujn do&rina petito^ 
quodque in tradatus de hifce nuper editi Art. 717. 
demonftraviraus ; harum tamen aliquas per algebrani 
vulgarem demonftrari^ pofle poftea obferv^vimqs. 


Lemma . Si quantitatibus 7, %, u, &c. fimul flu- 
entibus, ut & quantitatibus X, Y, Z, V, &c. fit fa&um 
ex prioribus ad fa&um ex pofterioribu* in ratione con- 



+ &c- 


= Y + y + Y"*'V + &c ' PorT °’ brevitat “ &* 1 ' 

fia, quantitates appellamus fibi mutuo reciprocas , qua- 
rum in ie mutuo durarum fa&um eft unitas^ fic — dj- 


cimus reciprocam cfle ipfius x y &~ 



§ 9. Theor. I. Occurrat reRa quavis per punRum 
datum duRa linea geometrica cujufcunque ordinis in Ut 
punRis quot ipfa ejl dimenfionum ; reRa figuram in his 
punRis contingentes abfeindant ab alia reRa pofitione elata 
per idem punRum datum duRa figmenta totidem hoc 
punRo terminata $ & horum figmentorum reciproca ean- 


i 
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dem femper conficient fummam , modo fegmenta ad con- 
trarias partes pun&i dati fita contrariis fignis affici* 
antur • 


Sit P pundum datum, PA & P a redae quaevis duae Fige 6, 
ex P dudae quarum utraque curvam fecat in tot pundis 
A, B, C, &c. et a 9 b 9 c, & c. quot ipfa eft dimeniio- 
num. Abscindant tangentes AK, BL, CM, &c. et 
ak 9 blj cm 9 & c. a reda EP per pundum datum P 
duda fegmenta PK, PL, PM, &e, et P k 9 P/, P m 9 &c. 

dico fore -pg; + -pj- -p^ + &c * = + lv + 



+ &c. atque hanc fiimmam manere Temper ean- 


dem manente pundo P & reda PE politione data. 


j 

Supponamus pniip redas ABC^ ah motibus fibi pa*> 
rallelis deferri, ita ut earum occurfus P progrediatur in 
reda PE politione data $ cumque fit fbmper AP x BP 
X CP x &c. ad dP X bP X rP in ratione conflanti per 

Art. 5, repraefentet AP fluxionem ipiius AP, BP flu- 

xionerp redae BP, & CP, EP, &c. fluxiones reda- 
fum CP ? &c. refpedivas, ut vitetur inutilis fym- 


bolorum multiplicatio, eritque (per Art. 8.) 


AP BP 
AP+ BP 



+ S + =^ + 7^ + ^ + &c * Verumcum 


reda AP motu fibi Temper parallelo deferatur, notifli- 

mum eft AP fluxionem redae AP efle ad EP fluxio- 
nem redae EP ut AP ad fubtangentem PK, adeoque 

AP _ EP BP _ EP^ CP _ EP *P 

*AP PK ' £ ’ ,mi ltCr BP PL * CP — PM* «P 

_EP l? _ EP . cP EP EP , EP 

*" PA ’ iP “ P/ * rP ” Ym * UndC PK + PL 
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, EP , , E? , Efr , EP • 

+ m + &c * = TT + TT + T5T + &c> et PK* 

+ + pk + &c - = fi + ¥1 + i£ + &c * 


Hate ita fe habent quoties pun£ta K, L, M, & c. et 
i, /, m 9 & c. funt omnia ad eafflefti partes pundi P, 
adeoque fluxiones redarum AP, BP, CP, &c. *P, HP 9 
*P f &c. omnes ejufdem figni. Si vero, aeteris ma- 
JFig. 7. nentibus, pun&a quaevis M et m cadant ad contrarias 
- partes pun&i P, turn crefcentibus reliquis ordinatis AP, 
BP, &c. neceflario minuuntur ordinatae CP & rP, 
earumque fluxiones pro fubdititiis feti negativis habendae 

funt ; adeoque in hoc iafu ~ &c* 


111 • 

jj- -j- pj — — , tic, it generaliter in fummis hifee 


colligendis, termini iifdem vel contrariis fignis affici- 
endi funt, prout fegmenta cadunt ad eafdem vel ad 
contrarias partes pun&i dati P. 


§ 10. Si re&a PE occurrat Curvse in tot pun&is D, 
E, I, &c. quot ipfa eft dimenfionum, fumma -pj- 4. 

“FH pk ^ c * ^ uam feu invariatam 

manere oftendimus, aequalis erit fummae leu aggregato 

-pg- TE "i" W + & c * *• «• fummae reciprocarum 

fegmentis re&ae PE pofitione datae pun&o dato P 
- & curva terminatis ; in qua, ft fegmentum quodvis lit 
ad alteras partes pun&i P, hujus reciproca fvibdpcenda 
eft, 

§ Jit 


\ 
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§ tl. Si figura fit feflio conica, cui refla PE nui- Fig, 8. 
libi occurrat, inveniatur pundum b ut in Art. 7. jun- 
gatur P b 9 huic ducatur ad redos angulos bd redam 

PE fecans iri i y eritque 4* — fj* Eft enim 

PA X PB ad bP 7, in ratione conflanti, adeoque (per 

Alt. 8.) + = unde (quoniam Ai» efl: 

ad EP ut AP ad Pfc, BP* ad E? ut BP ad PL, & *P 
fid EP ut b? ad dP) ^ 4 •— = pj. 


§ 12. Similiter fi reda EP occurrat lineae tertii or- Fig. 9. 
dinis in unico pundo D, inveniatur pundum b ut in 
Art. 6. refla bd perpendicularis in jundam bP occurrat 
redae EP in d , & quoniam AP x BP x CP eft ad 

JDP X bP* in ratione conflanti (ibid.) erit r~- 4 
1 12 

+ m=m+N- Si autem P b perpendicularis fit 
in redam EP, evanefcet —7. 


§ 13. Afymptoti linearum geometricarum ex data Fig. 10 
plaga crurum infinitorum per hanc* propofitionem de- 
terminantur ; eae enim confiderari pofiunt tanquam tan- 
gentes cruris in infinitum produdi. Reda PA afym- 
ptoto parallela curvae occurrat in pundis A, B, &c. reda 
autem PE curvam fecet in D, E, I, &c. fumatur in hac 

reda PM ita ut fit aequalis exceflui quo fumma 

W + lE + Ti + &c ' fu P erat fummam —■ -f. 

4 &c. & afymptotos tranfibit per M, fi vero 

aequales 


/ 
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aequales fint hae fummae» crus curvae parabolicum «rit» 
afymptoto abeunte in infinitum. 


§ 14. Ad curvaturam linearum geometricarum unico 
Fig. 1 1 . theoremate generali definiendam» fit CDR circulus cui 
occurrant reda PR in D & R, & reda PC in C & N ; 
fecet tangens CM redam PD in M, atque manente 
feda DR, fupponamus redam PCN deferri motu fibi 

femper parallelo donec coincidant punda P, D» C, & 

\ 

1 


quaeratur ultimus valor differentiae ~~ — 


PD* 


In reda 


PN fumatur pundum quodvis f, occurrat fu parallela 
tangenti CM redae DR in v ; ducatur DQ. parallela 
ipfi PN» & QV (parallela redae circulum contingenti 

io D) fecet DR in V t Erit itaque -- s 
Wun ( quon, * n DMxMR = CM ) = Fm^pdTmr 

_ fp* X PM , _ A(f p 

Pt‘ X MR X PM 4- W X MR X NtD lcum 
X MD, feu CM*, fit ad PM* ut qv' ad Pv*) — 
q*v % X PM ^ q*v %> 

¥<v* X MR x PM -H qv 1 x"T5P “ P*;* X MR + q<v l x PM* 
cujus ultimus valor» evanefeente PM & coincidentibus 

QV* 

qu & Pv cum QV & DV, eft ^y^BR * ^ t( l uc ^em 


eft valor ultimus differentiae -^-7 — r— . fi D & C fint 


1 1 

PM ” PD 

in arcu lineae cujufvis ejufdem curvaturae cum circulo 
CDR. 


Fig. ia. § 15« Theor. II. Ex punSio quovis D linea geome- 
trica ducantur dua quavis re£ta DE» DA, quarum 
utraque eam fecet in tot pun£lis D, I, E» &c. £sf D, A, 
B, quot ipfa $Ji dimenfionum, \ aifeiudant tangentes 

AK, 


* 
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AK, BL, Wc. a retia DE fegmenta DKj DL, 
Occurrat retia quavis , QV tangenti DT parallela ipjts 
DA & DE in V, fttque QV* ad DV a ut m ad 


i j fumatur in DE DR ita ut 


m 

DR, 


aqualis Jit 


excejfui fumma 




+ &c. fupra fummam 


i 

DK 


-f- -gj- -j- &c. £sf circulus fupra chordam DR de* 

fcriptus retiam DT contingens erit circulus ofculatorius y 
ftve ejufdem curvatura cum linea geometrica propojka , ad 
puntium D. 

Offendimus enim in Art. io. (Fig. 6.) generaliter 
fummam + yy + + &c. = pjj + y— 


+ H + &c. & rn Art. praecedente invenimus valo* 
rem ultimum differentiae — » ~y, coincidentibus 

pun&is P, D & C, efle = yfijr fi circulus 

ejufdem curvaturae cum linea geometrica ad punftum D 

tu 

redae DE occurrat in R. Unde fequitur fore -gp- — 




&c. 


five reci- 


i 

procam ipfi — X DR efle aequalem exceffui quo fum- 
ma reciprocarum fegmentis pundo D & curva termi- 
natis fuperat fummam reciprocarum fegmentis eodem 
pundo & tangentibus AK, BL, &c. terminatis. Quo» 
ties autem exceffiis hic evadit negativus, chorda DR 
fumenda eft ad alteras partes pundi D, femperque ad* 
bibenda eft regula fuperius deferipta pro fignis termino- 
rum dignofeendis. Si reda DA bifecet angulum EDT 
j reda 


(t) 
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n£b DE it tangente DT contentum, theorema fif 
paulo fimplicius. Hoc enim in cafu QV =DV , m=.*j 

* IJjT * < l ujJis exce fl“‘ 9 wo ^ + -fir + &c - 

*** DK + Df *** &Ci 

§ 16. Ex eodem principio cofcfequitur theorema ge- 
iierale quo determinatur variatio curvaturae vel xnenfura 
anguli contact us curva & circulo ofculatorio contend* 
in linea quavis geometrica; praemittenda tamen eft ex- 
plicatio brevis variationis curvaturae^ cum haefc non latis 
dilucide apud audores defcripta fit. Linea quaevis curva 
a tangente fleditur per curvaturam fuam* cujus eadem 
eft mcnfura ac anguli contadus curva & tangente con- 
tenti ; & fimiliter curva a circulo ofculatorio infie&itur 
.per variationem curvaturae fuae, £ujus variationis eadem 
eft menfura ac anguli contadus curva & circulo ofculato- 
rio comprehenfi. Occurrat reda TE tangenti DX per- 
pendicularis curvae in E & circulo ofculatorio in r, & 
variatio curvaturae erit ultimo ut Er fubtenfa anguli 
contadus EDr fi detur DT ; cumque dato angulo con- 
tadus EDr fit Er ultimo ut DT 3 , ut ex Art. 369* 
tradatus de fluxionibus colligitur, generaliter curvatune 

variatio erit ultimo ut tltimur circulo ad cur- 

vaturam aliarum figurarum definiendam $ verum ad va- 
riationem curvaturae menfurandam, quse in circulo nulla 
eft, adhibenda eft parabola vel fedio aliqua conica. 
Quemadmodum autem ex circulis numero indefinitis 
qui curvam datam in pundo dato contingere pofiuntj 
unicus dicitur ofculatorius qui curvam adeo intime tan- 
git ut nullus alius circulus inter hunc & curvam duci 
poffit ; fimiliter omnium parabolarum quae eandem ha- 
bent curvaturam cum linea propofita ad pundum datum 

(font 


/ 


I 
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f font autem hae quoque numero infinitae) ea eandem 
fimul habet curvaturae variationem» quae, non folum 
arcum curvae tangit & ofculat, fed adeo premit ut nullus 
alius arcu? parabolicus duci poffit inter eas, reliquis om- 
nibus arcubus parabolicis tranfeuntibus vel extra vel in- 
tra utrafque. * Qua vero ratione haec parabola determi- 
nari poffit, ex iis quae alibi fufius explicavimus facile 
intell igitur. 

✓ 

Sit DE arcus curvae, DT tangens, TEK reda tan- 
genti perpendicularis, fitque redangulum ET x TK 
femper aequale quadrato tangentis DT, & curva SKF 
locus pundi K, qui redae DS curvae normali occurrat 
in S, quemque tangat in S reda SV tangentem TD fe- 
cans in V. Reda DS erit diameter circuli ofculatorii, 
& bifeda DS in f, erit / centrum curvaturae ; jundi 
autem V/ 9 fi angulus SDN conftituatur aequalis angulo 
/VD ex altera parte redae DS, & reda DN circulo 
ofculatorio occurrat in N j tum parabola diametro & 
parametro DN defcripta, quaeque redam DT contin- 
git in D, ipfa erit cujus contadus cum linea propofita 
in D intimus erit atque maxime perfedus feu proximus. 
Omnes autem parabolae alia quavis chorda circuli ofcu- 
latorii tanquam diametro & parametro defcriptae, & 
redam DT contingentes in D, eandem habent curva- 
turam cum linea propofita in pundo D. Qualitas cur- 
vaturae a Newtano in opere pofthumo nuper edito expli- 
cata eft potius variatio radii curvaturae ; eft enim ut flu- 
xio radii curvaturae applicata ad fluxionem curvae, vel (fi 
R denotet radium circuli ofculatorii & S arcum curvae 

ut -r. Ipfa autem curvatura eft inverfe ut radius R. 

S 

•— R 

& variatio curvaturae ut -> quae eft menfura an- 

RRS ' • 

guli 


* 
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guli conta&us curvi & circulo ofculatorio contento 
Harum autem uha ex altera dati facile derivatur. Va* 
tiatio radii curvaturae in curva quavis DE eft ut tarn 
gens anguli DVS vel DVf, & in paraboli quavis eft 
femper tit tangens anguli contenti diametro per pun* 
£him eontadus tranfeunte tc reda ad curvam perpendi^ 
culari. Haec ex theoremate fequenti generali deduei 
poliunt. 

i 

p jg # § 17* Theor. Iit. $it D pundium in lima quavis 

geometrica datum, occurrat DS diameter circuli ofcula - 
torii fer D dufta curva in tot punftis D, A, fi, 
quot ipfa ejl dimenjionum ; ducatur DT curvam contin- 
gent in D, qua curvam feat in pundiis I, &c. binario 

paucioribus , & occurrat tangentibus AK, BL, tsV. in 
1 C, L, &c, eritque variatio curvatur a* /rue menfura ari * 

guli contadius curva £sf circulo ofculatorio cornptrehenji, di - 
redi e ut exceffiis quo fumma reciprocarum fegmentis tan- 
gentis DT pundio contadius D & tangentibus AK, BL^ 
6fr. terminatis fuperat fummarit reciprocarum fegmentii 
eodem ptendio & curva terminatis , inverfe ut radius 

curvatur*, i. e. + ~- + ^. - 

tfc. 

Ducatur enim reda Di curvam (ecans in e , 1, Sca 
xirculum ofculatorium in R ; fitque angulus iDT quam 
minimus ; hujus fupplementum ad duos rectos bifecetuf 
reda Dab, quae lineae geometricae propofitae occurrat 
in pundis D, a , b, &c. & dudae tangentes gtk, bl, &c. 
iecent redam Di in pundis i, /, &c. eritque per pro* 

em praecedentem 1 . + ± 

137 * &c ‘ Undc pK 57 pk x dJ = i w 
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I I '* % \ . 

— — vw — - &c. Proinde coiricidentibtis redlis 
D* vi 


Di & DKL, feu evanefcente angulo iDK, erit ultimo 

. Re ,.i.ii 

aequans gj - 


Sit erT 


DR X D* -'i™"' DI DK DL 
perpendicularis tangenti in T, atque occurrat circulo 
ofculatorio in r $ cumque fit re ultimo ad Re ut YT ad 

D*, erit ultimo DR * D , — fr R x — DR x DT* 

^ J)S 

five ~ Menfura autem anguli contadfcus rDr 

tdrva & circulo ofculatorio contenti; Ave variatio cur- 
vaturae^ eft ut 


re 


DTi 


adeoque ut 


_L 1 

DS X SI 


1 

DK 


1 

DL* 


&c. 

t 

§ 18. Variatio autem radii curvaturae. Ave hujus qua- 
litas a Newtono defcripta, ex priori facillime colligitur, 
Jundbis enim SI, SK, SL, &c. erit haec variatio radii 
ofculatorii ut excefliis quo fumma tangentium angulorum 
DKS, DLS, &c. fuperat fumma m tangentium angu- 
lorum DIS, &c. Crefcit autem curvatura a pundto D 
Verfus 1, & minuitur radius ofculatorius, quoties arcus 
D* tangit circulum ofculatorium DR interne, vel cum 

+ -jjj- + &c. fuperat gj -f- & c * at c °ntra minu- 
itur curvatura a D verfus r, & augetur radius circuli 
ofculatorii, quoties arcus curvae De tangit arcum circu- 
larem externe vel tranAt intra circulum & tangentem 
adeoque cum DR At ultimo minor quam D* vel cum 

+ &c. fuperat ^ ^ + &c. 

. Sumatur igitur in tangente DT redla DV ita 
1 . '1 . - 1 . 


§ *9 

Ut D7 = DK + DL + &c 

'Ce 


— — &c. jungatur 

/V» 
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yV, conftituatur angulus SDN aequalis DVyj atque 
occurrat reda DN circulo ofculatorio in N ; & para- 
bola diametro DN defcripta, cujus parameter eft DN, 
quaeque redam DT contingit in D, eandem habebit 
variationem curvaturae cum linea geometrica propofita 
in pundo D. Ex iifdem principiis alia quoque theore- 
mata deducuntur, quibus variatio curvaturae in lineis 
geometricis generaliter definitur. 

§ 20. Ut haec theoremata ad formam magis geome- 
tricam reducantur» lemmata quaedam funt praemittenda, 
quibus dodrina de divifione redarum harmonica am- 
5. plior & generalior reddatur. In reda quavis DI, fiun* 
ptis aequalibus Tegmentis DF & FG, ducantur a pundo 
quovis V quod non eft in reda DI tres redae VD, VF, 
VG, & quarta VL ipii DI parallela, atque hae qua- 
tuor redae, a Cl. D. De la Hire y Harmonicales dicun- 
tur. Reda vero quaevis, quae quatuor harmonicali- 
bus occurrit ab iifdem harmonice fecatur. Occurrat 
reda DC harmonicalibus VD, VF, VG & VL in 
pundis D, A, B, C $ eritque DA ad DC ut AB ad BC. 
Ducatur enim per pundum A reda MAN ipii DI pa- 
rallela, quae occurrat redis VD & VG in M & N; & 
ob aequales DF & FG, aequales erunt MA & AN. 
Eft autem DA ad DC ut AM (five AN) ad VC, 
adeoque ut AB ad BC. Manifeftum eft redam, quae 
uni harmonicalium parallela eft, dividi in aequalia Teg- 
menta a tribus reliquis. Occurrat reda BH parallela 
ipii VF reliquis VG, VC,. VD in B, K & H; erit- 
que VK ad KB ut FG (vel DF) ad VF adeoque ut 
VK ad KH, & proinde BK = KH. 

4 

§ 21. Hinc fequitur, fi reda quaevis a quatuor redis 
ab eodem pundo dudis fecetur harmonice, aliam quam- 
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Vis redam quae his quatuor redis occurrit harmonice 
fccari ab iifdem ; eam vero quae parallela eft uni quatuor 
fedarum in fegmenti aequalia dividi a tribus reliquis. 
Sit DA ad DC ut AR ad BC, jungantur VA* VB> 
VC & VD j occurrant redae MAN, DFG ipfi VC 
parallelae redis VD, VA & VB in M, A, N & D f 
F, G ; eritque MA ad VC ut DA ad DC, vel AB ad 
BC, adeoque ut Al*J ad VC 5 M A = AN, & DF 
= FGj &, per praecedentem, reda quaevis quae ipfis 
VD, VA, VB* VC occurrit harmonice fecabitur ab 
iifdem. 


§ 22. Ex pundo D ducantur duae redae DAC, Dac Fig. 
redas VA & VC fecantes in pundis A* C atque a, c ; n * 1 
jundae Ac & aC fibi mutuo occurrant in Q^, & duda 
VQ_ harmonice fecabit redam DAC vel aliam quam- 
vis redam ex pundo D ad eafdem redas dudam. Secet 
enim VQredam AC in B, & per pundum Q^ducatur 
reda MQN parallela ipfi DC, quae occurrat redis 
Da, VA & VC in pundis M, R & N ; cumque fit 
MR ad MQ^ ut DA ad DC, & MQ_ad MN in eadem 
ratione, erit quoque RQ_ad QN ut DA ad DC. Sed 
RQ^ eft ad QN ut AB ad BC. Quare DA eft ad DC 
ut AB ad BC. Haec eft Prop. 20ma, Lib. I. fedionum 
conicarum Cl. De la Hire . 


§ 23. Sit DA ad DC ut AB ad BC, eritque 

aequalis fummae vel differentiae ipfarum 

prout punda A & C funt ad eafdem vel contrarias partes 
pundi D. Sint imprimis punda A & C ad eafdem partes 
pundi D, cumque fit DA x BC =DC x AB, i. e. DA x 

DC — DB = DC x Dft — DA, vel DA x DB — 1x5 

= DC x DA — DB erit 2DA X DC = DA x DB 4- 

C c 2 DC 
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DC X DB, adeoque ^ Sint nund 

n. 2 & 3. punda A & C ad contrarias partes pundi D, eritque 
vel DA x DB — DC = DCxDB + DA, vel DAx 

DB-f DC = DC XDB — DA, adeoque = JL 


— cum punda B & C funt ad eafdem partes pundi 


2 I I 

D, vel quoties punda A & B funt 

ad eafdem partes pundi D. Si igitur, datis pundo D 
& redis VF & VC pofitione, ducatur ex pundo D 
reda quaevis illis occurrens in pundis A & C, & in 

2 1 

eadem reda fumatur Temper DB ita ut 


+ ubi fupponitur terminos iifdem 

vel contrariis fignis afficiendos effe prout punda 1 A & C 
funt ad eafdem vel contrarias partes pundi D, erit lo- 
cus pundi B ipfa harmonicalis VG quae redam DFG 
redae VC parallelam fecat in G ita FG =1 DF ; quae- 
que tranfit per pundum Q^ubi (duda Dac quae iif- 
dem redis VF ic VC occurrat in a et c) jundae Ac 
et aC fc mutuo decuflant. 


Fig. 17 . $ 2 4* Si in reda DA fumatur femper D b ita ut 

52 = IJa *5u 5 ducatur parallela redae VC 


quae redae VF occurrat in F, & DH parallela redae VF 
quae redae VC occurrat in H, & duda diagonalis' HF 

erit locus pundi b •, nam ex hypotheii ^ = ■gg', & 

DB =s 2 D b} adeoque cum VG lit locus pundi B erit 
pundum b ad redam HF, fi pun§a A & C lint ad 

eafdem 
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eafdem partes pun&i D. Si autem fupponatnr ^ — 

Sa “ l£c * eadem conftru&io inferviet pro determi- 
nando pun&o b 9 (i fubftituatnr loco re&ae VC alia vc 
re&ae VC parallela ad aequalem diftahtiam a pun&o D 
fed ad contrarias partes. 

§ 25. Ex pun&o dato D ducatur re&a quaevis DM 
quae tribus re&is politione datis occurrat in pun&is A, 

C, Ei & fumatur fcmper DM ita ut gL = ^ + 


DA 


DC 


- (ubi termini funt contrariis fignis afficiendi 


quoties re&ae DA, DC vel DE funt ad contrarias partes 
pundtiD); fupponatur DA , DC 
ad re&am politione datam per praecedentem ; adeoque, 
cum fit 


1 . 1 1 • . t 

+ “ = dl» ent( l uc L 


1 =-p!r + w> erit pun&um M ad po- 


1 

DM DL 1 DE 
fitione datam, per eandem. Compofitio autem proble- 
matis facile ex di&is perficitur. Sint VA, VC Sc v E 
tres re&ae politione datae, & compleatur parallelogram- 
mum DFVH, ducendo DF & DH re&is VC ic VF 
refpe&ive parallelas, & occurrat re&a vE diagonali in 
i) ; deinde compleatur parallelogrammum Dfvb ducen- 
do re&as D f & D h re&is wE & HF parallelas quae 
re&is HF & vE occurrant in pun&is f & b; & diago- 
nalis bf erit locus pun&i M. Occurrat enim re&a DA 
re&is HF & bf in L & M j eritque, ex praecedentibus, 
1 1 . 1 1 i . 1 


DL DE 


DA + DC 


DM 

jtru&io ex Art. 22. deducitur> 


DE* 


Alia con* 



\ 
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§ 26. Reda quaevis ex pun&o dato D duda occurrat 
redis pofitione datis in pundis A, B, C, E, &c. et in 

hac reda fumatur femper = ^ + 55 + ^ 



critquc locus pundi M femper ad redam 


pofitione datam. Demonftratur ad modum ptaece 
dentis. 


Fig 18. § 27. Theor. IV. Circa datum punftum P revolvatur 

re ft a PD qua occurrpt linea geometrica cujufiunque or- 
dinis in tot punftis D, E, I, quot ipja ejl dimen - 
fionum y & fi in eadem refta fumatur femper PM ita ut 

m= 

' rum regulam fapius defcriptam obfervare fupponimus ) 
erit locus punftt M linea refta*' 


pk + PE + it + ( uhi f gna Urmin *~ 


Ducatur enim ex polo P- reda quaevis pofitione data 
PA, quqe curvae occurrat in tot pundis A, B, C, &c, 
quot ipfa eft dimenfionum. Ducantur redae AK, BL, 
CN curvam in his pundis poritinge/ites, quae occurrant 
redae PD in totidem pundis l£, L, N, &c. et per 

Art I0, "HJ + pF + p! + ** r 1 pk * ~pl * 

— - + &c. Unde aequalis eft huic fumraae, cunij 

que pofitione detur reda EA, it maneant redae AK, 
BL, CN, &c. dum reda PD circa polum P revolvi* 
fur, erit pundum M ad lineam red^ra, per articulqai 
praecedentem ; quae per Asperius often fa ex datis tan« 
gentibus AK, BL* &c. determinari poteft. 


§ 28. Sicut reda Pzn medium eft harmqmcuigi inter 


fluas redas PD & PE, cum 

i 


2 


~ tu 


1 

PE 


fis 





3 


1 

i 


i 

i 


1 
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+ iTi? + TTr + &c< Et fi ex punito 


utiliter P m dicatur medium harmonicum inter re£tes 
quaflibet PD, PE, PI, &c. quarum numerus eft 

n 1 

CUm Ym "PD PE T PI 
dato P re&a quaevis du£ta lineam geometricam fecet in 
tot pun&is quot ipfa eft dimenfionum, in qua fumatur 
femper P m medium harmonicum inter Tegmenta omnia 
du£fee ad pundtum datum P & curvam terminata, erit 

puncSlum m ad re&am lineam. Erit enim r=— = — 
r PM P m 

adeoque P m ad PM ut n ad unitatem $ cumque pun&um 
M fit ad re£tam lineam, per praecedentem, erit m quo- 
que ad reftam lineam. Atque hoc eft theorema Cotefii, 
vel eidem affine. 


§ 29. Sint <7, £, c y d y &c. radices aequationis ordinis 
n, V ultimus ejus terminus quem ordinata feu radix y 
non ingreditur, P coefficiens termini penultimi, M me- 

dium harmonicum inter omnes radices, feu ^ ~ 

-j + ~ Cum igitur fit V fa&um ex 

radicibus omnibus by r, &c. in fe mutuo du&is, Iit* 
que P fumma fa&orum cum radices omnes una dempta 

V V V V 

in fe mutuo ducuntur, erit P = — f- t + ““ + -7 

a 0 1 c a 

+ &c. =: adeoque M = Sic, fi aequatio 

fit quadratics, cujus radices duae fint a et by erit 

M = (affumpta aequatione generali fe£tionum 

. A ~ A . 2 cxx — 2 dx 4 - ze 

conicarum Art. i. propofita) = ■ j . 


In 


ax 


aequatione cubica cujus tres radices funt a 9 b y r, erit 


M = 


3 abe 


ab 4- ac 4- bc 


(fi afiluxlatur aequatio ge- 


C c 4 


ner alis 
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neralis linearum tertii ordinis ibidem propofid} =3 
tf xi — 3g** + jbx — 3I 
c xx — dx ■+• * 


Fig. 19. § 30. Occurrant redae quaevis duae P m & P*i, c * 

pundo P dudae, lineae geometricae in pundis D, E, I, 
&c. et </, e , 1, &c. fitque P m medium harmonicum 
inter fegmenta prioris ad pundum P & curvam termi- 
nata, & P fx medium harmonicum inter fegmenta fimilia 
pofteiioris redae ; junda yjn occurrat abfciflae AP in H, 

mVx V 

eritque PH — r* vel PH ad P m ut P ad — t Secet 

^ y x 


enim abfcilTa curvam in tot pundis B, C, F, &c. quot 
ipfa eft dimenfionum ; cumque ultimus terminus aequa- 
tionis (i. e. V) fit ad BP X CP x FP X &c. io ratione 
conflanti, ut fupra (Art. 5.) oftendimus, erit (per Art* 8* 


V 

V 



-f. &c. adeoque 



1 — 1 _ , 
CP ^ FP ^ '* 

refta PM = £ 


__ «v \ 

y) 


— & PH =; (quoniam 

” V* y 

: Px 

= P m X In fedionibus coni? 


cis eft PH ad P m ut a x — b ad 2 cx & in lineis 

tertji ordinis ut cxx--dx + * ad 3/**— 2 gx b. 


§ 31. Si defideretur propofitionis praecedentis demon- 
flratio ex principiis pure algebraicis petita, ea ope fe* 
quentis Lemmatis perfici poterit. Sit abfcifla AP = x, 
ordinata PD = y* ultimus terminus aequationis lineam 
gpometricam definientis V = A*" -f- B**-" 1 + 

+ &c. penultimi coefficiens P = ax nm ~ l + bx *~ 2 

tx n ' mm ‘ 3 + &c. et fit quantitas quae formatur du- 
cendo terminum quemque quantitatis V in indicem ip- 

fius 
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Iius x in hoc termino & dividendo per x, i. e. iit 

«A ***— 1 + n — : iX -{- n — 2 XC **“" 3 

V 

+ &c. (quae jpfa eft quantitas quam dicimus). Dui- 

catur ordinata D p quae angulum quemvis datum A^D 
cum abfcifla conftituat, iintque redfae PD,^D et Vp ut 
datae /, r et k ; dicatur pH Ap = & tranfmuT 

tetur aequatio propofita ad ordinatam u & abfcifTam % \ U, 
aequationis novae, cum fit z == AP, terminus ultimus 
v erit aequalis ipfi V, penultimi autem coefficiens p erit 


aequalis + 


QJ+P/ 

r 


Cum enim fit PD (=>) ad (=z 14) ut / ad r, erit 
y = fit autem P 'p ad (= u) ut k ad r, erit 

= &AP = * = Af±P* = z + -^. His 


autem valoribus pro y et x fubftitutis in aequatione pro* 
polita lineae geometricae, prodibit aequatio relationem 
co-ordinatarum z et u definiens. Ad hujus ultimum 
terminum v & penultimum pu determinandum, fufficit 
bos yalores fubftituere in ultimo V, & penultimo Py % 
aequationis propofitae, atque terminos refukantes colli- 
gere in quibus ordinata u vel non reperitur, vel unius 
tantum dimenfionis ; horum enim fumma dat pu, il- 


lorum v . 


Subftituatur pro x ipfius valor % + — in 


quantitate V vel Ax* -f- By* - " 1 + C**””* -J* &c. et 
termini refultantes A^* + 4 B ■ + B%* + 

, /n, - Clf^^kU 

4- Cz* * + «—2 X I- 

• ■ — *• ■ 


n — 1 X 


B 9?- z ku 


&c. foli ad rem faciunt de qua nunc agitur. Sub- 
jftituatur deinde pro x idem valor, & pro y ipfius 

valor 


Iq 6 Li kiaeitmGjejometju carum 


h 


yalor — , in quantitate P/ = d* 8 "' 1 bx*~~ 2, -f- cx*~~3 

+ &c. X J } k termini refultantes foli 

az n ~~ l + £z*"“ a + rz*“” 3 X &c. X — funt nobis re- 

■ r 

tinendi. Supponatur nunc z = x 9 & fununa priorum 
fit aequalis V + & pofteriorum fiimma 3 

Unde pianifeftum eft ultimum terminum aequationis 

• r .. P/+Q* 

nova v = V, & penultimum pu = — =— = X «• 


§ 32. Sit nunc P m medium harmonicum inter feg- 
menta PD, PE, PI, &c« et P/* medium harmonicum 
inter Tegmenta Psf, P/, P/, &c. ut in Art. 30. jun&s 
(Am Tecet abfeiflam in H \ & Tupponamus P^t ordinata 
pD parallelam effe. Ducatur (as abfciffae parallela, quae 
redae Pm occurrat in j ; eritque P/ ad P>* ut PD ad 
pD vel ut / ad r, et fts ad P/k ut i ad r. ' Cumque fit 

P/ti =5 (per Articulum praecedentem) erit 

t, in «V , tyvl nV . «V/ 

=Z Pm + rr =? T7- + = -rr- ~T r-: , = 

P — /r P — P/-MJi 
Eft autem ad Sft ut Pm ad PH, i. e. 


P X P/± Qi 
*VQt 


ad 


nVk 


P X P/± Q k PA±Q£ 


ut Pm ad PH ; afcoque Q, 


P «V 

ad P ut Pm ad PH, • vel PH =: Pm X — vel q-* 


Cum 


igitur valor redae PH non pendeat a quantitatibus /, i 
et r i fed, his mutatis, fit Temper idem, erit pundum 
ft ad redam pofitione datam, ut in Theor. 4. aliter 
oftendimus. Qjua & valor redae PH is eft quem i* 
A r t* methodo defiiuvimos $ & reda Hm om- 

nes 
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fie$ reflas es P duda$ fecat harmonice, fecundum de- 
finitionem fedionis harmonicae in Art. 28. generaliter 
propofitam. 


t 4 

SECTIO Ii 

De hinm fecundi ordinis , Jfae fefiionibus 

conicis : 


$33*1?^ 3§ **^ S e ^ er ^te r Unpia geometricis 

4— y in fediqne primi depaoiiftrata funt, fpont£ 
fluunt proprietates linearum fecundi, tertii, & fuperir 
orum Qrdjnum. Qyae ad fediones conicas fpedant 
optime derivantur ex proprietatibus circuli, quas figure 
bafis eft qoni. Vgrum u£ ufus theorematum praece- 
dentium clarius pateat, & figurarum analogia illuftrer 
tur, operae pretium erit harum quoque affediones ex 
praemiflis deducere. . Dodrina autem conica de dia-p 
metris, earumque ordinatis (quibus parallelae funt redae 
fedionem contingentes ad vertices diametri) & de pa- 
rallelarum Tegmentis quae redis quibufeunque occur- 
fUfit, & afymptotis, tota facillime fluit ex iis quae 
Art. 4. & 5. oftenfa funt. 


§ 34. Redae AB & FG fediqn}^ conicae inferiptap Fig. 
pccurrant fibi mutqq ip pupdo P ; dudae AK, BL, 
JTM, GN fedjonepi contingentes occurrant redae PE 
per P dudae in pqndis K, L, M, N ; eritque Temper 

± ■$£ = pjj + pjj- (fi redfa PE curvae occurs 


&t in pungis D & E) = -pj- + Segmenti* au- 


tem 
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tem quas funt ad eaftlcm partes pundi P eadem praepo- 
nuntur iigna; iifque quae funt ad oppofitas partes 
Fig. 21. pundi P figna praeponuntur contraria. Hinc fi bife- 
cetur DE in P, & ex pundo P ducatur reda quaevis 
fedionem fecans in pundis A et 3 , unde ducantur re- 
dae AK et BL curvam contingentes quae redam DE 
Fig. 22. fecent in K et L; erit Temper PK = PL. Quod fi 
DE fedioni non occurrat, fitque P pundum ubi di- 
ameter quae bifecat redas ipfi DE parallelas eidem 
, occurrit $ erit in hoc quoque cafu PK = PL. 


23. § 35. Concurrant redae AB et FG fedioni conicae 

infcriptae in pundo P ; ducantur redae fedionem con- 
tingentes in pundis A et F quae fibi mutuo occurrant 
in K, & junda PK tranfibit per occurfum redarum 
quae fedionem contingunt in pundis B et G. Si enim 
reda PK non tranfeat per occurfum redarum fedio- 
nem tangentium in B et G, huic occurrat in N illi in 

L; cumque ^ ^ = it + W per pra:ce ' 

dentem, erit PL = PN : & coincidunt punda L et 
N contra hypothefin. ' 


§ 36. Eadem ratione patet redas AG et BF fibi 
mutuo occurrere in r pundo redae LK ; adeoque 
punda P, K, n , L efle in eadem reda linea. Hinc 
datis tribus pundis contadus A, B et F, cum duabus 
tangentibus AK et FK, fedio conica facile defcribitur. 
Revolvatur enim reda KtP circa tangentium occur- 
fum K ut polum, quae occurrat redis AB et FB in 
pundis P et 9rj & jundae A tt 9 FP occurfo fuo G 
defer ibent fedionem conicam quae tranfibit per tria 
punda data A, B, F & continget redas AK et FK in 
^ et F, 

$ 37 . 
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$ 37. Caeteris manentibus, occurrant redae AF et BG Fig. 24. 
libi mutuo in pundo p, tangentes AK et BL in R, 
atque tangentes FK et GL in Qj & punda R, sr, Q, 
et p erunt in eadem reda linea; iimiliter occurrant 
tangentes AK et G(^in m ; tangentes BR etFK in 
& punda F ; m 9 », p erunt in eadem reda linea. De- 
monftratur ad modum Art. 35. 

m 

§ 38. Hinc datis quatuor pundis contadus A, B, F, 

G cum unica tangente AK, occurfus redarum AB et 
FG, AF et BG, atque AG et BF, dabunt punda P, 
p9 et 5 ar; j undae autem P^, Psr, et pw fecabunt tan- 
gentem datam AK in tribus pundis m 9 K et R unde 
dudae jwG, KF, RB fedionem conicam contingent 
in pundis datis G, F et B. 

§ 39. Datis quatuor tangentibus RK, KQ^ QL, LR 
et unico pundo contadus A, occurfus tangentium RK 
et LQj, LR et QK dabunt punda m et n. Jungantur 
LK et nm ; & occurfus redarum LK et RQ,, LK et 
nm 9 RQ_et nm 9 dabunt punda at, P et p ; j undae vero 
PA, crA et pA fecabunt tangentes RL, QK et QL in 
pundis contadus B, G et F. 

§ 40. 'Datis quinque pundis contadus A, B, F, G 
et f 9 j undae GF et Gf redae AB. occurrant in pundis 
P et X ; jundae AF et A f occurrant redae -'BG in p 
et x ; & jundae P p 9 X* occurfu fuo dabunt pundum 
m\ unde dudae mA et mG fedionem conicam tangent 
in A et G ; & iimiliter; determinantur redae quae cur- 
vam contingent in pundis reliquis B, F ety*. 

§ 41. Dentur quinque redae fedionem conicam con- 
tingentes, VK, KQj QL, L u et «V ; occurfus tangen- 
tium VK et LQ„dabit pundum m\ occurfus tangentium 

KQ. 


Fig. 25. 


Fig. 26. 


Fig. 27 
n. 1. 
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KQ_et Lu dabit pundura n ; jungantur hm, LK, Vf/ 
et mu ; reda LK fccabit re£bun( m» in P ; & red* LV 
fecabit ipfam mu in X 5 junda autem PX fccabit tan-* 
gentes VK et uL in pundit contadus A et B* Simifctef 
reliqua punda contadus determinantur. 

§ 42. Datis tribus tangentibus AK, BK,etRL,cum 
duobus pundis contadus A et B, facillime determinatur 
tertiupi) per Art. 35. Occurrat dnhh tangens RL re- 
liquis tangentibus in R et L, atque jundae AL et BR, 
fe mutuo decuflent in **, junda Kt fecabit tangentem 
RL in tertio pundo contadus F $ Sc fedio contca de- 
fcribi poteft ut in Art. 36. 

§ 43. Dentur quatuor tangentes KQ^, QL, LR el 
RK cum unico pundo D fedionis conidfe qu.od non lit 
in aliqui quatuor tangentium. Inveniantur punda P, 
p et n ut in Art. 39. Jungantur PD, ^D, et tD 5 & 
duda PZ redae pD parallela occurrat redae RQ-in Z ; 
& bifariam fecetur PZ in S ; & duda fedabit redam 
PD in E pundo curvae; vel occurrat PD redae RQjir 
z 9 et (per Art. 23.) fecetur PD harmonice in 2?etE* 
Duda autem Dx fecabit jundam pE in e y et Ex fe- 
cabit ipfam pD in d 9 ita ut haec quoque punda t 
lint ad curvam. 

§ 44. Ex pundo K ducantur duae tangentes ad fe- 
dionem conicam in A et B ; ex pundo A ducantur 
redae duae AF et AG fedioni occurrentes in F et G ; 
junda BG fecet AF in P, et junda BF fecet redam 
AG in x ; eruntque punda P, K, x in eadem reda 
linea, per Art. 36. 

Verum propofitio haec generalior eft. Si enim a 
pundo quovis K ducantur duae redae KA0, KB 3 fe- 

dionem 
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dionem fecaates in pundis A, a et B, b ; et ex pundia 
A et a ducantur redae ad 1 fedionem AF et aG ; juh£ta 
mitem BF fecet aG in P, & duda- Ki fecet AF. in 
erunt punda P, K, vr in eadem reda linea ; quod va- 
tiis modis alias deffionftravimirs, unde expedijatn riie-*- 
thodum olim deduximus fedionem conicam defcribendi 
per data quaevis quinque punda. Sint A, a 9 B, b et F 
punda quinque data ; concurrant redae A a et B B ili K ; 
jungantur AF ef BF ; revolvatur reda PKsr ctrCa polum 
K, quae occurrat his redis in $r et P ; et dudfee #P, bit 
concurfu fuo G fedionem defcribent. 

§ 45. Sit P pundum datum extra fedionem coni- Fig. zS. 
cam, unde duda quaevis fedioni occurrat in D et E ; 

et fi If erit M' ad Irneam redam AB 

quae fedioni occurrit in pundis A et B, ita utdudae PA 
etPB, erunt contingentes fedionis. Si vero pundum p 
fit in medio pundo redae AB intra fedionem, fitque 

— = — 4. — , locus pundi m erit reda- ab per P 

duda ipfi AB parallela. Tangentes ad punda D et £ 
fcmper concurrunt in- reda- AB> et tangentes ad punda 
d et e in reda ab, 

§, 46. Contingat reda DT fedionem in D, unde du- Fig. 29. 
cantur duae quaevis redae DE et DA, quae fedioni oe- n * *• 
currant in E et A. Occurrat DE redae AK fedionem 
contingenti, in K ; et dudae EN, KM tangenti DT pa- 
rallele fecent DA in N et M, fumatur in reda DE, 

DR ad EN ut KM ad KE, & circulus ejufdem cur- 
vaturae cum fedione in D tranfibit per R. Nam per 

Art IC qy* - 1 1 L- m 

15- ™ DV‘*DK “ DK DK ” DExUK. 

DR 


a. 2. 


* 


9 
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DR 

KM 


DEXDK QV* 

— X 5^7 (quomam QV 

DK : : EN : DE) = ^ l ]j ^ EN . 


: DV 
Quod fi 


fuerit tangens AK parallela redae DE, (i.^. fi DE fit 

EN* 

ordinata diametri per A tranfeuntis) erit DR — ^ 

vel DR ad DE ut EN* ad DE* ; ut alibi demonflravi- 
mus Art. 373. tradatus de fluxionibus. Si in hoc cafu 

EN* 

DE fit diameter, erit -g—, adtoque DR, aequalis pa* 


rametro diametri DE; ut iatis notum eft. 


Fig. 30. $ 47* Ducantur redae DT, DE, quarum prior iedio* 

*• nem conicam contingat in D, pofterior eidem occurrat 
in E- Ducatur DA quae bifecet angulum EDT et fe- 
dioni occurrat in A > jungatur AE, cui occurrat in V 
redaDV parallela redae quae curvam contingit in A $ et 
duda VR parallela redae DA, haec fecabit DE in R ubi 
circulus ofculatorius occurrit redae DE ; eritque DR 
diameter curvaturae fi angulus EDT fit redus. Erit 
enim VR ad AD ut ER ad DE, et ut DR ad DK ; unde 

DR ad DK ut DE ad EK, adeoque -=^7 = -=|— — 

i/J\ Dht 

n ut oportebat, per Art. 15. Si autem fit tangens 

AK parallela redae DE (quo in cafu tangentes AK et 
DT aequales conftituunt angulos cum reda DA quae 
proinde perpendicularis eft axi figurae) coincident punda 
R et E, & circulus ofculatorius tranfibit per pundum 
E. Sequitur quoque ex didis redas EK, DE et ER 
effe in progreffione geometrica. 

Fig. 31. $ 4®* Occurrat reda quaevis DE fedioni conicae in D 

et E, concurrant redae curvam contingentes ad D et E 

in 
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lh pundo V. Sit DOA diameter per D curvae, & fi 
conftituatur angulus DVr = EDO, erit DR (=2Dr) 
chorda circuli ofculatorii. Ducatur enim AK fedio- 
nem contingens quae redae DE occurrat in K, et tan- 
genti EV in Zj ducatur EN parallela tangenti DT 
redam DA fecans in N ; cumque fit DR ad KA ut EN 
ad EK ; fitque KZ (= -|AK) ad EK ut VD ad DE, 
erit VD ad DE ut ~DR EN ; adeoque triangula 
DVr et EDN fimilia et angulus DVr aequalis angulo 
EDO. Hanc methodum determinandi circulum ofcu- 
latorium demonftravimus in tradatu de fluxionibus. 
Art. 375. fed non adeo breviter. 


§ 49. Variatio curvaturae, five tangens anguli con- 
tadus fedione conica & circulo ofculatorio compre- 
hend» eft direde ut tangens anguli contenti diametro 
quae per contadum ducitur & normali ad curvam, & 
inverfe ut quadratum radii curvaturae. Sit enim DR Fig. 32. 
diameter curvaturae, & haec variatio ad ptindum D erit 


ut 


DRxffV » *** I 7 * adeoque, cum fit DV ad 


4 

Dr ut DE ad EN, ut 


EN 

DE xDR 1 * 


Variatio autem ra- 


dii curvaturae eft ut tangens anguli EDO. Quod fi 
reda DO circulo ofculatorio occurrat in 0, parabola 
diametro & parametro D n defcripta, quaeque contingit 
redam DT in D, ea erit cujus contadus cum fedione 
eft intimus, per Art. 19. 


§ 50. Cseteris manentibus, ex pundo V ducatur reda Fig. 32, 
VH circulum oficulatorium contingens in H 5 jungatur 
HD, cumque fit angulus RDH complementum an- 
guli DrV ad redum, erit RDH = DVr =: EDO ; 
adeoque variatip radii curvaturae erit ut tangens anguli 

D d RDHj 
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RDH 1 & coinciifntibus nfiii DR et QH TtMtil 
ffVMtfeR. 


#t**ftftt*******t**4HM#t#**t*** 


SECTIQ III. 
fXe I^iveis tertii Qrfims. 

0 

i S1<T\ E Anffc 9 T $m Ave fRTvis 

XJ generis, uhfrips potus agpylum eft, Do- 
drinam coniam, variis modis ufque ad faftidium fere, 
tf^Safunt permulti. Hanp autem geometric univer- 
sis p*rtqu* pauci sykigerpnt; cam tamen nec fteri T 
tea efie nec injypundapi e* fcqyentibu*, ut fppro, 
pptefrt, cum graeter proprietas harum figurarum a 
pfim traditas» ali^ iiat plures geometrarum 
ft^ntione non indigna?» Oj^qidimus fupra, re&am fo- 
care goffe lineam tertii ordinis in tribus pun&is, quo- 
niam aequationis cubicae tres funt radices, qyae omnes 
regies efle polluat* Reda autem quae lineam tertii 
ordinis in duobus pundis fecat, eidem in tertio aliquo 
pun&o neoafiario occurrit, vd parallela eft afymptote 
curvae, quo in cafii dicitur n occurrere ad diftanri^ n 
Infinitam : ajquapionis enim cubicae fi duae radices fint 
rcates, tertia neccfiario malis erit» Hinc roda quas Hr 
neam tertii ordinis contingit, cam in qliquo punito 
femper lecat ; cum conta&us pro duabus interfe&ioni- 
bus Goincidentibus habendus fit. Reda autem quae 
curvam io pun&o flexus contrarii contingit, fimul pifc 
fecante habenda eft. Uhi duo arcus curva? fibi iqutuo 
occurrent, pun&um duplex forabatur, & reda quae ai* 
tcrum arcym ibi contingit in eodem pundo alterum 

fecat. 


* 


1 
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fecat, Relta autem ^ia quaevis ex pundo duplio 
du&a in uno alio pun&o curvam fecat, fed non in plu- 
ribus. 

1 

§ 52. Prop. I. Sint duc parallelae, quarum 
utraque fecet lineam tertii ordinis in tribus 
punitis ; reda quae utramque parallelam ita fe- 
cat ut fummA duarum partium parallelae ex uno 
(ecAntjs latere ad curvam terminatarum aequalis 
(it tertiae parti epiiclem ex altero fecantis latere ad 
curvam terminatae fimiliter (ecabk omnes redas 
lus parallelas quae curvae in tribus punitis oc- 
currunt *, per Art. 4. 

% 53. Prop. II. Qccurrat reda politione data 
lineae tertii ordinis in tribus punitis ; ducantur 
duae quaevis parallels quarum utraque curvam 
(ecet in totidem punitis j & folida contenta fub 
fegmentis parallelarum ad curvam & redam po- 
litione datam terminatis erunt io eadem {atione 
ac lolida fub legmentis hujus reds ad curvam & 
parallelas terminati», per Art. 5. 

Hae duae proprietates a Ntwtmo ohm expofitae fil- 
arunt. 

§ 54. Prop. III. Caeteris manentibus ut in Fig. 33; 
propofitione praecedente, occurrat reda politione 
dat» lineas tertii ordinis in unico punito A, & 
folidum fub legmentis PM, Pm, Pp unius paral- 
lelae contentum erit femper ad folidum fob leg- 
mentis pN, pe, p, alterius parallelae ut folidum 
AP x bP l contentum fub fegmento AP & qua- 

D d 2 drato 


Fig. 34. 

A. I. 


XL 2 . 


Fig. 35 . 
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drato diftanti® bP punlti P a punito quodam & 
ad folidum Ap x bp' contentum Tub fegmento 
Ap et quadrato diftanti® punlti p ab eodem 
punito b, per Art. 6. 

§ 55, Prop. IV. Ex dato quovis punito P 
ducatur relta PD quae lineae tertii ordinis oc- 
currat in tribus punitis D, E, F, & alia quzvis 
relta PA qu® eandem fecet in tribus punitis A, 
,B* C. Ducantur tangentes AK, BL, CM, qu® 
relt® PD occurrant in K, L, et M *, et medium 
harmonicum inter tres reltas PK, PL, PM, co- 
incidet cum medio harmonico inter tres reltas 

PD, PE, et PF, per Art. 10. & 28. Si autem 
relta PD curv® occurrat in unico punito D, in- 
veniatur punitum d ut in Art. 6. & medium 
harmonicum inter tres reltas PK; PL, PM, erit 
ad medium harmonicum inter duas reltas PD et 
•JP d in ratione 3 ad 2, per Art. 1 2. 

§ 56. Frop. V. Revolvatur relta PD circa 
polum P, fumatur femper PM in relta PD 
squalis' medio harmonico inter tres reltas PD, 

PE, et PF, eritque locus puniti M linea relta, 
per Art. 28. 

* 

Atque hac eft proprietas harum linearum a CoUj» 
inventa. 

§ 57. Prop. VI. Sint tria punita line® ter- 
tii ordinis in eadem relta linea 3 ducantur relt® 
curvam in his punitis contingentes, qu® eandem 

fecent 
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jTecent in aliis tribus pundis ; atque haec tria 
punda erunt etiam in reda linea. 

Occurrat reda FGH lineae tertii ordinis in tribus 
pundis F, G, et H. Rectae FA, GB, HC, durvam in 
his pundis contingentes eandem fecent in pundis A,B, 

C ; & haec punda erunt in reda linea. Jungatur enim 
AB, & haec traniibit per C ; ii enim fieri poteft, oc- 
currat curvae in alio pundo M, tangenti HC in N et 

«a» FGH in P ; cumque fit •$£ + fg + = 

Ta + H + pk’ P" Prop * IV ’ erit PN = PM ; 

quod fieri nequit nili coincidant punda N, M, et C# 

Reda igitur AB tranfit per C. 

§ 58. Corel. Hinc fi A, B, C, fint tria punda lineae 
tertii ordinis in eadem reda linea, dudae autem AF et 
BG curvam contingant in F et G, & junda FG curvam 
denuo fecet in H, junda CH curvam continget in H. 

Si enim reda curvam contingeret in H quae eandem fe- 
caret non in C fed in alio quovis pundo, foret hoc pun- 
dum cum tribus aliis A, B, C, in eadem reda quae 
igitur fecaret lineam tertii ordinis in quatuor pundis. 

Hoc autem fieri non poteft. Incidi autem primo in hanc 
propofitionem via diverfa fed minus expedita, eandem 
deducendo ex Prop. II. Similiter fi reda A f curvam 
quoque contingat in f 9 & duda G f curvae occurrat in h 9 
junda C h erit tangens ad pundum h . Et fi a pundis 
A, B, C, lineae tertii ordinis in eadem reda litis, du- 
cantur tot redae curvam contingentes quot duci poflunt, - 
erunt femper tres contadus in eadem reda. 

§ 59. Prop. VII. Ex pundo quovis lineae Fig. 36. 
tertii ordinis ducantur duae redae curvam con- 

D d 3 tingentes, 
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tingentes, & re&a contaftus conjungetis denud 
fccct curvam in alio pun&o, re&ae curvam in 
hoc punfto ft in primo pun£b contingentes ft 
mutuo fecabunt in putifto aliquo curtrte. 

£x pundo A ducantur reds curvam contingentes ia 
F et G, junda FG curvam fecet in H, eandemque 
contingat in H reda HC quae curvae occurrat in C, & 
duda AC erit curvae tangens ad pundum A. Sequitur 
ex Corollario praecedente) COittrideiitibus enim A et B 

reda CA fit tangens ad pundum A» 

* • 

§ 60. CoroL i. Si ex pundo curvae C ducantur duae 
redae eandem contingentes in A et H, & ex pundo 
adterutro A contingentes AF et AG ad curvam, reda 
per contadus F et G duda tnmfibit per alterum ptm- 
dum H. 

37. § 61. CoroL 2. Contingat reda AC curvam in A, 
eamque fecet in C* dudae autem AF et CH curvam 
contingant in F et fi, reda per contadus duda eam 
denuo fecet in G, & junda AG curvam continget i* 
G. Quod fi *alia reda CA ex pundo C ducatur ad 
curvam eam contingens in b j & jundfis AF, AG, cur-» 
vae occurrant in / et & flod* A/ et A g erunt Ua- 
gentes ad punda f et g f 

38. § 62. CoroL 3. Sit A pundum flexus cqntrarii unde 
dudae AF et^\G curvam contingant m F et G junda 
FG fecet curvam in H, & duda Afl curvam Continget 
in H. Si enim tangens ad pundum H curvae in alio 
quovis pundo ab A diverfo occurreret, reda tx hoc ocr 
curfu ad pundum flexus contrarii A duda curvam in A 
contingeret, quod fieri nequit. Manifeftum autem eft 
?TP S taotum duci polle redas ex pundp flexus contrarii 

eiuran* 
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cfttVartt contingentes fritter eam quae in hfac Ipfo piirido 
finitll Ungit ft fecat, atque trts cdntadus cadere in ean^ 
dem reddm lineam. Ex folo pundo flexus contrarii 
tits redas dudab currant ita contingtirit ut tres contadus 
firit in eadem redi. Sint enim F, G, H, in eadem 
ie£bt, unde birgentes duda* conventant in eodem pundo 
curvas x* quod non fit pundum flexus contrarii ; dnca* 

Cur ot curvam contingens in <t, qtlaquc ei occurrat in 

ft jundt rH curvam tanget in H, per hanc propofi* 
tionem ; adedqtie redas eH et dH curvisn contingerent 
in eodem pundb H. £. r. a, 

f* * * * # ^ * * * * 

§ 63 . Prop. VIII. Ex pundb quovis lineat 
tertii ordinis ducantur tres redae curvam con- 
tingentes in tribus pundis; reda duos quofvis . 
contadus conjungens occurrat denuo curvae, & 
ex occurfu ad tertium contadumr duda curvam 
denuo fecabit in pundo ubi reda ad ptimum 
pundum duda curvam continget. , 

Ex pundo A, lineae tertii ordinis ducantur tres redae Fig. 
AF; AG, et hfy turbam cohtihgetltes in m&u4'pdridis 
F, G, et f ; reda Gf c[tfae horum dtfo quivis coff- . 
jtfngit ftcet curvam dehud in N, et reda e* hot piittflo 
ad tertium contaduhi F duda cutvaih fecet in g 9 tum 
jdhdk Ag curvam coiltihgdt ih g. Dutathf triim reda 
AC curvam contjflgens in A quae eandem fecet in Cj 
Cumqut punda G, N, et f 9 fint in eadem reda, & 
bngtfitts ad panda G et f tt&tffeifit per A,' (equitur 
(per Prop. VII.) tangentem ad pundum N tranfire per C. 
Cumque punda F, N, g 9 fint in eadem reda, tangentes 
autem FA et NC curvae occurrant in A et C, fitque 
AC tangens ad pundum A, tangens ad pundum g 
bkrilibit per A. 

Dd 4 


§64. 
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§ 6 ^. Cor$L Hinc li curva defcribatur, ex dat» fari** 
bus pundis contadus ubi tres redae ex eodem pundo 
curvae dudae eam contingunt, invenitur quartum pui\- 
dum contadus ubi reda ex eodem pundo curvae duda 
eam contingit. Atque hinc colligitur ex eodem curvae 
pundo quatuor tantum redas duci pofle lineam tertii 
ordinis contingentes praeter redam quae in hoc ipfo 
pundo curvam contingit. Si enim redae ex eodem 
curvae pundo duci poflent eam in quinque pundis 
contingentes, plura redae numero indefinitae curvam 
contingentes ex eodem pundo duci poflent) ut ex prae* 
miffis facile colligitur. Hoc autem Corollarium poftea 
facilius demonlirabitur. Vide infra, Art. 77. 

3$, § 65. Prop. IX. Ex pundo flexus contrarii 

ducantur tres tangentes ad curvam, & reda 
contadus conjungens harmonice fecabit redam 
quamvis ex pundo flexus contrarii dudam & ad 
curvam terminatam. 

Sit A pundum flexus contrarii, AF, AG, et AH, 
redae curvam contingentes in pUndis F, G, et H, Ex 
pundo A ducatur reda quaevis curvam fecans in B et C, 
& redam FH in P j eritque P 3 ad PC ut BA ad AC, 
Cum enim tres tangentes ad punda F, G, et H, in eo* 

dem pundo A conveniant, erit per Prop. IV. + pj 

f ♦ 

'""ifc" = TT’ «fcoquc KJ- = ' u c ' PA 

eft medium harmonicum inter duas redas PB et PC ad 
curvam terminatas. Quae linearum tertii ordinis prov 
prietas eft fimplicitatrs jnfigms, 
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# 

§ 66. Corel . i. ReAa quae duas quafvis reAas ex 
punAo flexus contrarii duAas ad curvam fecat harmo- 
nice, fecabit quoque alias quafvis reAas ex eodem punAo 
eduAas & ad curvam terminatas. 

* 

§ 67. CoroL 2. Si reAa afymptoto parallela per pun- 
Aum flexus contrarii duAa occurrat reAse FH in R & 

1 2 

curvae in O, erit = -g-r-, adeoque RA = 2RO. 

\ 

§ 68. Prop. X. ReAa duo punAa flexus con- Fig. 39; 
trarii conjungens vel tranfit per 3 vm punAum 
flexus contrarii vel dirigitur in eandem plagam 
cum crure infinito curvae 

Sint A et a punAa flexus contrarii, junAa A a curvae 
occurrat in a, eritque a quoqye punAum flexus contrarii. 

Si enim tangens figurae in punAo a curvae occurreret in 
alio quovis punAo /, forent A, 4, r, in eadem reAa. 

Verum ex hypothefi funt A» et a in eadem reAa, quae 
igitur lineae tertii ordinis occurreret in punAis quatuor. 

Sit A punAum flexus contrarii, reAa AO afymptoto 
parallela curvae occurrat in O ducatur OQ^curvam con- 
r tingens in O, & fecans in Q_, junAa AQ^ tranfibit 
per D ubi curva afymptoton fecat. 

§ 69. Prop. XI. DuAis ex punAo flexus Fig. 38. 
contrarii A tangentibus ad curvam AF, AG, 

AH ; & duabus fecantibus quibufcunque ABC, 

Abc, junAae Bb et Cc vel B c et bC fe mutuo fe- 
tabunt in reAa FH quae contaAus conjungit. 

Occurrat enim reAa B£ ipfi FH in Q^, et BC eidem 
in P ; jungantur QA et QC ; cumque fit AB ad AC ut 
PB ad PC, per Prop. IX. erunt QA, QB, QP et QC, 

harmo- 
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harmonicales, adeoque AA fbcdblt redial QC in t ct 
ipfam FH in p 9 ita ut AA fit sd Ac lit pb ad pc 5 Sc prcM 
inde erit c pundum ciirvae, per Prop. IX uhde fequituf 
converfe redas BA et C c cohvenire In ptiddd QjtSbi 
FH j & fimiliter oftenditur redas Br et ACiibi mutuo 
occurrere in pundo f ejufdem rc£hb. 

§ 70. Cttbl 1. £* pundo qudvte Q/edie f H dd-i 
cantur ad curvam redae QB, QC, earn fecantes in 
pundis B, by M et Cj r, N| tum jUnd*-CB,rA, MN, 
convenient If! pundo flexus contrarii A 3 jundse Be et 
AC, Mr et NAf BA et Cr* NB et MC, convenient in 
reda FH. 

J 71. Cttdl. 1. Tarigeftttt Adi pfcnd* B et C fcorfve- 
nlufit in pund6 aliquo T redie FH j Sc fi a pundo 
qtiovia T in red* FH fe# ducantur tangentes ad cur* 
tam, redae coritaduS cOnjliftgehtft vel tfafifibunt per 
pundutn flexus cotiirAfii, vd convenient in reds FH. 

§ 72. Catch 3. I)at6 pundo flfcttufe eotffritl) A, & 
pundis B, Cf A, c y UM dusfe tk&sk tk Cd diiQre curVftft 
/beant, datuf feda FH pofltk>n6 5 juhde Cnim BA et Cr, 
occurfu fuo dabunt pundum Q_, Sc juridarum Br et AC 
occurfus dabit q 9 dudaque Qjj ea eft qux contadus F, 
0 , et H, conjungit. HlS atitem quinque pundis datis 
Ctitt aliis duobus M et At, determinatu/ lined tCrtii dir- 
diifls quit pe/ fisec feptefft pUfld* A, By C, A| Cy My to, 
tfinfit Ac in puftdo’ A hfcbet flexum tontfariufti.- Ex 
pundis enim.M et At dantur N et n 9 ubi dudae AM et 
Am curvam fecant, & his novem conditionibus linea 
determinatur, autem ctCnfur fria piin&a M, thy et S$ 
hxc dabunt tria alia N, », et s ; unde darentur bnti&iiii 
conditiones ad figufam determihindaitf, * quaS dimifc 

funt 
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funt Similiter dato purino flexus contrarii A cum 
pundis F, G* (adeoque tangentibus AF et AG) et pan- 
els M et m quibufcunque, datur redbi FG, adeoque 
pun&a N et #, et determinatur curva* 

§ 73« Corel* 4. Contingant re&ae HB» HC, curvam Fig. 40« 
in B et C, et jun&a CB tranfibit per A, jun&se CG et 
FB concurrent In pun&o curvae V, et du£a VH curVani 
continget in V. Tangens autem ad pun&um flexus 
contrarii A determinatur ducendo AV cui occurrat irt L, 
re&a FL ipfi AH parallela it bifecanda PL in X» jun&a 
enim AX erit tangens ad punAum A* Occurrat enim 

1 2 

tangens ad A rectae FH in S j eritque ^ -|- •ppr =: 

fp & + 15? * ¥&““ A 

(quOniam AC fecatur harmonice in P et B, adeoqtie 

VA* VF» VP* et VG, harmbnicales) se -fc--. EA 

igitur PK medium harmonicum inter PS et PH ; unde 
fi PL parallela redae AH occurrat redis AV et AS in 
X et L, erit PX = XL. 

4 74- Prop. Xll, Ex pun&o Jinose tertii Fig. 41. 
ordinis A duatntut du& re&tfe curV£m contin* 
gentes in F et G, junfta FQ curvae occurrat ia 
H, & tangens ad pundum A fecet curvam in 
M i jungatur HM, cui occurrat FLK ipfi AH 
parallela in L, & fumatur FK = 2FL j tum 
jon&a HK, reda quaevis AB ex A du&a har-* 
monice iecabitur i rfedls HK et HF in N, P, et 
$ curva iit B, C i ii» ut NB «fit *d NC ut BP 
*$FC, 

Occurrat 




/ 
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Occurrat enim reda AB tangenti HM in-T, erifque 

1 . I I 2,1 - I I 

PS+ PA “FC “ FA + PT' adC ° qUC PB """ PC 
s= + pf (P«* conftruduMiem, & harmonici) 


-= . Unde fequitur redam NC fecari harmonice 

in pundis B et P, vel NB efle ad NC ut BP ad PC* 

§ 75. Corel i. Hinc fi duae quaevis redae ex A dudae 
fecentur in N harmonice ita ut PC fit ad PB ut CN ad 
BN, omnes redae ex A edudae a redis HF et HK fi- 
militer harmonice fecabuntur. 

§«76. Corel 2. Si curta pundum duplex non habeat» 
eamque fecet reda HK in duobus putidis f et g, dudae 
A/ et A g erunt redae curvam contingentes in his pun- 
dis. Coincidat enim pundum B cum pundo N, 
quando N pervenit ad f ocqirfum redae HK cum 


1 


erit — ■ zz 


curva ; adeoque cum pg -f- ■pjr — p^j 

et coincidit C cum B, et reda ex A duda cur- 
PN 

vam tunc contingit. Ex altera parte, fi reda A/ cur- 
vam contingat tranfibit reda HK per f\ ob aequales 
enim PB, PC, in hoc cafu, coincidunt punda B et 
C cum N* 

% 

§ 77. Corel 3. Si reda HK in folo pundo H curvae 
occurrat, duae tantum tangentes duci poterunt a pundo 
A ad curvam, viz. AF et AG. Quatuor tantum ad 
fummum tangentes duci potiunt a pundo quovis lineae 
tertii ordinis ad curvam ut AF, AG, A Ag. Si enim 
alia quaevis tangens duci potiet a pundo A ad curvam 
ut Ap, reda HK tranfiret per pundum p, et quatuor 

punda 
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punda lineae tertii ordinis forent in eadem reda, viz* 
H, y, g 9 <p» E* A . 


$78. Prop. XIII. Si ex pundo lineae tertii’ 
ordinis duci poffunt quatuor redae curvam con- 
tingentes, redae contadus conjungentes conve- 
nient femper in pundo aliquo curvae, & reda 
quaevis a primo pundo duda harmonice feca- 
bitur a curva & redis binos contadus conjun- 
gentibus: 

Sit A pundum curvae, AF, AG, A/i et A^, redae 
curvam contingentes in pundis F, G, /, et g. Jun- 
gantur FG et fg, quibus occurrat reda quaevis ABC 
(ex A duda curvamque fecans in B et C) in P et N ; & 
reda NC harmonice fecabitur in B et P, ita ut femper 
lit NC ed NB ut CP ad PB: fequitur ex Corol. 2 . 
praecedentis. Redae autem FG et fg concurrunt in 
pundo curvae H * & fimiliter redae Ff et G^ conve- 
niunt in E, atque F^ et G f in R j et E, R erunt punda 
curvae, per idem corollarium* Atque haec eft pofterior 
duarum proprietatum linearum tertii ordinis quas de- 
fcripfimus in tradatu de fluxionibus. Art. 402* Quod 
Ii reda AM curvam contingat in A, et fecet in M, 
jundae ME, MR, MH, curvam tangent in pundis E, 
R, H ; & redarum AE et HR, AR et HE, AH et RE 
occurfus erunt quoque in curva*. 

§ 79. Corol. Cum igitur fint redae HK, HB, HP, et 
HC, harmonicales ; ii redae HB et HC curvae occur- 
rant in b et c 5 erunt punda A, £, et r, in eadem reda 
linea. Occurrat enim junda Ab curvae in b et c at- 


que 


* Stipple qua defunt ia Schemate* 
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que ipfi HF in f, et HK in hi cqqifnc fit nt ad at uf 
ft ad fi patet t effe in reda HC| it reciprpce fi f 
fit in reda HC et b in reda HB, erunt A, b, c, in ea* 
4eqi rediU 


{ So. Prop. XIV. Habeat linea tertii ordina 
punftum duplex O. Ex punfto quovis cur* 
vae A ducantur duae redae AF et AG curvam 
contingentes in F et G j duda FG curvam fecet 
in H •, jungatur OH. Refta quaevis AB ex A 
duda curvae occurrat in punitis B et C, redas 

fQ in P, $t r*dr OH in N * $t reda NP har- 
monice foeabitur in pw&is B at C» ita ut PJBfij 
ad PC ut BN ad NC. 


Jungatur enipa AO quae redae FG occurrat in f et 
tangenti HL in t; cumque fit O pnndum duple*; erit 

2,1 , i i j i . i 2 C 

c*tur igitur pA harmonice ln / et 0,'ita ut pt fit ad ph 
ut tQ ad OA, et harmonicales flmt H/, HO, et 
HA* Occurrat rc&a PA tangenti LH in Ti cumque 


i 



■pg 4- -pjr copfcquentfir PC «ft «4 NC «f 

PB ad BN. 


§ 8i. Corel. Si tangens HL occurrat re£he GZ ipfi 
AH parallelae in Z, it fumatur GV=s 2 GZ, duda HV 
tcaofibit per pundum duplex Q, fi mnA> curva tale 
punftum habeat. Vel fi reda Qra occurrat redis AH 
ct H& ia a et r, j undae rA et H 4, ft dccuflent in at, 
junda H m tranfibit per pundum duplex O. 


§82. 


prtjptritfafibiis gatfrajifas' 417 

1 8a. Paw» XV, Ex pui$*> Hncg? tcrtii 
ordinis ducantur {tax «augentes, & § ** al.ip 
quovis ejufdejp pundo ducantur redae ad con* 
tadus cujrvam in duobus aliis pundis fecantes j 
tangentes ad h?ec dup nova punda in eodem 
pundo curvae convenient. 

Expuqd? A ducantur redap AF et AG curvam con* Fig. 43 . 
tingentes in F *t G. Sumatur punS»{n quodvis curyag 
P, jungantur PF et PG curvam fecantes in pundis K et 
L ; atque tangentes ad pupfta K et L concurrent in 
pundo aliquo curvae B. Determinatur autem pundum 
B, ducendo redam PC qua* curvam contingit in P, et 
fecat in C ; fi enim jungatur AC occurret denuo curva 
in puBdo B. 

Cum enim punda F, K, P, fint in eadem redd, & 
tangentes ad punda F et.P curvam feeent in A et C j 
fequitur taugeptcm ad pundura K traniituram per B. 

Et ob redam XGP» tangens ad pundqpa If traufibit 
quoque per B. 

§ 83 - Qortf' 5mt igjtiir 4 et B duo qusevis pynd* »n Fig. 44« 
Ijieu tertii prduuaj; ex vtrqquf ducantur quatuor red» 
curvam ta gnamqr pnmd>a cpntingeptea, viz. AF» 

46» A/* 4f > # BX* BI* Bi, W- Juoda? EX et Gb ? 

PE et GX> F/ et Qi, GJ et Fi j fibi mutuo occurrent 
55 quatupr pundis curvae, P, ft £ i & 6 ducantur 
ta#£pnte& ad b*c quatupr punda, h» occurrent curv» 

Sbi mytyo H 1 pundo C ut^i reda AB curvam fecat. 

$nde $ lipt tda punda line» tertii ordinis in eadem 
reda* & CX ftngubs ducantur quatuor red» curvam con* 
tingentes iq quatuor alii» pundis, reda per duo quaevis 
pvmda esntadus duda curvam Temper fecabit in alio 
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aliquo pundo contadus ; & quatuor hujufmodi redae 
per idem pundum contadus femper tranfibunt. 

Fig. 43. $ 84- Prop. XVL Sint F ct G punda duo 

lineas tertii ordinis, ita fumpta ut redas FA et 
GA curvam in his pundis contingentes conve- 
niant in pundo aliquo curvas A. Sumatur in 
curva aliud quodvis pundum P, unde ducantur 
ad punda F et G redae PF et PG quae curvae 
occurrunt in K et L j jungantur FL et GK, 
atque harum occurfus erit in curva. Tan- 
gentes autem ad punda K et L Ubi mutuo & 
curvas occurrent in pundo aliquo curvae B, at- 
que tangentes ad punda P et (^convenient in 
pundo curvas C, ita ut tria punda A, B, C, fint 
in eadem reda. 

Ducatur enim tangens ad pundum P quae curvae oc- 
currat in C, & duda AC fecet eandem in B ; & dudae 
BK, BL, erunt tangentes ad punda K et L, per prae- 
cedentem. Occurrat reda LF curvae in Q 3 & fi reda 
GK non tranfeat per occurrat curvae in q. Quo- 
niam igitur tria punda L, F, Q_, funt in eadem redi, 
tangentes vero ad L et F curvam feccnt in B et A, fe- 
quitur (per Prop. VII.) tangentum ad pundum Q^tran* 
fire per pundum C. Similiter, cum fint punda G, K, 
et q , in eadem reda, tangentes autem ad punda G & K 
tranfeant per A et B, tangens ad pundum q tranfibit quo- 
que per pundum C. Utraque igitur reda CQ^, C q f 
curvam contingit prior in Q ^ pofterior in q . Coinddunt 
igitur punda Q^et q 9 fi enim diverfa effe ponamus, fe- 
quitur per Prop. VIII. plures quam quatuor tangentes 
duci poiTe ad curvam ex eodem pundo C* Sint enim 

A/ 


I 
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A/ te A g redsfe qua curvam contingant in / & g, & 
du£ 1® L/*, L^, curvam fecent in» & »; & redsb 
C», C«, erunt tangentes ad punda tn et n. Quare 
haberemus quinque tangentes ex C ad curvam dudas 
CP, CQ,, C m 9 Cn± & Cq $ quod repugnat Corol. 3« 
Ptop.XIL 

§85. Corol. 1., Dato pundo P, ubicunque fumantur 
punda F & G, modo tangentes ad haec punda in curva 
conveniant, datuj piindum ubi jundse FL & GK 
occurrunt fibi mutuo & curvae. Et ii a pundo P du- 
catur reda quaevis PNM quae curvae occurrat in N et 
M, & jundae QM, QN, eam fecent in m & n ; erunt 
punda P, fiy & my in eadem reda linea. Oftendimus 
enim tangentes ad punda P & Q^, fe mutuo decuilare 
in pundo curvae *. < 

§ 86. Corol. 2. Si fumailtur quatuor punda F, G, F’g- 43 

__ 

K, L, in lihea tertii ordinis, ita ut tangentes ad pun- 
da F & conveniant in aliquo pundo curvas, & 
tangentes ad punda K et L, conveniant quoque in ali- 
quo pundo curvae, duda FK & GL concurrent in 
pundo curvae, & dudae FL & GK libi mutuo occur- 
rent in pundo curvae. 

$ 87. Prop. XVII. Sint F et G duo quasvis 
punda lineae tertii ordinis, ubi ii redae ducan- 
tur curvam contingentes, hse fe mutuo ieca- 
bunt in pundo aliquo curvae. Sumantur alia 
quatuor punda curvae L, K, /, g, ita ut dudae 
LF et GK conveniant in curva, atque redae Ff 
et Gg, in di quoque conveniant *, tunc dudae L/ 
et pK, fe mutuo fecabunt in curva, ut & dud® 
bg et K/. 

* Supple quod deed in Schema ce. 

E. e 

«, r 


Tan- 
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horum lingulis dtidts ad curvam -politione datis, fex 
punda contadus determinantur per hanc propofitionera. 
Sint A, B, C, tria curvae punda data in eadem red&» AM 
et AN tangentes ex A, BMI, et BDE, tangentes ex B 
quae prioribus occurrant in M, N, *, et d\ fintqueCD 
et CE tangentes ex tertio pundo C dudae ; atque oc- 
currat CD ipfis BM, BD, AM, et AN, in H, D, et 
i, Sc CE iifdem in I, E, x, et His politis, junda Nf 
fecabit tangentem CI in pundo contadus Q^, Md fecabit 
tangentem CD in pun&o contadus P, ID fecabit tan- 
gentem AN in pundo contadus G, EH tangentem AM 
in contadu F, mb fecabit tangentem BH in L, & de- 
nique nc tangentem BE in K. Quamvis autem problema 
in hoc cafu determinatum Iit, folutiones tamen phires 
admittit. Diverfae enim lineae tertii ordinis, fed nu- 
mero definitae, per tria punda A, B, et C, duci poliunt 
contingentes fex redas pofitione datas AM, AN, BM, 
.BD, CD, et CE. Occurrat enim N/ tangenti CD in 
p, reda Md tangenti CE in q , ID tangenti AM in /, 
EH tangenti AN in jr y nc tangenti BM in /, $t mb tan- 
genti BD in k ; atque linea tertii ordinis quae conditio- 
nibus propofitis fatisfacit continget redas CD et CE vel 
in P et Q^, vel in p et q . Ea continget redas AM et 
AN vel in pundis F et G vel inf et y ; redas autem 
BM et BD vel in L et K, vel in / et k . Conftat igitur 
plures lineas tertii ordinis problematis conditionibus fa- 
tisfiacere pofle, led numero determinatas, adeoque pro- 
blema effe determinatum *. 

■ i. • 

. § 94. ( Corel, 4.. Datis, duobus pundis lineae tertii 
ordinis A et B, tangentibus quoque ;AM, AN, BM» 
BD politione datis cum tribus pundis contadus F, G, 
et L, datur pundum K ubi red$ BD curvam contingit. 

* * Supple 3US defunt te Schemate. • 

1 : t Si 



I 


/ 
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Si enim dqcantur reflaet N/,et LF, -harum -occurfu da- 
bitur punitum Q., & duita QG fecabit contingentem 
pD in pun&o confca&us K. Datur qiioque punitum P 
occur&s reitanum :LG et Md y vel reitarum M^/etFK; 

♦ » * p - 

tres enimre&se LG, M4, etFK, neceflario conveniunt 

in pun&o P. . Sit qiiadrilaterum quodvis, fu- 

matur pundum quodvis QJn diagonali Nr et P in dia- 
gonali Md, reda quaevis QFL ex Q_duda fecet latera 
Mr et MN in F et L, duda PL fecet latus "Nd in G, 
jungatur QG qux latus de fecet in K ; atque pundai 
F-, K, P, erunt femper in eadem reda linea, per fupe- 
rius oftenfa. Unde conflat problema non ideo fieri im- 
poffibile, quod oporteat tres redas LG, Md, et FK, in 
eodem pundo convenire. 


I 95. Prop. XIX. Sint D, E, F, punfta Fig. 47 
lineae tertii ordinis in eadem reda, fintque tres 
red* curvam in hispundis contingentes libi 
mutuo parallelae. In reda DF fumatur pundum. 

P ita ut 2PF fit medium harmonicum inter PD 
et PE j & fi alia quaevis reda per P duda curvae 
occurrat in /, d, et e, erit femper 2P/ medium 
harmonicum inter P d et Pe. Supponimus autem 
punda d et e efie ad eaidem partes pundi P, 
pundum autem / efie ad contrarias. 

t 


Occurrant enim tangentes DK, EL, FM, re£be df 
in pun&is K, L, et M 5 eritque per Art. 9 - 

~~T7 = m- T k-Tl < fl re£b ^ tan S enti - 

I 

bus parallela harmonice fecet redam PD ita ut PE 
fit ad EQ. ut PD ad DQ_, et Q j occurrat redae fd 

E e 3 in 
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in q) s p|^- r— — (quoniam Py eft ad PM ut PQ_a 4 
PF, & ex hypothefi aPF = PQ_, adeoquezPM&sPf) 

= m-m = 0i Wie w = h + T'' 

tPf eft medium fasnnonicum inter Pd et P#. 

• ♦ _ _ 

§ 96. Carol, 1. Jungantur D d et £r quse convenient 
in pundo V,jundse V<^et F/ er\mt parallelae 3 & 
produdi VQ^donec occurrat redae fd in r, erit P/ 5s 
£Pr. Rcda enitn PD (ccatu* harmonice in £ et 
ex hypothefi, pideoque etiam reda P</ fecatur harmonice 
in * et r, per Art. 21. unde Pfzz^Pr; cumque iit 
PF = 4PQ/, fequitur redam parallelam efle bar? 
monicali VQr. 

§ 97. Corol. %. SimHitcr fi fiuMtur in reda D? pun? 
dum p ita ut fpD fit aequalis media harmonica meet 
pE ct p ¥ 9 & reda quaevis ex p dqd^cqrvae occurfat 14 
tribus pundis, erit Tegmentum hujus redae ex una parte 
pundi p ad cyrvam terminatum aequale difnidio medii 
harmonici inter duo Tegmenta modern pundo p et curv 4 
ad alteras partes terminata. 

1 « 

§ 98. Lrmmc. Ex cemro gravitatis trianguli ducator 
reda quaevis qu# trifnis lateribus tpafigpli pccufrat, 5 f 
Tegmentum hujus redae p entro gravitafis 2 t uno trianguli 
latere terminatum erit dimidium medii harmonici inter 
fegmenta ejufdeip redae centro gravitatis & duobus aliis 
trianguli lateribus terminata. Sit P centrum gravitatis 
trianguli VTZ ; occurrat reda FDE per P duda late-? 
ribus in F, D, Ej fintque punda D et E ad eafdem 

partes pun£U P } eritqqe ^ =; — ^ Ducatur 

pnim per punftum P, reda MPL jateri VZ parallela, 

qua 

•4* k 

s 
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quae lateribus VT, ZT, occurrat ia L et M et redae 
VN parallelae lateri ZT in N ; cumque fit MP:^: PL, 
et TL 3= 2VL, ob fimilia triangula TLM, VLN, erit 
LM zzz 2LN, unde LN ^ LP, et PN — 2PM, pro- 
inde fi PD occurrat reflae VN in K, erit (per Art. 2 r. 

& ^ ii + A = it = i- 

X 

§ 99. Prop. XX. Contingant tres redas VT, Fig. 49. 
VZ, TZ, lineam tertii ordinis tranfeatque ea- 
dem reda linea per tres contadus & per P cen- 
trutn gravitatis trianguli VTZ ; reda quaevis 
per hoc centrum duda curvae occurrat in pundo 
c ex una parte & in pundis a et b ex altera ejuf- 
dem centri gravitatis parte, eritque 2Pc medium 
harmonicum inter iegmenta P a et Pb . ' 

^ 4 

Occurrat enim refla IV lateribus trianguli VTZ in 
d r et/; & reflae VN lateri TZ parallelae in k ; erit- 

que lP/= P i, adeoque A- A* A+ 

+ + adeoque ± unde 

P* eft dimidium medii harmonici inter redas P<j et P i. 

§ 100. Prop. XXI. Sit V pundum duplex Fig. 50. 
in linea tertii ordinis, VT et VZ redas curvam 
in hoc pundo contingentes, quibus in T et Z 
occurrat reda TZ curvam contingens in F ita ut 
FT= FZ ; jungatur FV, in qua fumatur FP= 

•fFV ; & fi reda quaevis per P dudas curvas oc- 
currat in tribus pundis a , b, c, quorum a et b 
fipt ad $afdem partes pundi P, c ad partes con- 

£e 4 trarijs. 
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trarias, erit iemper 2P c medium harmomeum 
inter fegmenta P a et P b 9 feu ^ ^ 

Cum enim bifecetur T£ in F, fitquc FP = |FV^ 
manifeftum eft pundum P effe centrum gravitatis tri- 
anguli VTZ j cumque fit pundum P in reda FV 
quse per contadus tranfit, fequitur propofitio ex prse? 
cedente* 

$ 101. CoroL 1. Si jungatur redae Va 9 V£, et Fr, 
erit P quoque centrum gravitatis trianguli hifce redis 
contenti, ut & trianguli tribus redis curvam in 4, 4 , 
e, contingentibus comprehenfi ; & fi dudae Va et Vt 
occurrant redae Fr in m et n f erit fempcr Fi» aequalis 

Fu. 

§ 102. CoroL 2. Reda per pundum duplex duda 
parallela redae F c harmonice fecabit ipfam P a in k ita 
ut P a erit ad ai ut P£ ad P i ; quae vero ducitur a pun- 
do i ad x occurfum redarum curvam in a et i contin- 
gentium parallela eft reda cy figuram contingenti in f. 

§ 103. Carol. 3. Datis duobus pundis <j et <\ibi re&a 
quaevis ex P du&a curvae occurrif, datur tertium b ; jun- 
gantur enim V« et Fc quae fibi mutuo occurrant in m; 
fumatur F n ex altera parte pun&i F aequalis Ipfi Fm, et 
jun&a V» fecabit redam P a in b. 

Fig. 51. $ 104. Prop. XXII. Ducatur per pundum 

quodvis P reda quae dirigatur in plagam crurum 
' infinitorum & occurrat curvae in pundis a et c \ 
ducatur ppr idem pundum reda quaevis curvam 
' fecans in pundis D, E, F, quaeque redis curvam 
in a et c contingentibus occurrat in k et «, atque 

afymptoto. 
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jdymptoto cruris infiniti in /j & fi pun&a D, E, 
Jt, m. It lint ad eafdem partes pundti P, pundtum 

vero F ad contrarias, erit ^ ^ — 


' 1 1 

PF Pi 

cft mutandum quoties Tegmentum ad oppolitas, 
partes pundi P protenditur. 


•p— , ubi termini cujufvis fignum 


Sequitur exTheor. I. Art. 9. eft enim per hoc theor 

1 I 1 L 1 — 1 _l 1 1 

rema pi + P / + y„ — P £> + PE PP * 


. § 105. Carol. 1. Si reda PD ducatur per concurfum. 
tangentium ak et cm', & fumatur PM aequalis medio 
harmonice inter redas PD, PE, PF, fecundum Art 28. 

pj, adeoque fPM erit medium har- 


crit— = J- 

em P/ PM 


monicum inter P/ et Quod fi tangentes ak et 

pn concurrant in ipfo pun&o M, afymptotos quoque 
per M tranfibit. 


§ 106. Carol. 2. In cafu Prop, XIX. ubi tres conta£hxs Fig. 
funt in eadem re£ta linea & tres tangentes parallelae, 
fumatur pundhim P ut in Propofitione XIX. fitque aPc 
afymptoto parallela, occurrant ak et cm tangentes redbe 

PD in k et m 9 eritque five P/ aequalis 


dimidio medii harmonici inter Pi et P «. Quod fi tan- 
gentes ak et cm concurrant in eodem pun&o re&ae PD, 

erit P/ = |Pi ; quoniam vero in Prop. XIX. — = ~ 

t b cri ? ?a = p f- 
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49 ' § I0 7 * ^ oro ^ 3- Idem dicendum eft de cafu Prop. XX. 

tibi tres conta&us D, E, F, funt in eadem r*< 3 £ qum 
tranfit per P centrum gravitatis trianguli VTZ tangen- 
tibus contenti. Si autem altera rediarum curvam in a 
vel c contingentium (pedita #P c afymptoto parallela) fit 
re&ae DP pafallela, abibit afymptotos in infinitum, erit- 
que crus parabolicum. 


§ 108. Corel. 4. Iifdem politis ac in Prop. XXI. Sit 
afymptoto parallela, occurrant tangentes *i, arty 

tadhe VF in k et m y eritque «j jy —j. Unde fi 

curva diametrum habet, cum haec necefiario tranfeat 
52. per pun&um duplex V, & per punfhim curva F ubi bi- 
fecatur tangens TFZ, fumatur ab F verfus V, FP=r jFV, 
ducatur cVa afymptoto parallela, & tangens ah qua dia- 
metro occurrat in h, & ex altera partc.pun&i P fuma- 
tur, fuper redam PV, Tlzz & refla per / duda 
ordinatim applicatis parallela erit afymptotos curva. Si 
vero tangens ah ftt diametro parallela, erit crus curva 
generis parabolici. Propoiitio Newtoni de fegmentis. 
redae cujufvis tribus afymptotis-fc curva terminatis facile 
fequitur ex Art. 4. ut ab aliis olim oftenfum eft. 


S3- 


$ 109. Prop. XXIII. Ex pundo quovis D 
lineae tertii ordinis ducantur duae quaevis redae 
DEI, DAB, quae cUrvse occurrant in pundis E, I 
et A, B *, ducantur tangentes AK, BL, quae redae 
DE occurrant in K et L. Sit DG medium har- 
monicum inter fegmenta DE, DI, ad curvam ter- 
minata, atque DH medium harmonicum into 1 
fegmenta DK, DL, ejufdem ‘redae tangentibus 
abfeifia. Sit DV mediupi geometricum inter 

PG 
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PG «t DH, ducatur VQ_ parallela tangenti DT, 
quas occurrat rettacDA in Qj & fi circulus ejuf- 
dem curvaturae cum linea tertii ordinis propo- 
fita in punfto D occurrat <re£hce DE in R, erunt 
HG, QV et *DR continue proportionales. 

Nam Theor. II. (Art. 15.) eft = 

1 \ 1 1 2 2 2DH-2DG 

fig*m gK ~ 5L = m — 155 * Bg x BM 

— (quoniam DV* = DG X DH ;) unde QV* — 

4 J V 

$HG X DR, adcoque HG ad QV ut QV ad 2DR. 

§ 1 io. Corel, i. Sumatur igitur Dr in reda DE tertia 
proportionalis redis HG et & perpendicularis 

redae DE ad putidum r fecabit normalem tangdnti 
PT ad putydum D in centro circuli ofculatorii five 
Coculi ejufdem curvaturae cum linea propofita, in pun- 
do O. Si punda E, I, K, L, fint ad eafdem partes 
ejufdem pundi prout DH major eft vel minor quam 
PG, i. e. prout medium harmonicum inter fegmenta 
DK, DL tangentibus abfcifla majus eft vel minus me- 
dio harmonico inter Tegmenta DE, DI, ad curvam ter-* 
minata. ' 

§ 1 1 1* Corel . 2 t Si angulus EDT bifecetur reda DA,' 
urit QV=DV, et 2HG x DR = DV*= DG x DH, 
adeoque HG ad DG ut DH ad 2DR. 


$112. Corel 3. Revolvatur reda DA circa polum D, 
manente redi DE, .et HG, differentia mediorum har- 
monicorum DH et DG, augebitur vel minuetur in 
duplicata ratione redae VQ^ Quippe ob datam chordam 


circuli ofculatorii DR, mangt quantitas 
lis eft 2DR, 

• 1 » *•» «i 4 « • * * 


QV* 

HG 


quae aequa- 
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§113. Corel. 4.' Si tangentium AK et BL altera, 
ut BL, fit red* DE. parallela, ducantur GX et KZ 
parallele re&ae DT curvam in D contingenti, que ipfi 


AB occurrant in X, Zi eritque 


■ i • ■ - »" * ^ 

6e "t" d! *” W — 5 g dk- 

GX X KZ 
oque - 


GX X KZ _ 

DGxDKxDR - 

aDK— DG , 
i ade- 


DG X J)K 

= 2DK — DG, & proiiye erit ut 


2DK — DG ad KZ ita GX ad DR. Si Ungens AK 
evadat quoque parallela redae DE (quod in his figuris 
contingere poteft) erit DG ad GX ut GX ad 2DR ; 

GX* % 

nam in hoc cafu jfcv» x ^ adeoque GX* 

==DGx2DR f 


§ 1 14. Corel. 5. Si reda DE iit afymptoto parallela, 
adeoque curva* occurrat in uno pundo E praeter ipfum 
D, fitque iimul tangens BL afymptoto parallela, duca- 
tur E Y parallela tangenti DT quae occurrat redae DA 
in Y* eritque KE ad KZ ut EY ad DR *. 


§ 115. Corel. 6. Si iit D pundum flexus contrarii, 
Coincjdet pundum H cum G, evanefeente linea HG, 
adeoque evadit DR infinite magna, i. e. curvatura minor 
eft ad pundum flexus contrarii quam in circulo quan- 
tumvis magno ; ut alibi quoque oft^ndimus, tradatus de 
fluxionibus. Arti 378, 

55. § 116. Corel. 7. Sit V pundum duplex, DA afym- 

ptoto parallela, & occurrant redae VQ_, KZ, tangenti 
DT parallelae redae DA in Q_et Z, atque occurrat DV 
afymptoto in L, fitque DH medium harmonicum inter 
DK et DL, eritque 2DH — DG ad KZ ut DL ad DK^ 



• $upple figuram ; 
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atque VH : HN :: VQ_: DR. Si refla DA bifecet 
angulum TDV, erit DR : DV : : BH : aVH. 


§117. Prop. XXIV. Sit D punttum quod- Fig. 56. 
Vis lineae tertii ordinis, occurrat tangens ad D 
Curvae in I, fitque DS diameter circuli ofcula- 
torii, quae curvae occurrat in A et B ; unde redtas 
dudbe curvam contingentes fecent DI' in K et L ; 

Iit DH medium harmonicum inter DK et DL> 

& fumatur DV ad DI ut DH ad differentiam 
xedtarum 2DI et DH ; eritque variatio curvar 
turae inverfe ut re&angulum SD x DV ; & junfta 
VS, variatio radii curvaturae ut tangens anguli 
DVS. 


Nam per Theor. III. (Art. 17.) variatio curvaturae dfc 


ut — • X 
DS * 


1 + 1 


DS 


DK 1 DL 
2DI — DH 
DH x DI 


1 

Di 


” DS X 


2 

DH 


1 

DI 


= j 3 S xD 7 * Variatio autem ra- 


dii ofculatorii eft ut adeoque ut tangens anguli 

DVS, per Art. 18. parabola autem quae eandem habebit 
curvaturam & eandem variationem curvaturae cum linea 
propofita, determinatur ut in Art. 19. 


§118. Corel Si tangens BL fit tangenti ad D pa- Fig. 57. 
rail eia, erit DV ad DI ut DK ad IK; & fi utraque 
tangentium AK, BL, fiat parallela ipfi DT, erit DV 
=: DI, adeoque variatio curvaturae iriverfe ut DS X DL 
Quod fi in hoc cafu fit DT parallela afymptoto curVae, Fig. 58, 
^vanefcet variatio curvaturae. Quemadmodum igitur 
evanefcit variatio curvaturae in verticibus axium fe&io- 
num conicarum $ ea finailitej evanefcit in verticibus 

diamc- 


Kg. 5* 


432 2)f LlNEARttMG£OttB?RiCAfcUta,&fe 


dbtmebxmim Uncarum tertii ordinis quae ad redo* 
guloa ordinat im applicatas bi&canh 

SJmI. Sunt autem alia plUfiraa th c ar ea a UU de taflgen- 
tibua & curvatura linearum tertii ordini*. Sint) t*,gr ( 
F et G duo punda lineae tertii ordinis unde mi gpm» 
dudae concurrunt in curva in A. Producatur FG donec 
curvz occurrat in H. Sit T AC tangens ad pun&um A,- 
tc ' conftituatur angulus FAN =c GAT ad contrails 
partes redarum FAj GA, fecetque AN redam FG in N. 
Et fi circuli ofculatorii occurrant redae FG in B et A 
Urit GB- ad Fi ut redangulum NFH ad NGH. Sit 
enim punda < ipfi A quamproxinmint it punda f>g, ii 
IpfisF) G, H» quamproxuna, eritque AFn s ¥G/ : : GF 
:FB. FG/(= HGA) : HFi : : FH s GH. HFA(= 
GF^) : AGa : : bG : GF ; unde AFe : AGu : : FH X 
IG : FBxGH :: GN i FNj unde FB 5 Gi :: NFH 
t NGH» Std i» bis fatis . 


FINIS. 
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